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ɍȾɄ 004, 517, 519, 539, 51-76  
ȻȻɄ 22.12ɹ431+22.311ɹ431+22.176ɹ431+22.18ɹ431 
ɉ 32 

 
ɇɚɞɪɭɤɨɜɚɧɨ ɡɚ ɪɿɲɟɧɧɹɦ ȼɱɟɧɨʀ ɪɚɞɢ  

Ⱦɧɿɩɪɨɜɫɶɤɨɝɨ ɧɚɰɿɨɧɚɥɶɧɨɝɨ ɭɧɿɜɟɪɫɢɬɟɬɭ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ  

 

ɉ 32 ɉɢɬɚɧɧɹ ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ ɿ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ [Ɍɟɤɫɬ]: ɡɛ. 
ɧɚɭɤ. ɩɪ. / ɪɟɞɤɨɥ.: Ɉ. Ɇ. Ʉɿɫɟɥɶɨɜɚ (ɜɿɞɩ. ɪɟɞ.) [ɬɚ ɿɧ.]. – Ⱦ., 2018. – ȼɢɩ. 18. – 208 ɫ. 

 

Ɋɟɰɟɧɡɟɧɬɢ: 
ɞ-ɪ ɮɿɡ.-ɦɚɬ. ɧɚɭɤ, ɩɪɨɮ. ȼ. ȼ. Ʌɨɛɨɞɚ 

ɞ-ɪ ɮɿɡ.-ɦɚɬ. ɧɚɭɤ, ɩɪɨɮ. ɋ. Ȼ. ȼɚɤɚɪɱɭɤ 

ɍ ɡɛɿɪɧɢɤɭ ɜɦɿɳɟɧɨ ɪɟɡɭɥɶɬɚɬɢ ɮɭɧɞɚɦɟɧɬɚɥɶɧɢɯ ɬɚ ɩɪɢɤɥɚɞɧɢɯ ɞɨɫɥɿɞɠɟɧɶ ɿɡ 
ɩɪɨɛɥɟɦ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ ɫɤɥɚɞɧɢɯ ɫɢɫɬɟɦ, ɪɨɡɪɨɛɤɢ ɿ ɩɪɨɝɪɚɦɧɨʀ 
ɪɟɚɥɿɡɚɰɿʀ ɟɮɟɤɬɢɜɧɢɯ ɨɛɱɢɫɥɸɜɚɥɶɧɢɯ ɦɟɬɨɞɿɜ ɬɚ ɚɥɝɨɪɢɬɦɿɜ ɪɨɡɜ’ɹɡɚɧɧɹ ɚɤɬɭɚɥɶɧɢɯ 
ɡɚɞɚɱ ɨɩɬɢɦɿɡɚɰɿʀ, ɦɚɬɟɦɚɬɢɱɧɨʀ ɮɿɡɢɤɢ ɬɚ ɫɢɫɬɟɦɧɨɝɨ ɚɧɚɥɿɡɭ. ɉɪɢɡɧɚɱɟɧɢɣ ɞɥɹ 
ɧɚɭɤɨɜɰɿɜ ɜ ɝɚɥɭɡɿ ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ, ɜɢɤɥɚɞɚɱɿɜ ɁȼɈ, ɚɫɩɿɪɚɧɬɿɜ ɬɚ ɫɬɭɞɟɧɬɿɜ. 

 
ȼ ɫɛɨɪɧɢɤɟ ɩɨɦɟɳɟɧɵ ɪɟɡɭɥɶɬɚɬɵ ɮɭɧɞɚɦɟɧɬɚɥɶɧɵɯ ɢ ɩɪɢɤɥɚɞɧɵɯ ɢɫɫɥɟɞɨɜɚɧɢɣ ɩɨ 

ɩɪɨɛɥɟɦɚɦ ɦɚɬɟɦɚɬɢɱɟɫɤɨɝɨ ɦɨɞɟɥɢɪɨɜɚɧɢɹ ɫɥɨɠɧɵɯ ɫɢɫɬɟɦ, ɪɚɡɪɚɛɨɬɤɢ ɢ 
ɩɪɨɝɪɚɦɦɧɨɣ ɪɟɚɥɢɡɚɰɢɢ ɷɮɮɟɤɬɢɜɧɵɯ ɜɵɱɢɫɥɢɬɟɥɶɧɵɯ ɦɟɬɨɞɨɜ ɢ ɚɥɝɨɪɢɬɦɨɜ 
ɪɟɲɟɧɢɹ ɚɤɬɭɚɥɶɧɵɯ ɡɚɞɚɱ ɨɩɬɢɦɢɡɚɰɢɢ, ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɮɢɡɢɤɢ ɢ ɫɢɫɬɟɦɧɨɝɨ 
ɚɧɚɥɢɡɚ.  ɉɪɟɞɧɚɡɧɚɱɟɧ ɞɥɹ ɭɱɟɧɵɯ ɜ ɨɛɥɚɫɬɢ ɩɪɢɤɥɚɞɧɨɣ ɦɚɬɟɦɚɬɢɤɢ, ɩɪɟɩɨɞɚɜɚɬɟɥɟɣ, 
ɚɫɩɢɪɚɧɬɨɜ ɢ ɫɬɭɞɟɧɬɨɜ. 

 
The collection of scientific papers contains the results of fundamental and applied research 

on the problems of mathematical modeling of complex systems, the development and 
software implementation of effective computational methods and algorithms for solving 
actual problems of optimization, mathematical physics and system analysis. It is intended for 
scientists in the field of applied mathematics, teachers of higher education establishments, 
postgraduate students and students. 
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Ʌ.Ɍ. Ȼɨɣɤɨ 
Ⱦɧɿɩɪɨɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

 

ȺɅȽɈɊɂɌɆ ȼɂɄɈɊɂɋɌȺɇɇə ɆȿɌɈȾɍ ɆȿɀɈȼɂɏ ȿɅȿɆȿɇɌȱȼ 
ɇȺ ɉɊɂɄɅȺȾȱ ɆȱɒȺɇɈȲ ɄɊȺɃɈȼɈȲ ɁȺȾȺɑȱ  

ȾɅə Ɋȱȼɇəɇɇə ɉɍȺɋɋɈɇȺ 
 

ɇɚ ɩɪɢɤɥɚɞɿ ɞɜɨɜɢɦɿɪɧɨɝɨ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ ɨɛɝɨɜɨɪɸɸɬɶɫɹ ɦɨɠɥɢɜɨɫɬɿ 
ɚɥɝɨɪɢɬɦɭ ɡɚɫɬɨɫɭɜɚɧɧɹ ɦɟɬɨɞɭ ɦɟɠɨɜɢɯ ɟɥɟɦɟɧɬɿɜ ɞɨ ɪɨɡɜ’ɹɡɭɜɚɧɧɹ ɤɪɚɣɨɜɢɯ ɡɚɞɚɱ. 
Ⱥɥɝɨɪɢɬɦ ɞɟɬɚɥɶɧɨ ɪɨɡɝɥɹɧɭɬɨ ɧɚ ɩɪɢɤɥɚɞɿ ɦɿɲɚɧɨʀ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ. ȼɢɤɨɧɚɧɚ 
ɩɪɨɝɪɚɦɧɚ ɪɟɚɥɿɡɚɰɿɹ ɚɥɝɨɪɢɬɦɭ ɬɚ ɧɚ ɬɟɫɬɨɜɨɦɭ ɩɪɢɤɥɚɞɿ ɩɨɤɚɡɚɧɿ ɪɟɡɭɥɶɬɚɬɢ ɣɨɝɨ 
ɪɨɛɨɬɢ.  

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɦɟɬɨɞ ɦɟɠɨɜɢɯ ɟɥɟɦɟɧɬɿɜ, ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ, ɡɚɞɚɱɚ Ⱦɿɪɿɯɥɟ, 
ɡɚɞɚɱɚ ɇɟɣɦɚɧɚ, ɦɿɲɚɧɚ ɤɪɚɣɨɜɚ ɡɚɞɚɱɚ.  

 
ɇɚ ɩɪɢɦɟɪɟ ɞɜɭɦɟɪɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɉɭɚɫɫɨɧɚ ɩɪɨɚɧɚɥɢɡɢɪɨɜɚɧɵ ɜɨɡɦɨɠɧɨɫɬɢ 

ɚɥɝɨɪɢɬɦɚ ɩɪɢɦɟɧɟɧɢɹ ɦɟɬɨɞɚ ɝɪɚɧɢɱɧɵɯ ɷɥɟɦɟɧɬɨɜ ɤ ɪɟɲɟɧɢɸ ɤɪɚɟɜɵɯ ɡɚɞɚɱ. 

Ⱥɥɝɨɪɢɬɦ ɩɨɞɪɨɛɧɨ ɪɚɫɫɦɨɬɪɟɧ ɧɚ ɩɪɢɦɟɪɟ ɫɦɟɲɚɧɧɨɣ ɤɪɚɟɜɨɣ ɡɚɞɚɱɢ. ȼɵɩɨɥɧɟɧɚ 
ɩɪɨɝɪɚɦɦɧɚɹ ɪɟɚɥɢɡɚɰɢɹ ɚɥɝɨɪɢɬɦɚ ɢ ɧɚ ɬɟɫɬɨɜɨɦ ɩɪɢɦɟɪɟ ɩɨɤɚɡɚɧɚ ɟɝɨ ɪɚɛɨɬɚ.  

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɦɟɬɨɞ ɝɪɚɧɢɱɧɵɯ ɷɥɟɦɟɧɬɨɜ, ɭɪɚɜɧɟɧɢe ɉɭɚɫɫɨɧɚ, ɡɚɞɚɱɚ 
Ⱦɢɪɢɯɥɟ, ɡɚɞɚɱɚ ɇɟɣɦɚɧɚ, ɫɦɟɲɚɧɧɚɹ ɤɪɚɟɜɚɹ ɡɚɞɚɱɚ. 

 
The possibilities of the algorithm for applying the boundary element method to solving 

boundary value problems are discussed on the example of the two-dimensional Poisson dif-

ferential equation. The algorithm does not change significantly when the type of boundary 

conditions changes: the Dirichlet problem, the Neumann problem, or a mixed boundary 

value problem. The idea of the algorithm is taken from the work of John T. Katsikadelis 

[1]. The algorithm is described in detail in the next sequence of actions. 1) The boundary-

value problem for a two-dimensional finite domain is formulated. The desired function in 

the domain, its values, and its normal derivative on the boundary contour are connected by 

means of the second Green formula. 2) We pass from the boundary value problem for the 

Poisson equation to the boundary value problem for the Laplace equation. This simplifies 

the process of constructing an integral equation. We obtain the integral equation on the 

boundary contour using the boundary conditions. 3) In the integral equation, we divide the 

boundary contour into a finite number of boundary elements. The desired function and its 

normal derivative are considered constant values on each boundary element. We compose 

a system of linear algebraic equations considering these values. 4) We modify the system of 

linear algebraic equations taking into account the boundary conditions. After that, we solve 

it using the Gauss method. 

The computer program has been developed according to the developed algorithm. We 

used it in the learning process. The software implementation of the algorithm takes into 

account the capabilities of modern computer technology and modern needs of the educa-

tional process. The work of the program is shown in the test case. Further modification of 

the described algorithm is possible. 

Keywords: boundary element method, Poisson equation, Dirichlet problem, Neumann 

problem, mixed boundary value. 

_____________________ 
  Ȼɨɣɤɨ Ʌ.Ɍ., 2018 
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ȼɫɬɭɩ. Ɇɟɬɨɞ ɦɟɠɨɜɢɯ ɟɥɟɦɟɧɬɿɜ (ɆɆȿ) є ɫɭɱɚɫɧɢɦ ɱɢɫɟɥɶɧɢɦ ɦɟɬɨɞɨɦ, 
ɹɤɢɣ ɩɨɱɚɜ ɚɤɬɢɜɧɨ ɪɨɡɜɢɜɚɬɢɫɹ ɿ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢɫɹ ɡ ɩɨɹɜɨɸ ɬɚ ɪɨɡɜɢɬɤɨɦ 
ɨɛɱɢɫɥɸɜɚɥɶɧɨʀ ɬɟɯɧɿɤɢ. Ɉɫɧɨɜɧɚ ɿɞɟɹ ɦɟɬɨɞɭ ɩɨɥɹɝɚє ɭ ɩɪɟɞɫɬɚɜɥɟɧɧɿ 
ɲɭɤɚɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɝɨ ɪɿɜɧɹɧɧɹ ɜ ɨɛɥɚɫɬɿ G ɭ ɜɢɝɥɹɞɿ 
ɿɧɬɟɝɪɚɥɭ ɩɨ ɤɨɧɬɭɪɭ (ɚɛɨ ɩɨɜɟɪɯɧɿ), ɳɨ ɨɛɦɟɠɭє ɰɸ ɨɛɥɚɫɬɶ. Ɍɚɤɟ 
ɩɪɟɞɫɬɚɜɥɟɧɧɹ ɞɨɡɜɨɥɹє ɬɨɱɧɨ ɡɚɞɨɜɨɥɶɧɢɬɢ ɞɢɮɟɪɟɧɰɿɚɥɶɧɟ ɪɿɜɧɹɧɧɹ ɜ 
ɨɛɥɚɫɬɿ G, ɚ ɧɚ ɦɟɠɨɜɨɦɭ ɤɨɧɬɭɪɿ (ɚɛɨ ɩɨɜɟɪɯɧɿ) ɡ ɤɪɚɣɨɜɢɯ ɭɦɨɜ 
ɞɨɛɭɬɢ ɿɧɬɟɝɪɚɥɶɧɟ ɪɿɜɧɹɧɧɹ. Ɍɚɤɢɦ ɫɩɨɫɨɛɨɦ ɆɆȿ ɡɦɟɧɲɭє ɜɢɦɿɪɧɿɫɬɶ 
ɡɚɞɚɱɿ ɧɚ ɨɞɢɧɢɰɸ, ɰɶɨɝɨ ɧɟ ɪɨɛɢɬɶ ɦɟɬɨɞ ɫɤɿɧɱɟɧɢɯ ɟɥɟɦɟɧɬɿɜ (Ɇɋȿ). 
Ɉɬɠɟ, ɆɆȿ ɩɨɬɪɟɛɭє ɦɟɧɲɨɝɨ ɨɛ’єɦɭ ɨɛɱɢɫɥɸɜɚɥɶɧɨʀ ɪɨɛɨɬɢ ɭ ɩɨɪɿɜɧɹɧɧɿ ɡ 
Ɇɋȿ.  

Ɉɫɤɿɥɶɤɢ ɩɪɟɞɫɬɚɜɥɹɬɢ ɲɭɤɚɧɭ ɮɭɧɤɰɿɸ ɜ ɨɛɥɚɫɬɿ G ɱɟɪɟɡ ʀʀ ɡɧɚɱɟɧɧɹ ɧɚ 
ɦɟɠɨɜɨɦɭ ɤɨɧɬɭɪɿ ɦɨɠɧɚ ɩɨ-ɪɿɡɧɨɦɭ, ɬɨ ɜɢɧɢɤɚɸɬɶ ɪɿɡɧɿ ɚɥɝɨɪɢɬɦɢ 
ɡɚɫɬɨɫɭɜɚɧɧɹ ɆɆȿ. Ɉɫɧɨɜɧɿ ɫɤɥɚɞɧɨɫɬɿ ɆɆȿ ɡɨɫɟɪɟɞɠɟɧɧɿ ɭ ɪɨɡɜ’ɹɡɭɜɚɧɧɿ 
ɿɧɬɟɝɪɚɥɶɧɨɝɨ ɪɿɜɧɹɧɧɹ. ɇɚ ɩɨɱɚɬɤɭ ɫɜɨɝɨ ɪɨɡɜɢɬɤɭ ɆɆȿ ɜɢɤɨɪɢɫɬɨɜɭɜɚɜɫɹ 
ɞɨ ɪɨɡɜ’ɹɡɭɜɚɧɧɹ ɚɛɨ ɡɚɞɚɱɿ Ⱦɿɪɿɯɥɟ, ɚɛɨ ɡɚɞɚɱɿ ɇɟɣɦɚɧɚ. Ɉɞɧɚɤ, ɡɚ ɨɫɬɚɧɧɿ 
15-20 ɪɨɤɿɜ ɩɨɱɚɥɢ ɡ’ɹɜɥɹɬɢɫɹ ɪɨɛɨɬɢ, ɜ ɹɤɢɯ ɚɜɬɨɪɢ ɪɨɡɪɨɛɥɹɥɢ ɩɿɞɯɨɞɢ ɞɨ 
ɜɢɤɨɪɢɫɬɚɧɧɹ ɆɆȿ ɩɪɢ ɪɨɡɜ’ɹɡɭɜɚɧɧɿ ɦɿɲɚɧɨʀ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ. 

ȼ ɞɚɧɿɣ ɪɨɛɨɬɿ ɚɧɚɥɿɡɭєɬɶɫɹ ɨɞɢɧ ɿɡ ɚɥɝɨɪɢɬɦɿɜ, ɹɤɢɣ ɞɨɡɜɨɥɹє 
ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɆɆȿ ɞɨ ɪɨɡɜ’ɹɡɭɜɚɧɧɹ ɹɤ ɤɪɚɣɨɜɢɯ ɡɚɞɚɱ Ⱦɿɪɿɯɥɟ ɚɛɨ 
ɇɟɣɦɚɧɚ, ɬɚɤ ɿ ɦɿɲɚɧɨʀ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ. Ɋɨɡɝɥɹɞɚєɬɶɫɹ ɥɢɲɟ ɞɜɨɜɢɦɿɪɧɚ 
ɡɚɞɚɱɚ. Іɞɟɹ ɚɥɝɨɪɢɬɦɭ ɜɡɹɬɚ ɡ ɪɨɛɨɬɢ [1], ɣɨɝɨ ɩɪɨɝɪɚɦɧɚ ɪɟɚɥɿɡɚɰɿɹ 
ɚɞɚɩɬɨɜɚɧɚ ɞɨ ɦɨɠɥɢɜɨɫɬɟɣ ɫɭɱɚɫɧɨʀ ɨɛɱɢɫɥɸɜɚɥɶɧɨʀ ɬɟɯɧɿɤɢ ɬɚ ɫɭɱɚɫɧɢɯ 
ɩɨɬɪɟɛ ɧɚɜɱɚɥɶɧɨɝɨ ɩɪɨɰɟɫɭ.  

ɉɨɞɚɥɶɲɟ ɜɢɤɥɚɞɚɧɧɹ ɚɥɝɨɪɢɬɦɭ ɪɨɡɿɛ’єɦɨ ɧɚ ɱɨɬɢɪɢ ɤɪɨɤɢ. 
1.Ɏɨɪɦɭɥɸɜɚɧɧɹ ɡɚɞɚɱɿ ɬɚ ɮɨɪɦɭɥɢ Ƚɪɿɧɚ. ȼ ɫɤɿɧɱɟɧɧɿɣ ɞɜɨɜɢɦɿɪɧɿɣ 

ɨɛɥɚɫɬɿ G, ɨɛɦɟɠɟɧɿɣ ɤɭɫɤɨɜɨ-ɝɥɚɞɤɢɦ ɤɨɧɬɭɪɨɦ 1 2L =   ,  1 2  =  , 

ɪɨɡɝɥɹɧɟɦɨ ɦɿɲɚɧɭ ɤɪɚɣɨɜɭ ɡɚɞɚɱɭ ɞɥɹ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ (ɪɢɫ. 1).  

( , ), ( , )u f x y x y G =  ;                 (1) 

1
1( , )u x y


=  ;                                    (2)  

2

2( , )
u

x y
n 


= 


.                                 (3) 

Ɋɢɫ. 1. Ɉɛɥɚɫɬɶ G 

Ɍɭɬ ɩɨɡɧɚɱɟɧɨ: 
2 2

2 2x y

 
 = +

 
 – ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɣ ɨɩɟɪɚɬɨɪ Ʌɚɩɥɚɫɚ; 

( , ) ( )f x y C G , 1 1( , ) ( )x y C   , 2 2( , ) ( )x y C    – ɜɿɞɨɦɿ ɮɭɧɤɰɿʀ; 
(2)( , ) ( )u x y C G  – ɲɭɤɚɧɚ ɮɭɧɤɰɿɹ ɜ ɨɛɥɚɫɬɿ G; n – ɡɨɜɧɿɲɧɹ ɧɨɪɦɚɥɶ ɞɨ 

ɦɟɠɨɜɨɝɨ ɤɨɧɬɭɪɭ L .  
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ȼɜɚɠɚєɦɨ, ɳɨ ɤɨɥɢ  1 2,L =  =  , ɬɨ ɡɚɞɚɱɚ (1), (2), (3) ɫɬɚє ɡɚɞɚɱɟɸ 
Ⱦɿɪɿɯɥɟ (1), (2); ɤɨɥɢ  2 1,L =  =  , ɬɨ ɡɚɞɚɱɚ (1), (2), (3) ɫɬɚє ɡɚɞɚɱɟɸ 
ɇɟɣɦɚɧɚ (1), (3). ȼ ɨɫɬɚɧɧɶɨɦɭ ɜɢɩɚɞɤɭ ɩɪɢɩɭɫɤɚєɦɨ, ɳɨ ɜɢɤɨɧɭєɬɶɫɹ ɭɦɨɜɚ 
ɪɨɡɜ’ɹɡɧɨɫɬɿ ɡɚɞɚɱɿ ɇɟɣɦɚɧɚ [2]:  

2( , ) ( )
G L

f x y dxdy l dl=   . 

Ⱦɚɥɿ, ɩɨɹɫɧɸɸɱɢ ɚɥɝɨɪɢɬɦ ɧɚ ɩɪɢɤɥɚɞɿ ɦɿɲɚɧɨʀ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ, ɛɭɞɟɦɨ 
ɩɚɦ’ɹɬɚɬɢ, ɳɨ ɣɨɝɨ ɦɨɠɧɚ ɡɚɫɬɨɫɨɜɭɜɚɬɢ ɬɚɤɨɠ ɿ ɞɨ ɡɚɞɚɱɿ Ⱦɿɪɿɯɥɟ, ɿ ɞɨ ɡɚɞɚɱɿ 
ɇɟɣɦɚɧɚ.  

Ⱥɥɝɨɪɢɬɦ ɛɚɡɭєɬɶɫɹ ɧɚ ɜɢɤɨɪɢɫɬɚɧɧɿ ɞɪɭɝɨʀ ɮɨɪɦɭɥɢ Ƚɪɿɧɚ [1, 2]  

( )
G L

v u
u v v u dxdy u v dl

n n

   −  =  −      .                         (4) 

ɍ ɮɨɪɦɭɥɿ (4) ɮɭɧɤɰɿʀ u  ɬɚ v  ɦɚɸɬɶ ɛɭɬɢ ɜɢɡɧɚɱɟɧɢɦɢ ɬɚ ɧɟɩɟɪɟɪɜɧɢɦɢ 
ɪɚɡɨɦ ɿɡ ɩɨɯɿɞɧɢɦɢ ɞɨ ɞɪɭɝɨɝɨ ɩɨɪɹɞɤɭ ɜɤɥɸɱɧɨ ɜ ɨɛɥɚɫɬɿ G  ɿ ɞɨ ɩɟɪɲɨɝɨ 
ɩɨɪɹɞɤɭ ɜɤɥɸɱɧɨ ɧɚ ɤɨɧɬɭɪɿ L . ȼ ɭɫɶɨɦɭ ɿɧɲɨɦɭ ɜɨɧɢ ɞɨɜɿɥɶɧɿ.  

ȼ ɹɤɨɫɬɿ ɮɭɧɤɰɿʀ v  ɜɢɛɟɪɟɦɨ ɬɚɤɭ ɮɭɧɤɰɿɸ: 

0

1
( , ) ln

2
v P P r=


,  ɞɟ 2 2

0 0 0 0 0( , ) ( , ) ( ) ( )r P x y P x y x x y y= − = − + − .        (5) 

ɍ ɮɨɪɦɭɥɿ (5) 0 0 0( , )P x y  – ɮɿɤɫɨɜɚɧɚ, ɚ ( , )P x y  – ɞɨɜɿɥɶɧɚ ɬɨɱɤɚ ɧɚ 
ɞɜɨɜɢɦɿɪɧɿɣ ɩɥɨɳɢɧɿ. Ɏɭɧɤɰɿɹ 0( , )v P P  ɡɚɞɨɜɨɥɶɧɹє ɞɢɮɟɪɟɧɰɿɚɥɶɧɟ ɪɿɜɧɹɧɧɹ 
Ʌɚɩɥɚɫɚ ɩɨ ɤɨɨɪɞɢɧɚɬɚɯ ɬɨɱɤɢ ( , )P x y  ɩɪɢ 0P P . 

ɉɿɞɫɬɚɜɢɦɨ (5) ɜ (4) ɿ ɜ ɡɚɥɟɠɧɨɫɬɿ ɜɿɞ ɪɨɡɬɚɲɭɜɚɧɧɹ ɮɿɤɫɨɜɚɧɨʀ ɬɨɱɤɢ 0P  

ɜɿɞɧɨɫɧɨ ɨɛɥɚɫɬɿ G  ɞɨɛɭɞɟɦɨ ɬɚɤɭ ɡɚɥɟɠɧɿɫɬɶ [1, 2]: 

( ) ( ) 0
0 0 0 0

( , )
( , ) ( , )

P PG L

v P P u
P u P v P P u dxdy u v P P dl

n n

  
  =  +  −    

  ,           (6) 

ɞɟ ɤɨɟɮɿɰɿєɧɬ ( )0P  ɜɢɡɧɚɱɚєɬɶɫɹ ɮɨɪɦɭɥɨɸ  

( )
0

0 0

0

1, ;

1
, ;

2

0, .

якщо P G

P якщо P L

якщо P G


 = 

 

                                            (7) 

ɍ ɪɨɛɨɬɿ [2] ɮɨɪɦɭɥɭ (6) ɧɚɡɢɜɚɸɬɶ ɬɪɟɬɶɨɸ ɮɨɪɦɭɥɨɸ Ƚɪɿɧɚ.  
ɍ ɩɪɚɜɿɣ ɱɚɫɬɢɧɿ ɮɨɪɦɭɥɢ (6) ɿɧɬɟɝɪɭɜɚɧɧɹ ɿ ɞɢɮɟɪɟɧɰɿɸɜɚɧɧɹ 

ɜɿɞɛɭɜɚєɬɶɫɹ ɩɨ ɤɨɨɪɞɢɧɚɬɚɯ ɬɨɱɤɢ ( , )P x y . Ʉɨɨɪɞɢɧɚɬɢ ɬɨɱɤɢ 0 0 0( , )P x y  

ɜɿɞɿɝɪɚɸɬɶ ɪɨɥɶ ɩɚɪɚɦɟɬɪɿɜ. Ⱦɥɹ ɩɪɨɫɬɨɬɢ ɩɪɢɩɭɫɤɚєɦɨ, ɳɨ, ɹɤɳɨ ɬɨɱɤɚ 
0 0 0( , )P x y  ɪɨɡɬɚɲɨɜɚɧɚ ɧɚ ɤɨɧɬɭɪɿ L , ɬɨ ɜɨɧɚ ɧɟ є ɤɭɬɨɜɨɸ ɬɨɱɤɨɸ ɤɨɧɬɭɪɭ 

ɚɛɨ ɬɨɱɤɨɸ, ɞɟ ɤɪɚɣɨɜɿ ɭɦɨɜɢ ɡɦɿɧɸɸɬɶ ɬɢɩ.  
ȼɜɚɠɚєɦɨ, ɳɨ ɭ ɮɨɪɦɭɥɿ (6) ɮɭɧɤɰɿɹ u  – ɰɟ ɲɭɤɚɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ (1), 

(2), (3). Ɉɞɧɚɤ, ɭ ɩɪɚɜɿɣ ɱɚɫɬɢɧɿ ɪɿɜɧɨɫɬɿ (6) ɩɪɢɫɭɬɧɿɣ ɿɧɬɟɝɪɚɥ ɩɨ ɨɛɥɚɫɬɿ G. 
ɏɨɱɚ ɩɿɞɿɧɬɟɝɪɚɥɶɧɚ ɮɭɧɤɰɿɹ ɰɶɨɝɨ ɿɧɬɟɝɪɚɥɚ є ɜɿɞɨɦɨɸ ɜ ɨɛɥɚɫɬɿ G ɡ ɭɦɨɜ 
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(1), (5), ɣɨɝɨ ɨɛɱɢɫɥɟɧɧɹ ɫɬɜɨɪɸє ɞɨɞɚɬɤɨɜɿ ɧɟɡɪɭɱɧɨɫɬɿ ɩɪɢ ɱɢɫɟɥɶɧɿɣ 
ɪɟɚɥɿɡɚɰɿʀ ɆɆȿ. ɓɨɛ ɭɧɢɤɧɭɬɢ ɰɢɯ ɧɟɡɪɭɱɧɨɫɬɟɣ, ɩɟɪɟɣɞɟɦɨ ɜɿɞ ɡɚɞɚɱɿ (1), 
(2), (3) ɞɨ ɜɿɞɩɨɜɿɞɧɨʀ ɡɚɞɚɱɿ ɞɥɹ ɪɿɜɧɹɧɧɹ Ʌɚɩɥɚɫɚ.  

2. ɉɟɪɟɯɿɞ ɜɿɞ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ ɞɨ ɪɿɜɧɹɧɧɹ Ʌɚɩɥɚɫɚ. Ɋɨɡɜ’ɹɡɨɤ 
ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɝɨ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ ɲɭɤɚɬɢɦɟɦɨ ɭ ɜɢɝɥɹɞɿ ɫɭɦɢ ɞɜɨɯ 
ɮɭɧɤɰɿɣ 

0( , ) ( , ) ( , )чu x y u x y u x y= + .                                         (8) 

Ɍɭɬ 0 ( , )u x y  – ɡɚɝɚɥɶɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɝɨ ɪɿɜɧɹɧɧɹ Ʌɚɩɥɚɫɚ, 
ɬɨɛɬɨ 0( , ) 0u x y = ; ( , )чu x y  – ɱɚɫɬɢɧɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɝɨ 
ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ, ɬɨɛɬɨ ( , ), ( , )чu f x y x y G =  . əɤɳɨ ɮɭɧɤɰɿɹ ( , )чu x y  

ɡɧɚɣɞɟɧɚ, ɬɨ ɜɿɞ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ (1), (2), (3) ɦɨɠɧɚ ɩɟɪɟɣɬɢ ɞɨ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ 
ɞɥɹ ɩɨɲɭɤɭ 0 ( , )u x y . 

0 0, ( , )u x y G =  ;                                                    (9) 

1 1
0 1 0( , ) чu x y u u
 
=  −  ;                                         (10) 

2 2

0
2 0( , ) ч

n

u u
x y u

n n 

 
=  − 

 
.                                    (11) 

Ⱦɥɹ ɩɨɲɭɤɭ ɪɨɡɜ’ɹɡɤɭ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ (9), (10), (11) ɡɜɟɪɬɚєɦɨɫɶ ɞɨ 
ɮɨɪɦɭɥɢ (6). Ɍɟɩɟɪ ɰɹ ɮɨɪɦɭɥɚ ɧɚɛɭɞɟ ɜɢɝɥɹɞɭ: 

( ) ( ) 0 0
0 0 0 0 0

( , )
( , )

P PL

v P P u
P u P u v P P dl

n n

  
  =  −    

 .                    (12) 

Ɍɭɬ ɤɨɟɮɿɰɿєɧɬ ( )0P  ɡɚɥɢɲɚєɬɶɫɹ ɜɢɡɧɚɱɟɧɢɦ ɡɚ ɮɨɪɦɭɥɨɸ (7).  

Ⱦɚɥɿ ɞɥɹ ɩɪɨɫɬɨɬɢ ɡɚɩɢɫɭ ɭ ɮɭɧɤɰɿʀ 0 ( , )u x y  ɮɨɪɦɭɥ (9) – (12) ɿɧɞɟɤɫ ɧɭɥɶ 
ɧɟ ɛɭɞɟɦɨ ɩɢɫɚɬɢ, ɩɚɦ’ɹɬɚɸɱɢ ɩɪɢ ɰɶɨɦɭ, ɳɨ ɦɨɜɚ ɣɞɟ ɩɪɨ ɪɨɡɜ’ɹɡɨɤ 
ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɝɨ ɪɿɜɧɹɧɧɹ Ʌɚɩɥɚɫɚ. Ʉɪɿɦ ɰɶɨɝɨ, ɧɚ ɤɨɧɬɭɪɿ L  

ɩɨɡɧɚɱɚɬɢɦɟɦɨ ɱɟɪɟɡ , nu u  ɜɿɞɨɦɿ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɣ u  ɬɚ u

n




 ɜɿɞɩɨɜɿɞɧɨ, ɚ 

ɱɟɪɟɡ , nu u  – ɧɟɜɿɞɨɦɿ ɡɧɚɱɟɧɧɹ ɬɢɯ ɠɟ ɮɭɧɤɰɿɣ. 
əɤɳɨ 0P G , ɬɨ ɭ ɮɨɪɦɭɥɿ (7) ( )0 1P = , ɿ (12) ɩɟɪɟɬɜɨɪɸєɬɶɫɹ ɜ 

ɿɧɬɟɝɪɚɥɶɧɭ ɮɨɪɦɭɥɭ ɞɥɹ ɲɭɤɚɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ (9), (10), (11) ɭ 
ɛɭɞɶ-ɹɤɿɣ ɬɨɱɰɿ 0P G . 

( )
1 2

0 0
0 0 0

( , ) ( , )
( , ) ( , )n n

P P

v P P v P P
u P u v P P u dl u v P P u dl

n n 

    
=  −  +  −        
  .   (13) 

Ɉɞɧɚɤ, ɭ ɩɪɚɜɿɣ ɱɚɫɬɢɧɿ ɪɿɜɧɨɫɬɿ (13) ɩɿɞ ɡɧɚɤɨɦ ɿɧɬɟɝɪɚɥɚ ɿɡ ɞɜɨɯ ɮɭɧɤɰɿɣ 

u  ɬɚ u

n




 ɜɿɞɨɦɨɸ ɧɚ ɦɟɠɨɜɨɦɭ ɤɨɧɬɭɪɿ є ɥɢɲɟ ɹɤɚɫɶ ɨɞɧɚ. Ɍɨɦɭ 

ɤɨɪɢɫɬɭɜɚɬɢɫɹ ɮɨɪɦɭɥɨɸ (13) ɞɥɹ ɨɛɱɢɫɥɟɧɧɹ ɪɨɡɜ’ɹɡɤɭ 0( )u P   ɩɨɤɢ 
ɧɟɦɨɠɥɢɜɨ.  
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Ⱦɥɹ ɜɢɡɧɚɱɟɧɧɹ ɧɟɜɿɞɨɦɢɯ ɤɨɧɬɭɪɧɢɯ ɮɭɧɤɰɿɣ ɫɤɥɚɞɟɦɨ ɿɧɬɟɝɪɚɥɶɧɿ 
ɪɿɜɧɹɧɧɹ. Ⱦɥɹ ɰɶɨɝɨ ɭ ɮɨɪɦɭɥɿ (12) ɜɢɛɢɪɚєɦɨ 0P L , ɜɜɚɠɚɸɱɢ ɤɨɧɬɭɪ L  

ɝɥɚɞɤɢɦ ɜ ɨɤɨɥɿ ɬɨɱɤɢ 0P  (ɰɟ ɡɧɚɱɢɬɶ, ɳɨ ( )0

1

2
P = ), ɬɚ ɧɚɩɢɲɟɦɨ ɮɨɪɦɭɥɭ 

(12) ɭ ɬɚɤɨɦɭ ɜɢɝɥɹɞɿ: 

( ) 0
0 0

1 ( , ) ( )
( ) ( , )

2 P PL

v P P u P
u P u P v P P dl

n n

  
=  −    
 .                         (14) 

ɇɚ ɡɚɥɟɠɧɿɫɬɶ (14) ɦɨɠɧɚ ɞɢɜɢɬɢɫɶ ɹɤ ɧɚ ɦɟɠɨɜɟ ɿɧɬɟɝɪɚɥɶɧɟ ɪɿɜɧɹɧɧɹ ɡ 

ɧɟɜɿɞɨɦɢɦɢ ɮɭɧɤɰɿɹɦɢ (ɚɛɨ u , ɚɛɨ 
u

n




) ɧɚ ɤɨɧɬɭɪɿ L . Ɏɭɧɤɰɿɹ 0( , )v P P  ɬɚ ʀʀ 

ɧɨɪɦɚɥɶɧɚ ɩɨɯɿɞɧɚ є ɜɿɞɨɦɢɦɢ. 
əɤɳɨ ɪɨɡɜ’ɹɡɭєɬɶɫɹ ɡɚɞɚɱɚ Ⱦɿɪɿɯɥɟ (ɬɨɛɬɨ ɧɚ ɜɫɶɨɦɭ ɤɨɧɬɭɪɿ L  ɡɚɞɚɧɚ 

ɥɢɲɟ ɭɦɨɜɚ (2) ), ɬɨ ɿɧɬɟɝɪɚɥɶɧɟ ɪɿɜɧɹɧɧɹ (14) ɫɬɚє ɬɚɤɢɦ: 

( ) 0
0 0

1 ( , )
( ) ( , ) ( )

2
n

PL

v P P
u P u P v P P u P dl

n

 
=  −   
 ,   0,P P L .         (15) 

ȼ ɿɧɬɟɝɪɚɥɶɧɨɦɭ ɪɿɜɧɹɧɧɿ (15) ɲɭɤɚɧɨɸ є ɮɭɧɤɰɿɹ ( )nu P . Ɋɿɜɧɹɧɧɹ (15) – 

ɰɟ ɥɿɧɿɣɧɟ ɿɧɬɟɝɪɚɥɶɧɟ ɪɿɜɧɹɧɧɹ ɩɟɪɲɨɝɨ ɪɨɞɭ. 
əɤɳɨ ɪɨɡɜ’ɹɡɭєɬɶɫɹ ɡɚɞɚɱɚ ɇɟɣɦɚɧɚ (ɬɨɛɬɨ ɧɚ ɜɫɶɨɦɭ ɤɨɧɬɭɪɿ L  ɡɚɞɚɧɚ 

ɥɢɲɟ ɭɦɨɜɚ (3) ), ɬɨ ɿɧɬɟɝɪɚɥɶɧɟ ɪɿɜɧɹɧɧɹ (14) ɧɚɛɭɞɟ ɜɢɝɥɹɞɭ: 

( ) 0
0 0

1 ( , )
( ) ( , ) ( )

2
n

PL

v P P
u P u P v P P u P dl

n

 
=  −   
 ,   0,P P L .          (16) 

ɒɭɤɚɧɨɸ ɜ ɿɧɬɟɝɪɚɥɶɧɨɦɭ ɪɿɜɧɹɧɧɿ (16) є ɮɭɧɤɰɿɹ u . ɐɟ ɥɿɧɿɣɧɟ 
ɿɧɬɟɝɪɚɥɶɧɟ ɪɿɜɧɹɧɧɹ ɞɪɭɝɨɝɨ ɪɨɞɭ. 

ɍ ɜɢɩɚɞɤɭ ɦɿɲɚɧɨʀ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ ɿɧɬɟɝɪɚɥɶɧɟ ɪɿɜɧɹɧɧɹ (14) ɛɭɞɟ ɦɚɬɢ 
ɪɿɡɧɢɣ ɜɢɝɥɹɞ ɜ ɡɚɥɟɠɧɨɫɬɿ ɜɿɞ ɪɨɡɬɚɲɭɜɚɧɧɹ ɬɨɱɤɢ 0P  ɧɚ ɤɨɧɬɭɪɿ L . 

( )
1

0
0 0

1 ( , )
( ) ( , ) ( )

2
n

P

v P P
u P u P v P P u P dl

n

 
=  −  +  
  

2

0 10
0( , )

( ) ( , ) ( ) ,n

P

v P P
u P v P P u якщоP d Pl

n

 
+  −   




 ;        (17) 

( )
1

0
0 0

1 ( , )
( ) ( , ) ( )

2
n

v P P
u P u P v P P u P dl

n

 =  −  +    

2

0
0 20

( , )
( ) ( , ) ( ) ,n

v P P
u P v P P u якщоP d Pl

n

 +  −   


 .            (18) 

Ⱦɚɥɿ ɧɚ ɜɚɪɿɚɧɬɿ ɦɿɲɚɧɨʀ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ ɪɨɡɝɥɹɧɟɦɨ ɧɚɛɥɢɠɟɧɢɣ ɦɟɬɨɞ 
ɪɨɡɜ’ɹɡɭɜɚɧɧɹ ɫɢɫɬɟɦɢ ɿɧɬɟɝɪɚɥɶɧɢɯ ɪɿɜɧɹɧɶ (17), (18).  

3. ɆɆȿ ɡɿ ɫɬɚɥɢɦɢ ɦɟɠɨɜɢɦɢ ɟɥɟɦɟɧɬɚɦɢ. Ɇɟɠɨɜɢɣ ɤɨɧɬɭɪ L  
ɪɨɡɛɢɜɚєɦɨ ɧɚ N  ɫɟɝɦɟɧɬɿɜ. Ɍɨɱɤɢ ɪɨɡɛɢɬɬɹ L  ɧɚ ɫɟɝɦɟɧɬɢ ɛɭɞɟɦɨ ɧɚɡɢɜɚɬɢ 
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ɤɪɚɣɨɜɢɦɢ ɬɨɱɤɚɦɢ (ɪɢɫ. 2). Ⱦɿɥɢɬɢ L  ɧɚ ɫɟɝɦɟɧɬɢ ɛɭɞɟɦɨ ɬɚɤ, ɳɨɛ ɭɫɿ ɤɭɬɨɜɿ 
ɬɨɱɤɢ ɤɨɧɬɭɪɭ L  ɬɚ ɬɨɱɤɢ, ɞɟ ɤɪɚɣɨɜɿ ɭɦɨɜɢ ɡɦɿɧɸɸɬɶ ɬɢɩ, ɩɨɩɚɥɢ ɭ 
ɦɧɨɠɢɧɭ ɤɪɚɣɨɜɢɯ ɬɨɱɨɤ. ɇɚ ɤɨɠɧɨɦɭ ɫɟɝɦɟɧɬɿ ɜɢɤɨɧɚєɦɨ ɞɜɚ ɜɢɞɢ 
ɚɩɪɨɤɫɢɦɚɰɿʀ. Ɉɞɧɚ ɫɬɨɫɭєɬɶɫɹ ɝɟɨɦɟɬɪɢɱɧɨʀ ɮɨɪɦɢ ɤɨɧɬɭɪɭ, ɿɧɲɚ – ɡɧɚɱɟɧɧɹ 
ɲɭɤɚɧɨʀ ɮɭɧɤɰɿʀ ɬɚ ʀʀ ɧɨɪɦɚɥɶɧɨʀ ɩɨɯɿɞɧɨʀ ɧɚ ɤɨɧɬɭɪɿ. 

ɍ ɜɢɩɚɞɤɭ ɫɬɚɥɢɯ ɟɥɟɦɟɧɬɿɜ ɦɟɠɨɜɢɣ ɫɟɝɦɟɧɬ ɚɩɪɨɤɫɢɦɭєɦɨ ɜɿɞɪɿɡɤɨɦ, 
ɹɤɢɣ ɛɭɞɟɦɨ ɧɚɡɢɜɚɬɢ ɦɟɠɨɜɢɦ ɟɥɟɦɟɧɬɨɦ (Ɇȿ) ɿ ɹɤɢɣ ɡ’єɞɧɭє ɤɪɚɣɨɜɿ ɬɨɱɤɢ. 
ȼ ɫɟɪɟɞɢɧɿ ɰɶɨɝɨ ɜɿɞɪɿɡɤɚ ɪɨɡɬɚɲɨɜɭєɦɨ ɜɭɡɨɥ ɿ ɦɟɠɨɜɭ ɮɭɧɤɰɿɸ ɩɪɢɣɦɚєɦɨ 
ɫɬɚɥɨɸ ɜɡɞɨɜɠ Ɇȿ ɿ ɪɿɜɧɨɸ ɡɧɚɱɟɧɧɸ ɰɿєʀ ɮɭɧɤɰɿʀ ɭ ɜɭɡɥɨɜɿɣ ɬɨɱɰɿ.  

 
Ɋɢɫ. 2. Ⱦɢɫɤɪɟɬɢɡɚɰɿɹ ɦɟɠɨɜɨɝɨ ɤɨɧɬɭɪɭ, ɫɬɚɥɢɣ Ɇȿ 

 

ɋɬɚɥɿ ɟɥɟɦɟɧɬɢ ɡɨɛɪɚɠɭɸɬɶ ɦɟɠɨɜɿ ɮɭɧɤɰɿʀ ɬɚ ʀɯ ɧɨɪɦɚɥɶɧɿ ɩɨɯɿɞɧɿ 
ɡɧɚɱɟɧɧɹɦɢ, ɪɨɡɪɢɜɧɢɦɢ ɜɿɞ ɟɥɟɦɟɧɬɚ ɞɨ ɟɥɟɦɟɧɬɚ [1].  

ɉɟɪɟɧɭɦɟɪɭєɦɨ N  ɫɬɚɥɢɯ Ɇȿ ɭ ɞɨɞɚɬɧɨɦɭ ɧɚɩɪɹɦɤɭ. Ȼɟɪɟɦɨ ɡɚɥɟɠɧɿɫɬɶ 
(14), ɹɤɚ ɜɿɞɩɨɜɿɞɚє ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɦɭ ɪɿɜɧɹɧɧɸ Ʌɚɩɥɚɫɚ ɿ ɜ ɹɤɿɣ ɬɨɱɤɚ 0P  

ɞɨɪɿɜɧɸє ɬɨɱɰɿ ip , ɬɨɛɬɨ ɜɭɡɥɭ ɧɚ i-ɦɭ ɟɥɟɦɟɧɬɿ (ɪɢɫ. 3).  

ɇɚɩɢɲɟɦɨ (14) ɭ ɞɢɫɤɪɟɬɢɡɨɜɚɧɨɦɭ ɜɢɝɥɹɞɿ 

1 1

1 ( , ) ( )
( ) ( , )

2
j j

N N
i i

i
j jq q

v p q u q
u u q dq v p q dq

n n= = 

 
=  − 

    ,                      (19) 

ɞɟ j  – ɟɥɟɦɟɧɬ (ɩɪɹɦɨɥɿɧɿɣɧɢɣ ɜɿɞɪɿɡɨɤ), ɧɚ ɹɤɨɦɭ ɪɨɡɬɚɲɨɜɚɧɢɣ j –ɣ  ɜɭɡɨɥ 
ɿ ɜɡɞɨɜɠ ɹɤɨɝɨ ɜɢɤɨɧɭєɬɶɫɹ ɿɧɬɟɝɪɭɜɚɧɧɹ ɩɨ ɡɦɿɧɧɿɣ q ; ip  – ɜɭɡɥɨɜɚ ɬɨɱɤɚ i-
ɝɨ ɟɥɟɦɟɧɬɚ. Ɉɫɤɿɥɶɤɢ ɤɨɧɫɬɚɧɬ-ɟɥɟɦɟɧɬ є ɝɥɚɞɤɢɦ ɜ ɨɤɨɥɿ ɜɭɡɥɨɜɢɯ ɬɨɱɨɤ, ɬɨ 

( ) ( )0

1

2
iP p =  = . 

Ɂɚ ɩɪɢɩɭɳɟɧɧɹɦ u  ɬɚ u

n




 є ɫɬɚɥɢɦɢ ɧɚ ɤɨɠɧɨɦɭ Ɇȿ, ɬɨɞɿ ɭ ɪɿɜɧɨɫɬɿ (19) ʀɯ 

ɦɨɠɧɚ ɜɢɧɟɫɬɢ ɡɚ ɡɧɚɤ ɿɧɬɟɝɪɚɥɚ. ɇɚ j –ɦɭ ɦɟɠɨɜɨɦɭ ɟɥɟɦɟɧɬɿ ɩɨɡɧɚɱɢɦɨ ju  

ɬɚ j
nu  ɡɧɚɱɟɧɧɹ u  ɬɚ u

n




, ɜɿɞɩɨɜɿɞɧɨ, ɬɨɞɿ ɪɿɜɧɹɧɧɹ (19) ɦɨɠɧɚ ɧɚɩɢɫɚɬɢ ɬɚɤ: 
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1 1

1 ( , )
( , )

2
j j

N N
i j ji

i n
j jq

v p q
u dq u v p q dq u

n= = 

      − + =
      

   .                      (20) 

 

 
Ɋɢɫ. 3. ɋɯɟɦɚ ɫɤɥɚɞɚɧɧɹ ɧɚɛɥɢɠɟɧɢɯ ɪɿɜɧɹɧɶ, ɫɬɚɥɢɣ Ɇȿ 

 
əɤ ɜɢɞɧɨ ɡ ɪɢɫ. 3, ɿɧɬɟɝɪɚɥɢ, ɩɪɢɫɭɬɧɿ ɜ ɪɿɜɧɹɧɧɿ (20), ɩɨɜ’ɹɡɭɸɬɶ ɦɿɠ 

ɫɨɛɨɸ ɜɭɡɨɥ ip  ɡ ɜɭɡɥɚɦɢ ( 1,2, , )jp j N= . əɤɳɨ ɩɨɡɧɚɱɢɬɢ 

( , )

j

i
ij

q

v p q
dq H

n


=

 ;     ( , )
j

i ijv p q dq G


= ,                          (21) 

ɬɨ (20) ɦɨɠɧɚ ɧɚɩɢɫɚɬɢ ɭ ɛɿɥɶɲ ɩɪɨɫɬɨɦɭ ɜɢɝɥɹɞɿ 

1 1

1

2

N N
i j j

ij ij n
j j

u H u G u
= =

− +  =   .                                           (22) 

Ⱦɚɥɿ ɩɨɡɧɚɱɢɦɨ 1

2
ij ij ijH H= −  , ɞɟ 

1, ;

0, .
ij

i j

i j

=
 =  

 – ɫɢɦɜɨɥ Ʉɪɨɧɟɤɟɪɚ. ɐɟ 

ɞɨɡɜɨɥɹє ɧɚɩɢɫɚɬɢ ɪɿɜɧɹɧɧɹ (22) ɳɟ ɩɪɨɫɬɿɲɟ  

1 1

N N
j j

ij ij n
j j

H u G u
= =

 =   .                                                 (23) 

Ɋɿɜɧɹɧɧɹ (23) ɫɤɥɚɞɚєɦɨ ɞɥɹ ɤɨɠɧɨɝɨ ɜɭɡɥɚ ( 1,2, , )ip i N=  ɬɚ ɨɬɪɢɦɚєɦɨ 
ɫɢɫɬɟɦɭ N  ɚɥɝɟɛɪɚʀɱɧɢɯ ɪɿɜɧɹɧɶ, ɹɤɿ ɦɨɠɧɚ ɧɚɩɢɫɚɬɢ ɭ ɦɚɬɪɢɱɧɨɦɭ ɜɢɝɥɹɞɿ 

     nH u G u= ,                                            (24) 

ɞɟ  H  ɬɚ  G  – ɰɟ N N  ɦɚɬɪɢɰɿ;    , nu u  – ɜɟɤɬɨɪɢ ɜɢɦɿɪɧɨɫɬɿ N  ɤɨɠɟɧ. 
Ɍɟɩɟɪ ɜ ɡɚɥɟɠɧɿɫɬɶ (24) ɫɥɿɞ ɜɜɟɫɬɢ ɜɿɞɨɦɿ ɞɚɧɿ ɡ ɤɪɚɣɨɜɢɯ ɭɦɨɜ (10), (11).   
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4. ɍɪɚɯɭɜɚɧɧɹ ɤɪɚɣɨɜɢɯ ɭɦɨɜ ɬɚ ɪɨɡɜ’ɹɡɭɜɚɧɧɹ ɋɅȺɊ. ɇɟɯɚɣ ɧɚ 1  

ɪɨɡɬɚɲɨɜɚɧɨ 1N  ɫɬɚɥɢɯ ɟɥɟɦɟɧɬɢ, ɚ ɧɚ 2  – 2N  ɫɬɚɥɢɯ ɟɥɟɦɟɧɬɢ, ɩɪɢɱɨɦɭ 
1 2N N N+ = . ɐɟ ɨɡɧɚɱɚє, ɳɨ ɜɟɤɬɨɪ  nu  ɦɿɫɬɢɬɶ 1N  ɧɟɜɿɞɨɦɢɯ ɡɧɚɱɟɧɶ nu , ɚ 

ɭ ɜɟɤɬɨɪɿ  u  ɡɧɚɯɨɞɹɬɶɫɹ 2N  ɧɟɜɿɞɨɦɢɯ ɡɧɚɱɟɧɶ u . Ɍɪɟɛɚ ɜɿɞɨɤɪɟɦɢɬɢ ɜ 
ɫɢɫɬɟɦɿ (24) ɜɿɞɨɦɿ ɡɧɚɱɟɧɧɹ ɜɿɞ ɧɟɜɿɞɨɦɢɯ. Ⱦɥɹ ɰɶɨɝɨ ɛɭɞɟɦɨ ɰɿ ɡɧɚɱɟɧɧɹ ɩɨ 
ɪɿɡɧɨɦɭ ɩɨɦɿɱɚɬɢ ɿ ɪɿɜɧɹɧɧɹ (24) ɧɚɩɢɲɟɦɨ ɭ ɜɢɝɥɹɞɿ 

 
 

 
 

1 1

1 2 1 2

2 2

n

n

uu
H H G G

u u

       =        
      

.                                (25) 

Ɍɭɬ    
1 2
, nu u  – ɜɿɞɨɦɿ ɡɧɚɱɟɧɧɹ ɧɚ 1  ɬɚ 2  ɜɿɞɩɨɜɿɞɧɨ, ɚ    

2 1
, nu u  – 

ɧɟɜɿɞɨɦɿ ɡɧɚɱɟɧɧɹ. Ɇɚɬɪɢɰɿ  H  ɬɚ  G  ɪɨɡɞɿɥɟɧɿ ɧɚ ɞɜɿ ɱɚɫɬɢɧɢ. ɍ ɦɚɬɪɢɰɿ 
 1H  ɬɚ  1G  ɜɤɥɸɱɟɧɨ ɥɢɲɟ 1N  ɩɟɪɲɢɯ ɫɬɨɜɩɱɢɤɿɜ ɦɚɬɪɢɰɶ  H  ɬɚ  G  

ɜɿɞɩɨɜɿɞɧɨ, ɚ ɭ ɦɚɬɪɢɰɿ  2H  ɬɚ  2G  – ɜɫɿ ɿɧɲɿ ɫɬɨɜɩɱɢɤɢ ɜɿɞ 1 1N +  ɞɨ 

1 2N N+ . Ɋɹɞɤɿɜ ɭ ɜɫɿɯ ɦɚɬɪɢɰɶ  1H ,  1G ,  2H ,  2G  ɨɞɧɚɤɨɜɚ ɤɿɥɶɤɿɫɬɶ, ɚ 
ɫɚɦɟ N . 

ɉɟɪɟɧɟɫɟɦɨ ɜ (25) ɧɟɜɿɞɨɦɿ ɡɧɚɱɟɧɧɹ ɧɚ ɥɿɜɢɣ ɛɿɤ ɪɿɜɧɨɫɬɿ, ɚ ɜɿɞɨɦɿ – ɧɚ 
ɩɪɚɜɢɣ ɛɿɤ. 
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1 2 1 2

2 2

n

n

uu
G H H G

uu

      −  = −       
      

. 

Ⱦɥɹ ɤɪɚɳɨɝɨ ɫɩɪɢɣɧɹɬɬɹ ɨɫɬɚɧɧɸ ɫɢɫɬɟɦɭ ɦɨɠɧɚ ɧɚɩɢɫɚɬɢ ɭ ɛɿɥɶɲ 
ɡɜɢɱɧɨɦɭ ɜɢɝɥɹɞɿ 

     A X B = ,                                             (26) 

ɞɟ 

  1 2A G H= −   ,    
 
 

1

2

nu
X

u

  =  
  

,     
 
 

1

1 2

2n

u
B H G

u

  = −    
  

. 

ɍ ɋɅȺɊ (26)  A  – ɤɜɚɞɪɚɬɧɚ ɦɚɬɪɢɰɹ ɜɢɦɿɪɧɨɫɬɿ N N ;    ,X B  – 

ɜɟɤɬɨɪɢ ɜɢɦɿɪɧɨɫɬɿ N  ɤɨɠɧɢɣ. 
Ɋɨɡɜ’ɹɡɚɜɲɢ ɋɅȺɊ (26) ɦɟɬɨɞɨɦ Ƚɚɭɫɫɚ, ɛɭɞɟɦɨ ɡɧɚɬɢ  u  ɬɚ  nu  ɭ ɜɫɿɯ 

ɜɭɡɥɚɯ ɦɟɠɨɜɢɯ ɟɥɟɦɟɧɬɿɜ ɤɨɧɬɭɪɭ L . ɉɿɫɥɹ ɰɶɨɝɨ ɦɨɠɧɚ ɨɛɱɢɫɥɢɬɢ 
ɮɭɧɤɰɿɸ ( )u P  ɭ ɛɭɞɶ-ɹɤɿɣ ɜɧɭɬɪɿɲɧɿɣ ɬɨɱɰɿ P  ɨɛɥɚɫɬɿ G  (ɪɢɫ. 3). Ⱦɥɹ ɰɶɨɝɨ 
ɜɢɛɟɪɟɦɨ ɮɨɪɦɭɥɭ (13) (ɤɨɟɮɿɰɿєɧɬ ( )0 1P = ) ɬɚ ɜɢɤɨɪɢɫɬɚєɦɨ ɜɢɤɨɧɚɧɭ 
ɞɢɫɤɪɟɬɢɡɚɰɿɸ ɤɨɧɬɭɪɭ L . Ⱦɨɛɭɞɟɦɨ ɬɚɤɭ ɪɨɡɪɚɯɭɧɤɨɜɭ ɮɨɪɦɭɥɭ   

1 1

( )
N N

j j
ij ij n

j j

u P H u G u
= =

=  −   .                                        (27) 
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ɍ ɩɪɚɜɿɣ ɱɚɫɬɢɧɿ ɪɿɜɧɨɫɬɿ (27) ɤɨɟɮɿɰɿєɧɬɢ ijH  ɬɚ ijG  ɨɛɱɢɫɥɸєɦɨ ɡɚɧɨɜɨ ɡɚ 
ɮɨɪɦɭɥɚɦɢ (21), ɡɚɦɿɧɢɜɲɢ ɤɨɨɪɞɢɧɚɬɢ ɦɟɠɨɜɨʀ ɬɨɱɤɢ ip  ɧɚ ɤɨɨɪɞɢɧɚɬɢ 
ɜɧɭɬɪɿɲɧɶɨʀ ɬɨɱɤɢ P . 

ɉɪɨɝɪɚɦɧɚ ɪɟɚɥɿɡɚɰɿɹ ɚɥɝɨɪɢɬɦɭ. Ɂɚ ɨɩɢɫɚɧɢɦ ɚɥɝɨɪɢɬɦɨɦ ɛɭɥɚ 
ɦɨɞɢɮɿɤɨɜɚɧɚ ɮɨɪɬɪɚɧ-ɩɪɨɝɪɚɦɚ LABECON [1]. ɇɨɜɚ ɩɪɨɝɪɚɦɚ ɧɚɩɢɫɚɧɚ 
ɫɭɱɚɫɧɨɸ ɦɨɜɨɸ ɋ# ɜ ɫɟɪɟɞɨɜɢɳɿ ɜɿɡɭɚɥɶɧɨʀ ɪɨɡɪɨɛɤɢ ɩɪɨɝɪɚɦ MS Visual 
Studio 2013. ɐɸ ɪɨɛɨɬɭ ɜɢɤɨɧɚɥɢ ɫɬɭɞɟɧɬɢ ɝɪɭɩɢ ɉȺ-17ɦ-1 ɮɚɤɭɥɶɬɟɬɭ 
ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ Ⱦɇɍ ɿɦ. Ɉ. Ƚɨɧɱɚɪɚ ɉɪɭɞɤɨ Ɉ.ɉ. ɬɚ ȼɨɥɶɮɫɨɧ Ɉ.ə. 
ɇɨɜɢɣ ɜɚɪɿɚɧɬ ɩɪɨɝɪɚɦɢ є ɡɪɭɱɧɢɦ ɩɪɢ ɜɢɤɨɪɢɫɬɚɧɧɿ ɭ ɧɚɜɱɚɥɶɧɨɦɭ ɩɪɨɰɟɫɿ. 

Ⱦɥɹ ɬɟɫɬɭɜɚɧɧɹ ɩɪɨɝɪɚɦɢ ɪɨɡɝɥɹɧɟɦɨ ɩɪɢɤɥɚɞ ɨɛɥɚɫɬɿ G  ɭ ɜɢɝɥɹɞɿ 
ɩɪɹɦɨɤɭɬɧɨɝɨ ɪɿɜɧɨɛɟɞɪɟɧɨɝɨ ɬɪɢɤɭɬɧɢɤɚ. 
ɇɟɯɚɣ ɤɚɬɟɬɢ ɰɶɨɝɨ ɬɪɢɤɭɬɧɢɤɚ ɫɤɥɚɞɚɸɬɶ 
ɤɨɧɬɭɪ 1 , ɚ ɝɿɩɨɬɟɧɭɡɚ є ɤɨɧɬɭɪɨɦ 2  

(ɪɢɫ. 4). Ɍɨɱɤɚɦɢ, ɳɨ ɩɨɡɧɚɱɟɧɿ ɧɨɦɟɪɨɦ ɜ 
ɤɨɥɿ, ɪɨɡɛɢɜɚєɦɨ ɦɟɠɨɜɢɣ ɤɨɧɬɭɪ ɨɛɥɚɫɬɿ 
ɧɚ ɫɟɝɦɟɧɬɢ, ɹɤɿ ɨɞɧɨɱɚɫɧɨ є ɦɟɠɨɜɢɦɢ 
ɟɥɟɦɟɧɬɚɦɢ. ȼ ɰɟɧɬɪɿ ɤɨɠɧɨɝɨ Ɇȿ 
ɪɨɡɬɚɲɨɜɚɧɚ ɬɨɱɤɚ ɛɟɡ ɧɨɦɟɪɚ, ɰɟ ɜɭɡɨɥ 
ɰɶɨɝɨ Ɇȿ. ȼɧɭɬɪɿɲɧɹ ɬɨɱɤɚ, ɜ ɹɤɿɣ 
ɩɪɨɝɪɚɦɚ ɨɛɱɢɫɥɸє ɡɧɚɱɟɧɧɹ ɲɭɤɚɧɨʀ 
ɮɭɧɤɰɿʀ, ɥɢɲɟ ɨɞɧɚ, ɿ ʀʀ ɧɨɦɟɪ ɧɚɩɢɫɚɧɨ ɜ 
ɦɚɥɟɧɶɤɨɦɭ ɤɜɚɞɪɚɬɿ, ɪɨɡɬɚɲɨɜɚɧɨɦɭ ɜ 
ɰɟɧɬɪɿ ɨɛɥɚɫɬɿ G .  

 
 Ɋɢɫ. 4. Ɉɛɥɚɫɬɶ G  ɞɥɹ ɩɪɢɤɥɚɞɭ 

 

ȼɯɿɞɧɢɦɢ ɞɚɧɢɦɢ ɞɥɹ ɩɪɨɝɪɚɦɢ є ɬɟɤɫɬɨɜɢɣ ɮɚɣɥ, ɜ ɹɤɢɣ ɡɚɧɨɫɢɦɨ 
ɪɟɡɭɥɶɬɚɬɢ ɞɢɫɤɪɟɬɢɡɚɰɿʀ ɦɟɠɨɜɨɝɨ ɤɨɧɬɭɪɭ ɨɛɥɚɫɬɿ G  (ɪɢɫ. 5). 

 
Ɋɢɫ. 5. ɋɤɪɿɧɲɨɬ ɬɟɤɫɬɨɜɨɝɨ ɮɚɣɥɭ  

ɡ ɜɯɿɞɧɢɦɢ ɞɚɧɢɦɢ ɩɪɢɤɥɚɞɭ 

 

ɍ ɞɪɭɝɨɦɭ ɬɚ ɬɪɟɬɶɨɦɭ ɪɹɞɤɚɯ ɬɟɤɫɬɨɜɨɝɨ ɮɚɣɥɭ ɜɤɚɡɚɧɚ ɡɚɝɚɥɶɧɚ ɤɿɥɶɤɿɫɬɶ 
ɦɟɠɨɜɢɯ ɜɭɡɥɿɜ – ɜɿɫɿɦ, ɜɧɭɬɪɿɲɧɹ ɬɨɱɤɚ ɨɞɧɚ. Ⱦɚɥɿ ɡɚɩɢɫɚɧɿ ɞɜɚ ɪɹɞɤɢ ɡ x- ɬɚ 
ɭ- ɤɨɨɪɞɢɧɚɬɚɦɢ ɤɪɚɣɨɜɢɯ ɬɨɱɨɤ, ɪɨɡɬɚɲɨɜɚɧɢɯ ɧɚ ɦɟɠɨɜɨɦɭ ɤɨɧɬɭɪɿ. ɍ 
ɧɚɫɬɭɩɧɨɦɭ ɪɹɞɤɭ ɜɤɚɡɚɧɨ ɬɢɩ ɤɪɚɣɨɜɨʀ ɭɦɨɜɢ ɧɚ ɤɨɠɧɨɦɭ Ɇȿ: 0 – ɭɦɨɜɚ 
Ⱦɿɪɿɯɥɟ; 1 –.ɭɦɨɜɚ ɇɟɣɦɚɧɚ. Ɉɫɬɚɧɧɿ ɞɜɚ ɪɹɞɤɢ – ɰɟ x- ɬɚ ɭ- ɤɨɨɪɞɢɧɚɬɢ ɨɞɧɿєʀ 
ɜɧɭɬɪɿɲɧɶɨʀ ɬɨɱɤɢ. 
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Ɏɨɪɦɭɥɸєɦɨ ɦɿɲɚɧɭ ɤɪɚɣɨɜɭ ɡɚɞɚɱɭ ɞɥɹ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ 
( , ) 4, ( , )u f x y x y G =   ;                                         (28) 

1

2 2
1( , )u x y x y


=   + ;                                                  (29) 

2

2( , ) ( ) 2
u

x y y x
n 


=   −


.                                           (30) 

ɓɨɛ ɩɟɪɟɣɬɢ ɜɿɞ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ ɞɨ ɪɿɜɧɹɧɧɹ Ʌɚɩɥɚɫɚ, ɜɢɛɢɪɚєɦɨ 
ɱɚɫɬɢɧɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɝɨ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ (28) 

2 2( , ) 2чu x y x y xy= + + .                                           (31) 

Ⱦɿɣɫɧɨ, ( , ) 4, ( , )чu x y x y G =  . ȼɿɞ ɮɭɧɤɰɿʀ (31) ɧɟ ɜɢɦɚɝɚєɦɨ ɧɿɹɤɢɯ 
ɭɦɨɜ ɧɚ ɦɟɠɨɜɨɦɭ ɤɨɧɬɭɪɿ. ȼɢɤɨɪɢɫɬɚɜɲɢ ɩɪɟɞɫɬɚɜɥɟɧɧɹ (8), ɩɟɪɟɯɨɞɢɦɨ ɞɨ 
ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ ɞɥɹ ɪɿɜɧɹɧɧɹ Ʌɚɩɥɚɫɚ: 

0 0, ( , )u x y G =  ;                                             (32) 

1 1
0 1( , ) 2чu x y u xy
 
=  −  − ;                               (33) 

2 2

0
2( , ) 0чu u

x y
n n 

 
=  − 

 
,                                (34) 

ɞɟ ɜɢɝɥɹɞ ɨɛɥɚɫɬɿ G  ɬɚ ɦɟɠɨɜɢɯ ɤɨɧɬɭɪɿɜ 1 , 2  ɩɨɤɚɡɚɧɨ ɧɚ ɪɢɫ.4. 
ɑɚɫɬɢɧɧɢɣ ɪɨɡɜ’ɹɡɨɤ (31) ɬɚ ɩɪɚɜɿ ɱɚɫɬɢɧɢ ɭɦɨɜ Ⱦɿɪɿɯɥɟ (33) ɿ ɇɟɣɦɚɧɚ (34) 

ɩɟɪɟɞɚєɦɨ ɜ ɩɪɨɝɪɚɦɭ LABECON (ɪɢɫ. 6).  

 
Ɋɢɫ. 6. ɉɟɪɟɞɚɱɚ ɮɭɧɤɰɿɣ ɬɟɫɬɨɜɨɝɨ ɩɪɢɤɥɚɞɭ  

ɜ ɩɪɨɝɪɚɦɭ LABECON  
 

Ɋɟɡɭɥɶɬɚɬɢ ɬɟɫɬɭɜɚɧɧɹ ɩɨɤɚɡɚɧɿ ɧɚ ɪɢɫ 7. 

 
Ɋɢɫ. 7. ɋɤɪɿɧɲɨɬ ɪɟɡɭɥɶɬɚɬɿɜ ɪɨɡɜ’ɹɡɭɜɚɧɧɹ ɪɿɜɧɹɧɧɹ  

Ʌɚɩɥɚɫɚ ɿ ɉɭɚɫɫɨɧɚ ɭ ɜɧɭɬɪɿɲɧɿɣ ɬɨɱɰɿ  
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Ɋɨɡɜ’ɹɡɨɤ, ɞɨɛɭɬɢɣ ɩɪɨɝɪɚɦɨɸ LABECON ɭ ɬɨɱɰɿ (0.3333; 0.1666), 
ɜɿɞɪɿɡɧɹєɬɶɫɹ ɜɿɞ ɬɨɱɧɨɝɨ ɭ ɬɪɟɬɶɨɦɭ ɪɨɡɪɹɞɿ ɩɿɫɥɹ ɤɨɦɢ. 

əɤɳɨ ɦɟɠɨɜɢɣ ɤɨɧɬɭɪ ɪɨɡɛɢɬɢ ɧɚ ɱɨɬɢɪɧɚɞɰɹɬɶ Ɇȿ, ɬɨ ɜ ɬɿɣ ɠɟ ɫɚɦɿɣ 
ɜɧɭɬɪɿɲɧɿɣ ɬɨɱɰɿ ɪɟɡɭɥɶɬɚɬɢ, ɞɨɛɭɬɿ ɩɪɨɝɪɚɦɨɸ LABECON, ɛɭɞɭɬɶ 
ɜɿɞɪɿɡɧɹɬɢɫɹ ɜɿɞ ɬɨɱɧɨɝɨ ɭ ɩ’ɹɬɨɦɭ ɪɨɡɪɹɞɿ ɩɿɫɥɹ ɤɨɦɢ. 

ȼɢɫɧɨɜɨɤ. ɉɪɨɝɪɚɦɧɨ ɪɟɚɥɿɡɨɜɚɧɢɣ ɚɥɝɨɪɢɬɦ ɛɭɜ ɩɪɨɬɟɫɬɨɜɚɧɢɦ ɧɚ 
ɛɚɝɚɬɶɨɯ ɩɪɢɤɥɚɞɚɯ. Ɍɟɫɬɭɜɚɧɧɹ ɩɿɞɬɜɟɪɞɢɥɨ ɣɨɝɨ ɡɪɭɱɧɿɫɬɶ ɩɪɢ ɞɨɜɟɞɟɧɧɿ 
ɪɨɡɜ’ɹɡɤɭ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ ɞɥɹ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ ɞɨ ɱɢɫɥɨɜɢɯ ɡɧɚɱɟɧɶ. 
ɉɨɯɢɛɤɭ ɧɚɛɥɢɠɟɧɢɯ ɪɟɡɭɥɶɬɚɬɿɜ ɦɨɠɧɚ ɨɰɿɧɸɜɚɬɢ ɚɩɨɫɬɟɪɿɨɪɧɢɦ ɦɟɬɨɞɨɦ.  

ɉɥɚɧɭєɬɶɫɹ ɜɢɤɨɧɚɬɢ ɦɨɞɢɮɿɤɚɰɿɸ ɨɩɢɫɚɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɫɬɨɫɨɜɧɨ 
ɨɛɱɢɫɥɟɧɧɹ ɤɨɟɮɿɰɿєɧɬɿɜ (21). ȼ ɪɨɛɨɬɿ [1] ɰɿ ɤɨɟɮɿɰɿєɧɬɢ ɨɛɱɢɫɥɸɸɬɶɫɹ 
ɧɚɛɥɢɠɟɧɨ ɡɚ ɤɜɚɞɪɚɬɭɪɧɢɦɢ ɮɨɪɦɭɥɚɦɢ Ƚɚɭɫɫɚ. Ɉɞɧɚɤ, ɿɧɬɟɝɪɚɥɢ (21) 
ɦɨɠɥɢɜɨ ɨɛɱɢɫɥɢɬɢ ɚɧɚɥɿɬɢɱɧɨ, ɬɨɛɬɨ ɬɨɱɧɨ. Ɉɱɿɤɭєɬɶɫɹ, ɳɨ ɬɚɤɚ 
ɦɨɞɢɮɿɤɚɰɿɹ ɚɥɝɨɪɢɬɦɭ ɞɨɡɜɨɥɢɬɶ ɩɪɢɲɜɢɞɲɢɬɢ ɪɨɛɨɬɭ ɩɪɨɝɪɚɦɢ ɬɚ 
ɩɿɞɜɢɳɢɬɢ ɬɨɱɧɿɫɬɶ ɪɟɡɭɥɶɬɚɬɿɜ.  

 
Ȼɿɛɥɿɨɝɪɚɮɿɱɧɿ ɩɨɫɢɥɚɧɧɹ 

 

1. Katsikadelis, J.T. Boundary Elements: Theory and Applications. ELSEVIER, 2002.  
2. Ȼɨɝɨɥɸɛɨɜ, Ⱥ.ɇ. Ɏɭɧɤɰɢɹ Ƚɪɢɧɚ ɨɩɟɪɚɬɨɪɚ Ʌɚɩɥɚɫɚ [Ɍɟɤɫɬ] / Ⱥ.ɇ. Ȼɨɝɨɥɸɛɨɜ,   

ɇ.Ɍ. Ʌɟɜɚɲɨɜɚ, ɂ.ȿ. Ɇɨɝɢɥɟɜɫɤɢɣ, ɘ.ȼ. Ɇɭɯɚɪɬɨɜɚ, ɇ.ȿ. ɒɚɩɤɢɧɚ. ɍɱɟɛɧ. ɩɨɫɨɛɢɟ – 
Ɇ.: ɆȽɍ, 2012. – 130 ɫ. 
 

ɇɚɞɿɣɲɥɚ ɞɨ ɪɟɞɤɨɥɟɝɿʀ 14.06.2018. 
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Ⱦɧɿɩɪɨɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

 

ȾɈɋɅȱȾɀȿɇɇə ɉɈȼȿȾȱɇɄɂ ɊɈɁȼ’əɁɄȱȼ ȾɂɎȿɊȿɇɐȱȺɅɖɇɂɏ 
ɋɂɋɌȿɆ Ɂ ȼȱȾɏɂɅȿɇɇəɆ ȺɊȽɍɆȿɇɌɍ 

 

ȼ ɞɚɧɿɣ ɫɬɚɬɬɿ ɪɨɡɝɥɹɞɚɸɬɶɫɹ ɫɢɫɬɟɦɢ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɪɿɜɧɹɧɶ ɡ ɜɿɞɯɢɥɟɧɧɹɦ 
ɚɪɝɭɦɟɧɬɭ ɡ ɧɟɥɿɧɿɣɧɿɫɬɸ ɡɚɝɚɥɶɧɨɝɨ ɜɢɝɥɹɞɭ ɜ ɤɨɠɧɨɦɭ ɪɿɜɧɹɧɧɿ. Ⱦɨɫɥɿɞɠɭɸɬɶɫɹ 
ɚɫɢɦɩɬɨɬɢɱɧɿ ɜɥɚɫɬɢɜɨɫɬɿ ɪɨɡɜ’ɹɡɤɿɜ ɫɢɫɬɟɦ ɡ ɩɚɪɧɨɸ ɬɚ ɧɟɩɚɪɧɨɸ ɤɿɥɶɤɿɫɬɸ 

ɪɿɜɧɹɧɶ ɧɚ ɧɟɫɤɿɧɱɟɧɧɨɦɭ ɿɧɬɟɪɜɚɥɿ ɱɚɫɭ. 
Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɞɢɮɟɪɟɧɰɿɚɥɶɧɟ ɪɿɜɧɹɧɧɹ, ɜɿɞɯɢɥɟɧɧɹ ɚɪɝɭɦɟɧɬɭ, ɧɟɫɤɿɧɱɟɧɧɢɣ 

ɿɧɬɟɪɜɚɥ ɱɚɫɭ, ɚɫɢɦɩɬɨɬɢɱɧɿ ɜɥɚɫɬɢɜɨɫɬɿ. 
 

ȼ ɞɚɧɧɨɣ ɫɬɚɬɶɟ ɪɚɫɫɦɚɬɪɢɜɚɸɬɫɹ ɫɢɫɬɟɦɵ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɫ 
ɨɬɤɥɨɧɟɧɢɟɦ ɚɪɝɭɦɟɧɬɚ ɫ ɧɟɥɢɧɟɣɧɨɫɬɶɸ ɨɛɳɟɝɨ ɜɢɞɚ ɜ ɤɚɠɞɨɦ ɭɪɚɜɧɟɧɢɢ. 
ɂɫɫɥɟɞɭɸɬɫɹ ɚɫɢɦɩɬɨɬɢɱɟɫɤɢɟ ɫɜɨɣɫɬɜɚ ɪɟɲɟɧɢɣ ɫɢɫɬɟɦ ɫ ɱɟɬɧɵɦ ɢ ɧɟɱɟɬɧɵɦ 
ɤɨɥɢɱɟɫɬɜɨɦ ɭɪɚɜɧɟɧɢɣ ɧɚ ɛɟɫɤɨɧɟɱɧɨɦ ɢɧɬɟɪɜɚɥɟ ɜɪɟɦɟɧɢ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɟ ɭɪɚɜɧɟɧɢɟ, ɨɬɤɥɨɧɟɧɢɹ ɚɪɝɭɦɟɧɬɚ, 
ɛɟɫɤɨɧɟɱɧɵɣ ɢɧɬɟɪɜɚɥ ɜɪɟɦɟɧɢ, ɚɫɢɦɩɬɨɬɢɱɟɫɤɢɟ ɫɜɨɣɫɬɜɚ. 
 

A lot of natural processes can not only depend on the present state but also on past state. 

These processes were described with differential equations with delayed argument. These 

equations are the special case of differential equations with the deviating argument 

(functional differential systems). In this work, a functional differential system with another 

type of nonlinearity comparatively with work [1] is observed. Odd or even number of 

equations, type of non-linearity of functions ( )if u  and type of arguments deviation have a 

great influence on asymptotic behavior of system’s solution. Particular case of this system 
is a scalar equation:

( ) ( ) ( ) ( )( ) ( )0 0ny t p t y t  + =  . This equation was an object of many 

investigations. As a result of these investigations, it was proven that asymptotic behavior of 

solutions of this equation depends on the sign of  and on type of nonlinearity: 0 1   

means sublinear type,  means linear type, 1  means super-linear type).  In the case 

for 1 = and each state of  it was proven that under the same conditions for even n  

solutions are oscillated and for odd n  solutions are oscillated or monotonously tend to the 

zero with derivatives up to 1n−  order. In case of 1 = −  same condition guaranties for even 

n  that solutions are oscillated or monotonously tend to the zero or infinity with derivatives 

up to 1n−  order and for odd  solutions are oscillated or monotonously tend to the infinity. 

The next step is generalization for systems with odd or even count of equations. In work [1] 

results were obtained for systems in sublinear case. In this work, the results for systems 

with odd or even count of equations in case when 1 = −  and with more general types of 

nonlinearity are generalized. An example that demonstrates optimality of obtained results 

was built. 

Keywords: differential equation, deviating argument, infinite time interval, asymptotic 

behavior. 

_____________________________________________ 
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ȼɫɬɭɩ.  Ⱦɚɧɭ ɪɨɛɨɬɭ ɫɥɿɞ ɪɨɡɝɥɹɞɚɬɢ ɩɪɨɞɨɜɠɟɧɧɹɦ ɞɨɫɥɿɞɠɟɧɶ, 
ɩɪɨɜɟɞɟɧɢɯ ɜ ɪɨɛɨɬɿ [1].  

ȼ ɪɨɛɨɬɿ [1] ɩɪɨɜɨɞɢɥɨɫɶ ɞɨɫɥɿɞɠɟɧɧɹ ɚɫɢɦɩɬɨɬɢɱɧɢɯ ɜɥɚɫɬɢɜɨɫɬɟɣ 
ɪɨɡɜ’ɹɡɤɿɜ ɧɚ ɧɟɫɤɿɧɱɟɧɧɨɦɭ ɿɧɬɟɪɜɚɥɿ ɨɞɧɨɝɨ ɤɥɚɫɭ ɫɢɫɬɟɦ ɡ ɜɿɞɯɢɥɟɧɧɹɦ 
ɚɪɝɭɦɟɧɬɭ: 

( ) ( ) ( )( )( )
( ) ( ) ( )( )( )

( )1 1

1 1

;
1, 1 1

;

i i i i i

n n n

y t a t f y t
i n

y t a t f y t




+ +





 =
= −

 =
, 

ɞɟ  ( )   ( )00 ; , , 1,i ia t C t f u i n   =   – ɧɟɩɟɪɟɪɜɧɿ, ɧɟɫɩɚɞɧɿ ɮɭɧɤɰɿʀ. 
ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ.  Ɋɨɡɝɥɹɧɟɦɨ ɫɢɫɬɟɦɭ (1), ɹɤɚ ɞɨɫɥɿɞɠɭєɬɶɫɹ ɩɪɢ 

ɿɧɲɨɦɭ ɬɢɩɿ ɧɟɥɿɧɿɣɧɨɫɬɟɣ ɮɭɧɤɰɿɣ 

( ) ( ) ( )1 2 1: ... 0i n nf u f f f f u u u− =    

ɋɭɬɬєɜɨ ɪɿɡɧɢɦɢ є ɜɢɩɚɞɤɢ ɫɢɫɬɟɦɢ ɡ ɩɚɪɧɨɸ ɿ ɧɟɩɚɪɧɨɸ ɤɿɥɶɤɿɫɬɸ 
ɪɿɜɧɹɧɶ. 

Ɋɨɡɝɥɹɧɟɦɨ ɫɢɫɬɟɦɢ ɡ ɩ’ɹɬɶɦɚ  ɪɿɜɧɹɧɧɹɦɢ ɿ ɱɨɬɢɪɦɚ.  
Ɇɟɬɨɞ ɪɨɡɜ’ɹɡɚɧɧɹ ɬɚ ɚɧɚɥɿɡ ɨɞɟɪɠɚɧɢɯ ɪɟɡɭɥɶɬɚɬɿɜ. ɇɚɜɟɞɟɦɨ ɞɜɿ 

ɬɟɨɪɟɦɢ, ɹɤɿ ɜɫɬɚɧɨɜɥɸɸɬɶ ɚɫɢɦɩɬɨɬɢɱɧɿ ɜɥɚɫɬɢɜɨɫɬɿ ɪɨɡɜ'ɹɡɤɿɜ ɫɢɫɬɟɦɢ (1) 
ɩɪɢ ɩɚɪɧɿɣ ɤɿɥɶɤɨɫɬɿ ɬɚ ɧɟɩɚɪɧɿɣ ɤɿɥɶɤɨɫɬɿ ɪɿɜɧɹɧɶ. 

Ɍɟɨɪɟɦɚ 1.  
ɇɟɯɚɣ ɩɪɢ 4n = ɜɢɤɨɧɭɸɬɶɫɹ ɭɦɨɜɢ: 

1. ( )   ( )1min , , , 2,3,4;ig t t t t i=    =  

2. ( ) ( ) ( )
0 0 0

1 2 3

t t t

a t dt a t dt a t dt
  

= = =   ; 

3. ( ) ( ) ( ) ( )
( )( )( )1 2 3

0 0 0 0

4 4 1 1 2 2 3

p z s

t t t t

a p f a z f a s f a x dx ds dz dp

      
   =        

    ; 

4. ( ) ( ) ( ) ( )
0

1 1 2 2 3 3 4

cpcx cz

t x z p

a x f a z f a p f a s dp dz dx
    

   =        
    ; 

5. ( ) ( )
( )

( )
( )

( ) ( )
2

0 0 0 0

1

4 4 1 1 2 2 3 0 1

g p z cx

t t t t

a p f a z f a x f a s ds dx dz dp

−
     

    =             
    . 

Ɍɨɞɿ ɤɨɠɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɫɢɫɬɟɦɢ (1) ɚɛɨ ɫɢɥɶɧɨ ɨɫɰɢɥɸє, ɚɛɨ ɤɨɠɧɚ 
ɤɨɦɩɨɧɟɧɬɚ ɩɪɹɦɭє ɚɛɨ ɞɨ ɧɭɥɹ, ɚɛɨ ɞɨ ɧɟɫɤɿɧɱɟɧɧɨɫɬɿ ɩɪɢ t → . 

Ⱦɨɜɟɞɟɧɧɹ.  

əɤɳɨ ɪɨɡɜ’ɹɡɨɤ ɫɢɫɬɟɦɢ (1) ( ) ( ) ( ) ( ) ( ) 1 2 3 4, , ,y t y t y t y t y t=  ɫɢɥɶɧɨ 
ɨɫɰɢɥɸє, ɬɨ ɬɟɨɪɟɦɭ ɞɨɜɟɞɟɧɨ. ɉɪɢɩɭɫɬɢɦɨ ɫɭɩɪɨɬɢɜɧɟ. ɇɟɯɚɣ ɫɢɫɬɟɦɚ (1) 
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ɦɚє ɪɨɡɜ’ɹɡɨɤ, ɹɤɢɣ ɧɟ є ɫɢɥɶɧɨ ɨɫɰɢɥɸɸɱɢɦ, ɬɨɛɬɨ ɯɨɱɚ ɛ ɨɞɧɚ ɤɨɦɩɨɧɟɧɬɚ 
ɧɟ ɨɫɰɢɥɸє. Ɍɨɞɿ, ɭɫɿ ( ), 1,iy t i n=  ɧɟ є ɨɫɰɢɥɸɸɱɢɦɢ, ɚ ɨɬɠɟ, ɩɨɱɢɧɚɸɱɢ ɡ 
ɞɟɹɤɨɝɨ  ɡɛɟɪɿɝɚɸɬɶ ɫɜɿɣ ɡɧɚɤ.  

Ⱦɥɹ ɜɢɡɧɚɱɟɧɨɫɬɿ ( )1 0y t  ɬɨɞɿ ( )( )( )4 1 1 0f y t  ɞɥɹ 1 1:t t t  .  

Ɂ ɱɟɬɜɟɪɬɨɝɨ ɪɿɜɧɹɧɧɹ ɫɢɫɬɟɦɢ ɦɚєɦɨ, ɳɨ ( )4 0y t   – ɦɨɧɨɬɨɧɧɨ ɡɪɨɫɬɚє, 
ɬɨɞɿ ɦɚєɦɨ ɞɜɚ ɜɚɪɿɚɧɬɚ: ( )4 0y t   ɚɛɨ ( )4 0y t  . 

ȼɢɩɚɞɨɤ 1. ( )4 0.y t   

Ɍɨɞɿ  ( )( ) ( )( )2 2 1 2 3 4 3 4 1 1: ;t t t t t f y t f y t C    =  

Ɂ ɬɪɟɬɶɨɝɨ ɪɿɜɧɹɧɧɹ ɫɢɫɬɟɦɢ (1) ɦɚєɦɨ:  
( ) ( ) ( )( ) ( ) ( )( ) ( )3 3 3 4 3 3 4 1 1 3y t a t f y t a t f y t C a t =  = . 

ɉɪɨɿɧɬɟɝɪɭєɦɨ:  

( ) ( ) ( )
2

3 3 2 1 3 .
t

t

y t y t C a t dt−    

ȼɪɚɯɨɜɭɸɱɢ  ɭɦɨɜɭ 2 ɰɿєʀ ɬɟɨɪɟɦɢ, ɦɚєɦɨ ( )3lim .
t

y t
→

 

Ⱥɧɚɥɨɝɿɱɧɨ ɜ ɪɟɡɭɥɶɬɚɬɿ ɩɨɫɥɿɞɨɜɧɢɯ ɿɧɬɟɝɪɭɜɚɧɶ ɞɨɜɟɞɟɦɨ, ɳɨ 
( ) ( )2 1lim ,lim

t t
y t y t

→ →
=  =  .  

Ɂ ɩɟɪɲɢɯ ɞɜɨɯ ɪɿɜɧɹɧɶ ɦɚєɦɨ: 

( )( )
( )

( ) ( ) ( )
1

2 2 2

1 1 1 1 2 2 2 .

t t t

t t t

y t C a z f a s f a x dx ds dz

   
        

    

ȼɪɚɯɨɜɭɸɱɢ ɰɟ, ɡ ɱɟɬɜɟɪɬɨɝɨ ɪɿɜɧɹɧɧɹ ɫɢɫɬɟɦɢ (1) ɜ ɪɟɡɭɥɶɬɚɬɿ 
ɩɨɫɥɿɞɨɜɧɢɯ ɿɧɬɟɝɪɭɜɚɧɶ, ɦɚєɦɨ: 

( ) ( ) ( )
( )

( ) ( ) ( )
1

2 2 2 2

4 4 2 4 4 1 1 2 2 2 .

t t t

t t t t

y t y t C a p f a z f a s f a x dx ds dz dp

    
  −         

     

ȼɪɚɯɨɜɭɸɱɢ ɭɦɨɜɢ ɬɟɨɪɟɦɢ: ( )4lim
t

y t
→

=  . 

ȼɢɩɚɞɨɤ 2. ( )4 0y t  .  

Ɍɨɞɿ ɡ ɬɪɟɬɶɨɝɨ ɪɿɜɧɹɧɧɹ ɫɢɫɬɟɦɢ (1) ɦɚєɦɨ, ɳɨ ( )3 0y t  , ɬɨɛɬɨ 
( )3y t ɦɨɧɨɬɨɧɧɨ ɫɩɚɞɚɸɱɚ.  

Ɍɨɞɿ ɦɚєɦɨ ɞɜɚ ɜɢɩɚɞɤɢ: ɚɛɨ ( )3 0y t  , ɚɛɨ ( )3 0y t  . 

2.1 ɇɟɯɚɣ ( )3 0.y t   

Ɍɨɞɿ: 
( )( ) ( )( )2 3 2 3 4 1 1 4, 0, .f y t f y t C C t t = −    
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ȼɪɚɯɨɜɭɸɱɢ ɞɪɭɝɟ ɬɚ ɩɟɪɲɟ ɪɿɜɧɹɧɧɹ ɫɢɫɬɟɦɢ (1) ɩɿɫɥɹ ɩɨɫɥɿɞɨɜɧɢɯ 
ɿɧɬɟɝɪɭɜɚɧɶ ɨɬɪɢɦɚєɦɨ:  

( ) ( ) ( )
5

1 1 5 1 .
t

t

y t y t C a t dt−  −   

ɉɪɢ ( )4, 0t y t→  , ɳɨ ɫɭɩɟɪɟɱɢɬɶ ɩɪɢɩɭɳɟɧɧɸ.  
2.2 ( )3 0.y t    

Ɂ ɞɪɭɝɨɝɨ ɪɿɜɧɹɧɧɹ ɫɢɫɬɟɦɢ (1) ɦɚєɦɨ: ( )2 0y t  , ( )2y t - ɦɨɧɨɬɨɧɧɨ ɡɪɨɫɬɚє. 
Ɍɨɞɿ ɚɛɨ ( )2 0y t   ɚɛɨ ( )2 0y t  . 

2.2.a ɇɟɯɚɣ ( )2 0.y t   

Ɍɨɞɿ ( )1y t  – ɦɨɧɨɬɨɧɧɨ ɫɩɚɞɧɚ ɞɨɞɚɬɧɚ ɮɭɧɤɰɿɹ. Ⱦɨɜɟɞɟɦɨ, ɳɨ ɜ ɰɶɨɦɭ 

ɜɢɩɚɞɤɭ ɤɨɠɧɚ ɤɨɦɩɨɧɟɧɬɚ ɪɨɡɜ’ɹɡɤɭ ( ) ( ) ( ) ( ) ( ) 1 2 3 4, , ,y t y t y t y t y t=  ɩɪɹɦɭє ɞɨ 
ɧɭɥɹ ɩɪɢ .t →  

Ɂ ɫɢɫɬɟɦɢ (1) ɜɢɩɥɢɜɚє: 

( ) ( )1 3,y t y t   – ɦɨɧɨɬɨɧɧɨ ɫɩɚɞɧɿ ɞɨɞɚɬɧɿ; 

( ) ( )2 4,y t y t   – ɦɨɧɨɬɨɧɧɨ ɡɪɨɫɬɚɸɱɿ ɜɿɞ’єɦɧɿ.  

ɉɨɤɚɠɟɦɨ, ɳɨ ( )2lim 0
t

y t
→

=  ɉɪɢɩɭɫɬɢɦɨ ɫɭɩɪɨɬɢɜɧɟ: ( ) ( )2lim 0
t

y t C C
→

=−  .  

ȼɢɤɨɪɢɫɬɚєɦɨ ɨɡɧɚɱɟɧɧɹ ɝɪɚɧɢɰɿ ɮɭɧɤɰɿʀ: 
( )2 3,y t C t t+   . 

ɇɟɯɚɣ 
2
c = , ɬɨɞɿ: ( )22 2

c c
y t C

−  +  , 

( )2

3 1
2 2

C y t C
−   − . 

Ɂ ɩɟɪɲɨɝɨ ɪɿɜɧɹɧɧɹ ɫɢɫɬɟɦɢ (1) ɩɿɫɥɹ ɿɧɬɟɝɪɭɜɚɧɧɹ ɜɢɩɥɢɜɚє:  

( ) ( ) ( )1 1 3 1

3
2

tC
y t y t a t dt

t
−  −  . 

ɉɪɢ ( )1 1, , 0t y y t→ →−  , ɳɨ ɫɭɩɟɪɟɱɢɬɶ ɩɪɢɩɭɳɟɧɧɸ, ɚ ɨɬɠɟ 
( )2lim 0.

t
y t

→
=  

Ⱥɧɚɥɨɝɿɱɧɨ ɦɨɠɧɚ ɩɨɤɚɡɚɬɢ, ɳɨ ( ) ( )3 4lim lim 0.
t t

y t y t
→ →

= =  

ɉɨɤɚɠɟɦɨ, ɳɨ ( )1lim 0,
t

y t
→

=  ɞɟ ( )1y t  ɦɨɧɨɬɨɧɧɨ ɫɩɚɞɧɚ ɞɨɞɚɬɧɚ ɮɭɧɤɰɿɹ. 

ȼɿɞ ɫɭɩɪɨɬɢɜɧɨɝɨ: ( ) ( )1lim 0
t

y t m m
→

=  .  

Ɂɧɨɜɭ ɜɢɤɨɪɢɫɬɚєɦɨ ɨɡɧɚɱɟɧɧɹ ɝɪɚɧɢɰɿ:  
( )1 .y t m−    

ɉɨɤɥɚɞɟɦɨ 
2

m
 = . Ɍɨɞɿ:   
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( )( )1 1

3

2 2

m
y t m   , 

( )( )( ) 














mftyf
m

f
2

3

2
11141  , 

1 .
2

m
f k
  = 
 

 

ɉɿɞɫɬɚɜɢɦɨ ɰɟ ɭ ɱɟɬɜɟɪɬɟ ɪɿɜɧɹɧɧɹ ɫɢɫɬɟɦɢ (1): 

( ) ( )4 4y t a t k  . 

Ɂ ɩɟɪɲɨɝɨ, ɞɪɭɝɨɝɨ ɬɚ ɬɪɟɬɶɨɝɨ ɪɿɜɧɹɧɶ ɩɿɫɥɹ ɩɨɫɥɿɞɨɜɧɢɯ ɿɧɬɟɝɪɭɜɚɧɶ 
ɨɬɪɢɦɚєɦɨ 

( ) ( ) ( ) ( ) ( ) ( )
8

22 2

1 1 8 1 1 2 2 3 3 4

pt t z

t t z p

y t y t a x f c a z f a t f a s ds dp dz dx
   
  −  −        

    . 

Ɉɫɤɿɥɶɤɢ ( )1y t – ɦɨɧɨɬɨɧɧɚ ɫɩɚɞɧɚ ɞɨɞɚɬɧɚ ɮɭɧɤɰɿɹ, ɬɨ ɜɢɧɢɤɚє 
ɫɭɩɟɪɟɱɧɿɫɬɶ. Ɉɬɠɟ, ( )1lim 0.

t
y t

→
=  

2.2.ɛ ( )2 0.y t   

Ɂ ɩɟɪɲɨɝɨ ɪɿɜɧɹɧɧɹ ɫɢɫɬɟɦɢ (1) ɜɢɩɥɢɜɚє, ɳɨ ( )1y t – ɦɨɧɨɬɨɧɧɨ ɡɪɨɫɬɚɸɱɚ 
ɞɨɞɚɬɧɚ ɮɭɧɤɰɿɹ. ȼɪɚɯɨɜɭɸɱɢ ɰɟ, ɩɿɫɥɹ ɩɨɫɥɿɞɨɜɧɢɯ ɿɧɬɟɝɪɭɜɚɧɶ ɬɪɟɬɶɨɝɨ, 
ɞɪɭɝɨɝɨ ɬɚ ɩɟɪɲɨɝɨ ɪɿɜɧɹɧɶ ɨɬɪɢɦɚєɦɨ 

( ) ( ) ( ) ( ) ( )
1 1

2

1 4 1 1 2 3 32 .
t t x

t t x

y t y t a z f a x f a s ds dx dz
  

      
    

Ɉɫɤɿɥɶɤɢ ( )1y t – ɦɨɧɨɬɨɧɧɨ ɡɪɨɫɬɚє, ɬɨ: 

( ) ( ) ( ) ( ) ( )
1 1

22

1 1 4 1 1 2 3 3
2

t
t x

t t x

t
y t y y t a z f a x f a s ds dx dz

     −          
   .  

Ɂɜɿɞɫɢ, ɜɪɚɯɨɜɭɸɱɢ ɦɨɧɨɬɨɧɧɟ ɡɪɨɫɬɚɧɧɹ ( )1y t , ɚ ɬɚɤɨɠ ɬɟ, ɳɨ ( ) ( )g t t ; 

( ) ( ) ( ) ; min ; ,g t t g t t t =  ( )( ) ( )4 4y g t y t− − ɨɬɪɢɦɚєɦɨ: 

( )( ) ( )( ) ( ) ( ) ( )
( )

1 1

/ 2

1 1 2 3 4 1 1 2 3 3 .

g t c t x

t t x

y t Tf f f y t a z f a x f a s ds dx dz
  

  −      
    

Ɉɫɤɿɥɶɤɢ ( )1 0y t  ( )1y t  – ɡɪɨɫɬɚє, ɬɨ 

( )( )( )4 1 1f y t K  , 

( )( )( )4 1
1

f y t

K


 . 

 Ɂɚ ɜɥɚɫɬɢɜɿɫɬɸ ɞɪɨɛɨɜɨɝɨ ɫɬɟɩɟɧɸ, ɦɨɠɟɦɨ ɡɚɩɢɫɚɬɢ 
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( )( )( ) ( )( )( )4 1 4 1
.

1
f y t f y t

K K

 
 
  

−



 

 

Ɍɨɞɿ ɡ ɨɫɬɚɧɧɶɨɝɨ ɪɿɜɧɹɧɧɹ ɫɢɫɬɟɦɢ (1) ɦɚєɦɨ:  

( ) ( )( ) ( ) ( ) ( ) ( )
( )

1 1

1
/ 2

1

4 5 4 4 1 1 2 3 3

g t c t x

t t x

y t a t T C y t f a z f a x f a s ds dx dz





−

−
    
    −              

   ,  

 
.

1
K

C
K

= −
 

ɉɨɞɿɥɢɦɨ ɨɛɢɞɜɿ ɱɚɫɬɢɧɢ ɧɟɪɿɜɧɨɫɬɿ ɧɚ ( ) ( )4

1
0T C y t

−
−     ɬɚ 

ɩɪɨɿɧɬɟɝɪɭєɦɨ: 

( )
( ) ( )

( ) ( ) ( ) ( )
( )

1 1 1 1

1
/ 2

4
4 4 1 1 2 3 31

4

.

g t ct t t x

t t t t x

y t
dt a t f a z f a x f a s ds dx dz dt

T C y t

−

−

     
        −         

    
 

Ɇɚєɦɨ, ɳɨ ɩɪɢ t →  ɡɥɿɜɚ – ɫɤɿɧɱɟɧɧɟ ɱɢɫɥɨ, ɚ ɰɟ ɫɭɩɟɪɟɱɢɬɶ ɭɦɨɜɿ 
ɬɟɨɪɟɦɢ. Ɂɧɚɱɢɬɶ, ɰɟɣ ɜɢɩɚɞɨɤ ɧɟɦɨɠɥɢɜɢɣ. ɓɨ ɿ ɬɪɟɛɚ ɛɭɥɨ ɞɨɜɟɫɬɢ ■. 
Ɍɟɨɪɟɦɚ 2. ɇɟɯɚɣ ɩɪɢ  ɜɢɤɨɧɭɸɬɶɫɹ ɭɦɨɜɢ: 
1. ( )   ( )1min , , , 2,3,4,5;ig t t t t i=    =  

2. ( ) ( ) ( ) ( )
0 0 0 0

1 2 3 4

t t t t

a t dt a t dt a t dt a t dt
   

= = = =    , 

3. ( ) ( )
( )

( ) ( ) ( )
( )( )( )1 2 3 4

5 5 5 5 4

5 5 1 1 2 2 3 3 3

t z t t

t t t t t

a l f a p f a z f a s f a x dx ds dz dp dl

        
    =          

     , 

4. 

( ) ( )
( )

( ) ( ) ( )
3

1 1

1
/

5 5 1 1 2 2 3 3 4 ,

g t c cp cx cl

t t p x l

a p f a p f a x f a l f a s ds dl dx dp dt

−
      

   =             
      

( )0 1  , 

5. 

( ) ( )
( )

( ) ( ) ( )
( )( )2 3

1 1 1 1

1

5 5 1 1 2 2 3 3 4 ,

g t x u cz

t t t t z

a t f a x f a u f a z f a l dl dz du dx dt


 

−
          =            
       

( )0 1  . 

Ɍɨɞɿ ɤɨɠɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɫɢɫɬɟɦɢ (1) ɚɛɨ ɫɢɥɶɧɨ ɨɫɰɢɥɸє, ɚɛɨ ɜɫɿ ɣɨɝɨ 
ɤɨɦɩɨɧɟɧɬɢ ɦɨɧɨɬɨɧɧɨ ɩɪɹɦɭɸɬɶ ɞɨ    ɩɪɢ t →   

Ⱦɨɜɟɞɟɧɧɹ. ɍ ɜɢɩɚɞɤɭ, ɤɨɥɢ ɪɨɡɜ’ɹɡɨɤ ɫɢɫɬɟɦɢ (1) 

( ) ( ) ( ) ( ) ( ) 1 2 3 4, , ,y t y t y t y t y t=  ɫɢɥɶɧɨ ɨɫɢɥɸє, ɬɟɨɪɟɦɭ ɞɨɜɟɞɟɧɨ.  
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ɇɟɯɚɣ ɪɨɡɜ’ɹɡɨɤ ɫɢɫɬɟɦɢ (1) ɧɟ є ɫɢɥɶɧɨ ɨɫɰɢɥɸɜɚɥɶɧɢɦ. Ɍɨɞɿ ɡ ɫɢɫɬɟɦɢ 
(1) ɬɚ ɭɦɨɜ (2) ɧɟ ɨɫɰɢɥɸɸɬɶ ɭɫɿ ɿɧɲɿ ɤɨɦɩɨɧɟɧɬɢ ɰɶɨɝɨ ɪɨɡɜ’ɹɡɤɭ. ȼ ɰɶɨɦɭ 
ɜɢɩɚɞɤɭ ( )1 0y t   ɚɛɨ ( )1 0y t   ɩɪɢ  1t t .  

Ⱦɥɹ ɜɢɡɧɚɱɟɧɨɫɬɿ ɧɟɯɚɣ ( )1 0y t   ɩɪɢ 1t t . Ɍɨɞɿ ɡ ɭɦɨɜɢ ( )1lim
t

y t
→

= ɬɚ 

ɨɫɬɚɧɧɶɨɝɨ ɪɿɜɧɹɧɧɹ ɫɢɫɬɟɦɢ (1) ɜɢɩɥɢɜɚє, ɳɨ ( )5 0y t  , ɚ ɬɨɦɭ ( )5y t  – 

ɦɨɧɨɬɨɧɧɨ ɡɪɨɫɬɚɸɱɚ ɮɭɧɤɰɿɹ.  
Ɍɨɞɿ ɦɚєɦɨ ɞɜɚ ɜɢɩɚɞɤɢ:  ɚɛɨ ( )5 0y t  ɚɛɨ ( )5 0y t  ɩɪɢ 3 2t t t   

I. Ɋɨɡɝɥɹɧɟɦɨ ɜɢɩɚɞɨɤ, ɤɨɥɢ ( )5 0y t  . Ɍɨɞɿ ɬɚɤ ɫɚɦɨ, ɹɤ ɜ ɬɟɨɪɟɦɿ 1 
ɞɨɜɟɞɟɦɨ, ɳɨ ɜɫɿ ( )lim i

t
y t

→
=   

II. Ɋɨɡɝɥɹɧɟɦɨ ɜɢɩɚɞɨɤ, ɤɨɥɢ ( )5 0y t  . Ɂ ɱɟɬɜɟɪɬɨɝɨ ɪɿɜɧɹɧɧɹ ɜɢɩɥɢɜɚє, ɳɨ 
( )4 0y t  . Ɉɬɠɟ, ( )4y t  – ɦɨɧɨɬɨɧɧɨ ɫɩɚɞɧɚ ɮɭɧɤɰɿɹ. Ɍɨɦɭ ( )4 0y t   ɚɛɨ 
( )4 0y t   ɩɪɢ 4 3t t t   

1. ɇɟɯɚɣ ( )4 0y t  .  

Ɍɨɞɿ ɡɚ ɞɨɩɨɦɨɝɨɸ ɬɢɯ ɠɟ ɦɿɪɤɭɜɚɧɶ, ɳɨ ɜ ɬɟɨɪɟɦɿ 1 ɞɿɣɞɟɦɨ ɜɢɫɧɨɜɤɭ, ɳɨ 
( )1lim

t
y t

→
= −ɚ ɰɟ ɫɭɩɟɪɟɱɢɬɶ ɩɪɢɩɭɳɟɧɧɸ ( )1 0y t   Ɍɨɛɬɨ ɰɟɣ ɜɢɩɚɞɨɤ 

ɧɟɦɨɠɥɢɜɢɣ. 
2. ɇɟɯɚɣ ( )4 0y t  .  

Ɂ ɬɪɟɬɶɨɝɨ ɪɿɜɧɹɧɧɹ ɫɢɫɬɟɦɢ ɜɢɩɥɢɜɚє, ɳɨ ( )3 0y t  . Ɍɨɛɬɨ ( )3y t  – 

ɦɨɧɨɬɨɧɧɨ ɡɪɨɫɬɚɸɱɚ ɮɭɧɤɰɿɹ.  
Ɇɨɠɥɢɜɿ ɞɜɚ ɜɢɩɚɞɤɢ: ɚɛɨ ( )3 0y t  , ɚɛɨ ( )3 0y t   ɩɪɢ 8 7t t t   

1) Ɋɨɡɝɥɹɧɟɦɨ ɜɢɩɚɞɨɤ ( )3 0y t    

Ɂ ɞɪɭɝɨɝɨ ɪɿɜɧɹɧɧɹ ɜɢɩɥɢɜɚє, ɳɨ ( )2y t  – ɦɨɧɨɬɨɧɧɨ ɫɩɚɞɧɚ ɮɭɧɤɰɿɹ. 
Ɇɨɠɥɢɜɿ ɞɜɚ ɜɢɩɚɞɤɢ: ɚɛɨ ( )2 0y t  , ɚɛɨ ( )2 0y t  . 

ɚ) ɇɟɯɚɣ ( )2 0y t   

Ɍɨɞɿ ɡɚ ɞɨɩɨɦɨɝɨɸ ɦɿɪɤɭɜɚɧɶ, ɧɚɜɟɞɟɧɢɯ ɜ ɬɟɨɪɟɦɿ 1 ɡ ɭɦɨɜɢ (3) ɜɢɩɥɢɜɚє, 
ɳɨ ( )1 0y t  , ɳɨ ɫɭɩɟɪɟɱɢɬɶ ɩɪɢɩɭɳɟɧɧɸ, ɨɬɠɟ ɰɟɣ ɜɢɩɚɞɨɤ ɧɟɦɨɠɥɢɜɢɣ. 
b) ɇɟɯɚɣ ( )2 0y t   

ɉɪɨɿɧɬɟɝɪɭєɦɨ ɱɟɬɜɟɪɬɟ ɪɿɜɧɹɧɧɹ. Ɉɫɤɿɥɶɤɢ ( )4 0y t  , ɬɨ ɩɪɢ t →  

ɨɬɪɢɦɭєɦɨ  

( ) ( ) ( )( )( )
1

4 1 4 4 5 5 .
t

y t a x f y x dx


 −   

Ɉɫɤɿɥɶɤɢ ɰɹ ɧɟɪɿɜɧɿɫɬɶ ɜɢɤɨɧɭєɬɶɫɹ ɩɪɢ ɛɭɞɶ-ɹɤɢɯ 1t t  ɿ ɨɫɤɿɥɶɤɢ ( )5y t  – 

ɦɨɧɨɬɨɧɧɨ ɡɪɨɫɬɚє, ɬɨ ɱɟɪɟɡ ɬɟ, ɳɨ ( )( ) ( )4 4 4y t y t  , ɜɢɤɨɧɭєɬɶɫɹ ɧɚɫɬɭɩɧɟ 

( )( ) ( )( ) ( ) ( )4 4 5 5 4 1 .
ct

t

y t f y ct a x dx c    
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Ɉɫɤɿɥɶɤɢ ɮɭɧɤɰɿɹ ( )3f u  – ɧɟɫɩɚɞɧɚ, ɬɨ  

( )( )( ) ( ) ( )3 4 4 3 4 5 4 .
ct

t

f y t f f y ct a x dx
  

 −     
  

ɉɪɨɞɨɜɠɭɸɱɢ ɚɧɚɥɨɝɿɱɧɢɦ ɱɢɧɨɦ, ɨɬɪɢɦɚєɦɨ ɨɰɿɧɤɭ ɞɥɹ ( )1y t  

( ) ( ) ( )( )( )( )3
1 3 2 3 4 5y t K f f f y c t  −  

( ) ( ) ( ) ( )
1

1 1 2 2 3 3 4 .
cpt cx cl

t p x l

a p f a x f a l f a s ds dl dx dp
   

         
     

( )1y t  – ɦɨɧɨɬɨɧɧɨ ɡɪɨɫɬɚє, ɬɨɦɭ 

( ) ( ) ( ) ( )( )( )( )( )3
1 1 3 1 2 3 4 5y t y c t K f f f f y t−   −  

( ) ( ) ( ) ( )
3

1

/

1 1 2 2 3 3 4 .
cpt c cx cl

t p x l

a p f a x f a l f a s ds dl dx dp
   

         
     

Ɉɫɤɿɥɶɤɢ  

( ) ( ) ( ) ; min ; ,g t t g t t t =   

ɬɨ 

( )( )( ) ( ) ( )( )( )( )( )(5 1 1 4 5 1 2 3 4 5f y t K f f f f f y t  −  

( ) ( ) ( ) ( )
3

1

/

1 1 2 2 3 3 4 .
cpt c cx cl

t p x l

a p f a x f a l f a s ds dl dx dp
   
           

     

Ɉɫɤɿɥɶɤɢ ( )1 0y t  , ( )1y t – ɡɪɨɫɬɚє, ɬɨ  
( )( )( )5 1 1f y t K  ,  

( )( )( )5 1
1

f y t

K


 . 

Ɂɚ ɜɥɚɫɬɢɜɿɫɬɸ ɞɪɨɛɨɜɨɝɨ ɫɬɟɩɟɧɸ, ɦɨɠɟɦɨ ɡɚɩɢɫɚɬɢ 

( )( )( ) ( )( )( ) 1

5 1 5 1
.

f y t f y t

K K

−
  
 
  

 

Ɍɨɞɿ ɡ ɨɫɬɚɧɧɶɨɝɨ ɪɿɜɧɹɧɧɹ ɫɢɫɬɟɦɢ ɜɢɩɥɢɜɚє, ɳɨ 

( ) ( )( ) ( )

( ) ( ) ( ) ( )
3

1

1

5 5 4 5

1
/

5 1 1 2 2 3 3 4 .
cpt c cx cl

t p x l

y t a t K C y t

f a p f a x f a l f a s ds dl dx dp

−

−

  −   

     
               

   
 

ɉɨɞɿɥɢɦɨ ɨɛɢɞɜɿ ɱɚɫɬɢɧɢ ɨɫɬɚɧɧɶɨʀ ɧɟɪɿɜɧɨɫɬɿ ɧɚ ( ) ( )4 5

1
0K C y t

− −     ɿ 
ɩɪɨɿɧɬɟɝɪɭєɦɨ. Ɉɬɪɢɦɚєɦɨ: 
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( ) ( )5 5 1

5 5

y t y t
K K

 
      − + 

 
 

( ) ( ) ( ) ( ) ( )
3

1 1

1
/

5 5 1 1 2 2 3 3 4 .
cpt t c cx cl

t t p x l

a t f a p f a x f a l f a s ds dl dx dp dt

−
     
               

      

Ɉɫɤɿɥɶɤɢ ( )5y t – ɦɨɧɨɬɨɧɧɨ ɡɪɨɫɬɚɸɱɚ ɜɿɞ’єɦɧɚ ɮɭɧɤɰɿɹ, ɬɨ ( )5lim
t

y t M
→

= − . 

Ɇɚєɦɨ, ɳɨ ɩɪɢ t →  ɡɥɿɜɚ – ɫɤɿɧɱɟɧɧɟ ɱɢɫɥɨ, ɚ ɰɟ ɫɭɩɟɪɟɱɢɬɶ ɭɦɨɜɿ 
ɬɟɨɪɟɦɢ. Ɉɬɠɟ, ɰɟɣ ɜɢɩɚɞɨɤ ɧɟɦɨɠɥɢɜɢɣ. 
2) Ɋɨɡɝɥɹɧɟɦɨ ɜɢɩɚɞɨɤ ( )3 0y t    

Ɉɫɤɿɥɶɤɢ ( )4 0y t  ɬɨ ( )3y t – ɞɨɞɚɬɧɹ ɦɨɧɨɬɨɧɧɨɡɪɨɫɬɚɸɱɚ ɮɭɧɤɰɿɹ. 
Ɍɨɞɿ ( ) ( ) ( )3 3 9 , 0y t y t ɋ C =    ɩɪɢ 9 8t t t  . 

Ɂ ɭɦɨɜɢ ( )3lim
t

t
→

 =   ɜɢɩɥɢɜɚє, ɳɨ ɿɫɧɭє ɬɚɤɟ 10 9t t , ɳɨ ɩɪɢ 10t t  

ɜɢɤɨɧɭєɬɶɫɹ ( )3 9t t    ɿ ( )( )3 3y t ɋ   

Ɍɨɞɿ ɡ ɞɪɭɝɨɝɨ ɪɿɜɧɹɧɧɹ ɫɢɫɬɟɦɢ (1) ɩɿɫɥɹ ɿɧɬɟɝɪɭɜɚɧɧɹ ɨɬɪɢɦɭєɦɨ:  

( ) ( ) ( ) ( )
10

2 2 10 2 2

t

t

y t y t f C a s ds−    

Ɂɜɿɞɫɢ, ɜɪɚɯɨɜɭɸɱɢ ɭɦɨɜɢ ɬɟɨɪɟɦɢ ɩɪɢ t →ɦɚєɦɨ, ɳɨ ( )2lim
t

y t
→

=  . 

Ɍɨɛɬɨ ( )2 0y t  .  

Ⱥɧɚɥɿɡɭɸɱɢ ɪɿɜɧɹɧɧɹ ɫɢɫɬɟɦɢ (1), ɡɚɫɬɨɫɨɜɭɸɱɢ ɦɿɪɤɭɜɚɧɧɹ ɩɨɩɟɪɟɞɧɶɨɝɨ 
ɜɢɩɚɞɤɭ ɿ ɬɟ, ɳɨ ( )1y t  – ɦɨɧɨɬɨɧɧɨ ɡɪɨɫɬɚє, ɨɬɪɢɦɚєɦɨ ɨɰɿɧɤɭ ɞɥɹ ( )1y t : 

( ) ( )3
1 1y t y c t−   

( ) ( )( )( )( )( ) ( ) ( ) ( ) ( )
3

1

/

3 1 2 3 4 5 1 1 2 2 3 3 4 .
cpt c cx cl

t p x l

K f f f f y t a p f a x f a l f a s ds dl dx dp
   

−         
   

Ɉɫɤɿɥɶɤɢ  
( ) ( ) ( ) ; min ; ,g t t g t t t =   ɬɨ 

( )( )( )5 1 1f y t   

( ) ( )( )( )( ) ( ) ( ) ( ) ( )
( )( )2 2

1 1 1

4 5 2 3 4 5 1 1 2 2 3 3 4 .

x ut cz

t t t z

K f f f f y t a x f a u f a z f a l ds dz du dx

       −          
   

Ɉɫɤɿɥɶɤɢ ( )1 0y t  , ( )1y t – ɡɪɨɫɬɚє, ɬɨ ( )( )( )5 1 1f y t K  , 
( )( )( )5 1

1
f y t

K


 .  

ȼɢɤɨɪɢɫɬɨɜɭɸɱɢ ɦɿɪɤɭɜɚɧɧɹ, ɚɧɚɥɨɝɿɱɧɿ ɜɢɩɚɞɤɭ b, ɨɬɪɢɦɚєɦɨ 
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( ) ( )( ) ( )

( ) ( ) ( ) ( )
( )( )( ) 2 3

1 1 1

1

5 5 4 5

1
/

5 1 1 2 2 3 3 4 .

g t c x u cz

t t t z

y t a t K C y t

f a x f a u f a z f a l dl dz du dx

−

−
 

  −   

                    
   

 

ɉɨɞɿɥɢɦɨ ɨɛɢɞɜɿ ɱɚɫɬɢɧɢ ɨɫɬɚɧɧɶɨʀ ɧɟɪɿɜɧɨɫɬɿ ɧɚ ( ) ( )4 5

1
0K C y t

−
−     

ɿ ɩɪɨɿɧɬɟɝɪɭєɦɨ. Ɉɬɪɢɦɚєɦɨ: 
( ) ( )5 5 1

5 5

y t y t
K K

 
      − + 

 
 

( ) ( )
( )

( ) ( ) ( )
( )( )2 3

1 1 1 1

1

5 5 1 1 2 2 3 3 4 ,

g t x ut cz

t t t t z

a t f a x f a u f a z f a l dl dz du dx dt

−
                     

      

Ɉɫɤɿɥɶɤɢ ( )5y t – ɦɨɧɨɬɨɧɧɨ ɡɪɨɫɬɚɸɱɚ ɜɿɞ’єɦɧɚ ɮɭɧɤɰɿɹ, ɬɨ ( )5lim
t

y t M
→

=− . 

Ɇɚєɦɨ, ɳɨ ɩɪɢ t →  ɡɥɿɜɚ – ɫɤɿɧɱɟɧɧɟ ɱɢɫɥɨ, ɚ ɰɟ ɫɭɩɟɪɟɱɢɬɶ ɭɦɨɜɿ 
ɬɟɨɪɟɦɢ. Ɉɬɠɟ, ɰɟɣ ɜɢɩɚɞɨɤ ɧɟɦɨɠɥɢɜɢɣ. 

ɉɨɛɭɞɭєɦɨ ɩɪɢɤɥɚɞ, ɹɤɢɣ ɫɜɿɞɱɢɬɶ ɩɪɨ ɨɩɬɢɦɚɥɶɧɿɫɬɶ ɭɦɨɜɢ (5), ɧɚɜɿɬɶ 
ɩɪɢ ( )t t  . ɇɚɫɩɪɚɜɞɿ, ɞɥɹ ɫɢɫɬɟɦɢ 

( ) ( )
( ) ( )
( ) ( )

( ) ( )

1 2

2 3

3 4

4 14

105
256

y t y t

y t y t

y t y t

y t y t
t









 =
 =
 =

 =

 

ɭɦɨɜɚ (5) ɜɢɤɨɧɭєɬɶɫɹ ɩɪɢ 0 = , ɚɥɟ ɧɟ ɜɢɤɨɧɭєɬɶɫɹ ɩɪɢ ɠɨɞɧɢɯ 0 1  . 

ɋɢɫɬɟɦɚ ɦɚє ɪɨɡɜ’ɹɡɨɤ: 
5 1 3 7

4 4 4 4
5 5 15

, , ,
4 16 64

t t t t
− − 

 
 

− , 

ɧɟ ɜɫɿ ɤɨɦɩɨɧɟɧɬɢ ɹɤɨɝɨ ɩɪɹɦɭɸɬɶ ɞɨ ɧɟɫɤɿɧɱɟɧɧɨɫɬɿ ɚɛɨ ɞɨ ɧɭɥɹ.  
ȼɢɫɧɨɜɤɢ Ȼɭɜ ɪɨɡɝɥɹɧɭɬɢɣ ɜɢɩɚɞɨɤ, ɹɤɢɣ є ɭɡɚɝɚɥɶɧɟɧɧɹɦ ɥɿɧɿɣɧɨɝɨ 

ɜɢɩɚɞɤɭ, ɤɨɥɢ ɧɟɥɿɧɿɣɧɿɫɬɶ ɜ ɪɿɜɧɹɧɧɹɯ ɦɚє ɜɢɝɥɹɞ ɫɬɟɩɟɧɟɜɢɯ ɮɭɧɤɰɿɣ. Ȼɭɥɢ 
ɨɬɪɢɦɚɧɿ ɧɨɜɿ ɬɟɨɪɟɬɢɱɧɿ ɪɟɡɭɥɶɬɚɬɢ, ɚ ɫɚɦɟ ɚɧɚɥɿɬɢɱɧɢɦɢ ɦɟɬɨɞɚɦɢ ɛɭɥɚ 
ɞɨɫɥɿɞɠɟɧɚ ɚɫɢɦɩɬɨɬɢɱɧɚ ɩɨɜɟɞɿɧɤɚ ɪɚɡɜ’ɹɡɤɿɜ ɫɢɫɬɟɦɢ. 

 
Ȼɿɛɥɿɨɝɪɚɮɿɱɧɿ ɩɨɫɢɥɚɧɧɹ 
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ɇɚɞɿɣɲɥɚ ɞɨ ɪɟɞɤɨɥɟɝɿʀ 19.09.2018. 
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ȼ.Ʌ. ȼɨɥɨɲɤɨ  
Ⱦɧɿɩɪɨɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

ɈɉɌɂɆȱɁȺɐȱə ȽɊȺɇɂɑɇɂɏ ɍɆɈȼ  ɇȿɈȾɇɈɊȱȾɇɈȽɈ  
ȻȱȽȺɊɆɈɇȱɑɇɈȽɈ Ɋȱȼɇəɇɇə 

 
Ɋɨɡɝɥɹɧɭɬɨ ɡɚɞɚɱɭ ɡɧɚɯɨɞɠɟɧɧɹ ɨɩɬɢɦɚɥɶɧɨʀ ɮɭɧɤɰɿʀ ɝɪɚɧɢɱɧɢɯ ɭɦɨɜ 

ɧɟɨɞɧɨɪɿɞɧɨɝɨ ɛɿɝɚɪɦɨɧɿɱɧɨɝɨ ɪɿɜɧɹɧɧɹ. Ɂɚɫɬɨɫɨɜɭєɬɶɫɹ  ɨɞɢɧ ɡ ɜɚɪɿɚɧɬɿɜ 
ɝɪɚɞɿєɧɬɧɨɝɨ ɦɟɬɨɞɭ, ɞɟ ɧɚ ɤɨɠɧɨɦɭ ɤɪɨɰɿ ɥɿɧɿɣɧɚ ɡɚɞɚɱɚ ɪɨɡɜ’ɹɡɭєɬɶɫɹ ɦɟɬɨɞɨɦ 
ɩɨɬɟɧɰɿɚɥɿɜ. ɇɚɜɟɞɟɧɿ ɮɿɡɢɱɧɿ ɩɪɢɤɥɚɞɢ ʀʀ ɱɢɫɟɥɶɧɨʀ  ɪɟɚɥɿɡɚɰɿʀ. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɛɿɝɚɪɦɨɧɿɱɧɟ ɪɿɜɧɹɧɧɹ, ɦɟɬɨɞ ɩɨɬɟɧɰɿɚɥɿɜ, ɝɪɚɞɿєɧɬɧɢɣ ɦɟɬɨɞ, 
ɨɩɬɢɦɚɥɶɧɟ ɤɟɪɭɜɚɧɧɹ. 

 

Ɋɚɫɫɦɨɬɪɟɧɚ ɡɚɞɚɱɚ ɧɚɯɨɠɞɟɧɢɹ ɨɩɬɢɦɚɥɶɧɨɣ ɮɭɧɤɰɢɢ ɝɪɚɧɢɱɧɵɯ ɭɫɥɨɜɢɣ 
ɧɟɨɞɧɨɪɨɞɧɨɝɨ ɛɢɝɚɪɦɨɧɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ. ɉɪɢɦɟɧɹɟɬɫɹ ɨɞɢɧ ɢɡ ɜɚɪɢɚɧɬɨɜ 
ɝɪɚɞɢɟɧɬɧɨɝɨ ɦɟɬɨɞɚ, ɝɞɟ ɧɚ ɤɚɠɞɨɦ ɲɚɝɟ ɡɚɞɚɱɚ ɪɟɲɚɟɬɫɹ ɦɟɬɨɞɨɦ ɩɨɬɟɧɰɢɚɥɨɜ. 
ɉɪɢɜɟɞɟɧɵ ɮɢɡɢɱɟɫɤɢɟ ɩɪɢɦɟɪɵ ɟɟ ɱɢɫɥɟɧɧɨɣ ɪɟɚɥɢɡɚɰɢɢ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɛɢɝɚɪɦɨɧɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ, ɦɟɬɨɞ ɩɨɬɟɧɰɢɚɥɨɜ, ɝɪɚɞɢɟɧɬɧɵɣ 
ɦɟɬɨɞ, ɨɩɬɢɦɚɥɶɧɨɟ ɭɩɪɚɜɥɟɧɢɟ. 

 

Mathematical model construction of complicate physical phenomenon often leads to the 

setting and solving problems of parameters optimal control in differential equations in par-

tial derivatives. Chosen equation with boundary and initial conditions is usually mathemat-

ical model basis of the object, which is under analysis. Optimal control of right-hand side 

function in non-linear problem for inhomogeneous biharmonic has been investigated. With 

the help of various gradient methods the problems of parameters control in such equations 

are solved successfully. Herewith linear problem is solved with the potential method on 

every step. In this work biharmonic potentials with logarithmic singularity are under con-

sideration. That is why parameters optimization in these problems are conducted together 

with elimination of their incorrectness. It should be noted that system optimal control 

problems, described with biharmonic equations in irregular shape region, are studied 

poorly. Therefore the object of investigation is one of boundary conditions for inhomoge-

neous biharmonic equation. The circumstance which complicated the problem was irregu-

larity of function domain. Clearly that this problem can be solved with computational 

mathematics methods. Without precise solution of linear problem, it is impossible to use 

gradient method, build converging iterative process, and obtain precise solution of optimi-

zation problem. Algorithm for linear boundary value problem solution with boundary in-

tegral equations overcomes this problem successfully. Physical examples of numerical im-

plementation have been presented, analysis of obtained solutions have been conducted. 

Their accuracy, algorithm simplicity and time spent evidence about this approach promis-

ing for practical results obtaining in plate theory and mathematical physics problems suc-

cessful numerical solving. 

Keywords: biharmonic equation, potential method, gradient method, optimal control. 

____________________________________ 
  ȼɨɥɨɲɤɨ ȼ.Ʌ., 2018 
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ȼɫɬɭɩ.  Ɍɨɱɧɿɫɬɶ ɪɨɡɜ’ɹɡɤɭ ɥɿɧɿɣɧɨʀ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ є ɜɢɫɨɤɨɸ [4]. Ɉɬɠɟ, 
ɜɢɤɨɪɢɫɬɚɜɲɢ ɣɨɝɨ ɹɤ ɛɚɡɨɜɢɣ, ɦɨɠɧɚ ɨɬɪɢɦɚɬɢ ɞɨɫɬɚɬɧɶɨ ɟɮɟɤɬɢɜɧɢɣ 
ɪɨɡɜ’ɹɡɨɤ ɜɿɞɩɨɜɿɞɧɨʀ ɧɟɥɿɧɿɣɧɨʀ ɡɚɞɚɱɿ. ȼ ɪɨɛɨɬɿ ɪɨɡɝɥɹɞɚєɬɶɫɹ ɡɚɞɚɱɚ 
ɜɿɞɧɨɜɥɟɧɧɹ ɨɩɬɢɦɚɥɶɧɢɯ ɤɪɚɣɨɜɢɯ ɭɦɨɜ ɛɿɝɚɪɦɨɧɿɱɧɨɝɨ ɧɟɨɞɧɨɪɿɞɧɨɝɨ  
ɪɿɜɧɹɧɧɹ. Ɋɚɧɿɲɟ, ɜ [2]  ɮɭɧɤɰɿɨɧɚɥ ɹɤɨɫɬɿ ɞɨɫɥɿɞɠɟɧɢɣ ɧɚ ɨɩɭɤɥɿɫɬɶ ɬɚ 
ɩɪɨɜɟɞɟɧɨ ɨɛґɪɭɧɬɭɜɚɧɧɹ  ɿɫɧɭɜɚɧɧɹ ɱɢɫɟɥɶɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ. ȼ ɨɫɧɨɜɿ ɫɩɨɫɨɛɭ 
ɪɨɡɜ’ɹɡɭɜɚɧɧɹ ɥɟɠɢɬɶ ɨɞɢɧ ɿɡ ɜɚɪɿɚɧɬɿɜ ɝɪɚɞɿєɧɬɧɨɝɨ ɦɟɬɨɞɭ. ȼɢɤɥɚɞɟɧɨ 
ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɤɭ ɩɨɫɬɚɜɥɟɧɨʀ ɡɚɞɚɱɿ [1,3]. 

ɉɨɫɬɚɧɨɜɤɚ ɨɩɬɢɦɿɡɚɰɿɣɧɨʀ ɡɚɞɚɱɿ 
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ɞɟ ɤɪɢɜɚ  Ƚ ɡɚɞɚɧɚ ɩɚɪɚɦɟɬɪɢɱɧɨ 
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,  Ss 0  – ɩɪɢɪɨɞɧɢɣ ɩɚɪɚɦɟɬɪ 

(ɞɨɜɠɢɧɚ ɤɪɢɜɨʀ), r – ɜɿɞɫɬɚɧɶ ɦɿɠ ɬɨɱɤɚɦɢ: 
,)()(),;,( 22  −+−= yxyxr ),()(  == s  − ɜɧɭɬɪɿɲɧɹ ɧɨɪɦɚɥɶ, ɳɨ 

ɩɪɨɜɟɞɟɧɚ ɞɨ ɤɪɢɜɨʀ Ƚ, 2R – ɨɛɥɚɫɬɶ, ɨɛɦɟɠɟɧɚ ɝɥɚɞɤɢɦ ɤɨɧɬɭɪɨɦ Ƚ, 
),( yxww =  – ɧɟɜɿɞɨɦɚ ɮɭɧɤɰɿɹ, ),( yxf  – ɮɭɧɤɰɿɹ ɩɪɚɜɨʀ ɱɚɫɬɢɧɢ ɪɿɜɧɹɧɧɹ 

(1) ɡɚɞɚɧɚ ɜ ɨɛɥɚɫɬɿ  , ),(),,( yxyx   – ɮɭɧɤɰɿʀ ɤɪɚɣɨɜɢɯ ɭɦɨɜ (2) ɡɚɞɚɧɿ ɧɚ 
ɤɨɧɬɭɪɿ Ƚ, n – ɜɧɭɬɪɿɲɧɹ ɧɨɪɦɚɥɶ ɜ ɬɨɱɰɿ Γyx ),( . əɤ ɜɿɞɨɦɨ [6], 

ɮɭɧɞɚɦɟɧɬɚɥɶɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɨɞɧɨɪɿɞɧɨɝɨ ɛɿɝɚɪɦɨɧɿɱɧɨɝɨ ɪɿɜɧɹɧɧɹ   
ɜɿɞɩɨɜɿɞɧɨɝɨ   (1)  є  

),;,(ln),;,(),;,( 211  yxryxryxKK == . 

ɉɨɡɧɚɱɢɦɨ ),,;,(),;,( 122 


 yxKyxKK



==   ɞɟ ɬɨɱɤɢ Γ),(  , 

),( yx . Ɍɨɞɿ  ɨɬɪɢɦɚɧɢɣ ɪɚɧɿɲɟ [5,6] ɪɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ   (1) – (2 ) ɦɚє   ɜɢɞ 
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ɿ ɡɚɥɟɠɢɬɶ ɜɿɞ ɩɪɚɜɨʀ ɱɚɫɬɢɧɢ ɪɿɜɧɹɧɧɹ ɿ ɮɭɧɤɰɿɣ ɤɪɚɣɨɜɢɯ ɭɦɨɜ.  
ɉɪɢɩɭɫɬɢɜɲɢ, ɳɨ ɮɭɧɤɰɿʀ ),( yxf  ɿ ),( yx ɡɚɞɚɧɿ, ɩɨɫɬɚɜɢɦɨ ɡɚɞɚɱɭ 

ɡɧɚɯɨɞɠɟɧɧɹ ),( yx  ɿ  ),,( yxw  ɹɤɿ ɧɚɞɚɸɬɶ ɦɿɧɿɦɭɦ ɮɭɧɤɰɿɨɧɚɥɭ 
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(4) 

ɞɟ ),( yxw fixed  – ɞɟɹɤɚ ɡɚɞɚɧɚ ɮɭɧɤɰɿɹ. Ʉɨɪɨɬɤɨ ɡɚɞɚɱɚ ɦɿɧɿɦɿɡɚɰɿʀ ɡɚɩɢɫɭєɬɶɫɹ 

ɬɚɤ 

 .min)),(),,((
,


w

wI →    (5) 

Ɋɨɡɝɥɹɧɟɦɨ ɱɚɫɬɢɧɧɢɣ ɜɢɩɚɞɨɤ, ɤɨɥɢ ɡɚɞɚɱɚ (1) – (2), (5) ɦɚє ɤɨɧɤɪɟɬɧɢɣ 
ɮɿɡɢɱɧɢɣ  ɡɦɿɫɬ, ɚ ɫɚɦɟ ɜɢɡɧɚɱɟɧɧɹ ɡɝɢɧɭ ɬɨɧɤɨʀ ɩɥɚɫɬɢɧɢ ɮɨɪɦɢ  , 
ɨɛɦɟɠɟɧɨʀ ɤɨɧɬɭɪɨɦ  Ƚ. Ɉɬɠɟ, 

= ),(,
),(

),( yx
D

yxq
yxw  

Γyxyx
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w
yxw =




= ),(),,(),,(  ,        ɞɟ 

)1(12
та),(

2

2

−
=

Eh
Dyxq – ɩɨɩɟɪɟɤɨɜɟ ɧɚɜɚɧɬɚɠɟɧɧɹ ɬɚ ɰɢɥɿɧɞɪɢɱɧɚ 

ɠɨɪɫɬɤɿɫɬɶ ɩɥɚɫɬɢɧɢ, h −ʀʀ ɬɨɜɳɢɧɚ ɩɥɚɫɬɢɧɢ, 3.0= − ɤɨɟɮɿɰɿєɧɬ ɉɭɚɫɫɨɧɚ 
ʀʀ ɦɚɬɟɪɿɚɥɭ, 210ɧ/ɦ106.21 =E − ɦɨɞɭɥɶ ɘɧɝɚ. 
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x 

q(x,y) 
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Ɋɢɫ. 1. ɋɯɟɦɚɬɢɱɧɟ ɡɨɛɪɚɠɟɧɧɹ ɫɩɨɫɨɛɭ ɤɪɿɩɥɟɧɧɹ ɩɥɚɫɬɢɧɢ 
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 ɇɟɯɚɣ  ɦɚєɦɨ  ɳɿɥɶɧɢɣ ɩɿɜɩɪɨɫɬɿɪ ɡ ɧɟɫɤɿɧɱɟɧɧɢɣ ɧɚɫɤɪɿɡɧɢɦ ɨɬɜɨɪɨɦ 
ɮɨɪɦɢ  , ɜ ɹɤɨɦɭ ɡɚɤɪɿɩɥɟɧɨ ɩɥɚɫɬɢɧɭ ɬɚɤɨʀ ɠ ɮɨɪɦɢ. Ɂɚɞɚɦɨ ɡɧɚɱɟɧɧɹ 
ɨɞɧɿєʀ ɡ ɤɪɚɣɨɜɢɯ ɭɦɨɜ: Γyxyxw == ),(,0),( . Ɏɿɡɢɱɧɨ ɰɟ ɨɡɧɚɱɚє, ɳɨ 

ɝɪɚɧɢɱɧɿ ɬɨɱɤɢ ɩɥɚɫɬɢɧɢ ɧɟ ɡɦɿɳɭɸɬɶɫɹ, ɬɨɛɬɨ ɜɨɧɚ ɡɚɤɪɿɩɥɟɧɚ ɩɨ ɤɨɧɬɭɪɭ, ɚ 
ɮɭɧɤɰɿɹ ),( yx  ɜɢɡɧɚɱɚє ɬɚɧɝɟɧɫ ɤɭɬɚ ɧɚɯɢɥɭ ),( yx  ɩɥɚɫɬɢɧɢ ɜ ʀʀ ɝɪɚɧɢɱɧɢɯ 
ɬɨɱɤɚɯ (ɤɪɿɩɥɟɧɧɹ ɩɥɚɫɬɢɧɢ) ɜ ɧɚɩɪɹɦɤɭ ɧɨɪɦɚɥɿ  (ɪɢɫ 1). 
Ɍɨɞɿ ɡɚɞɚɱɚ ɩɨɥɹɝɚє ɭ ɜɢɡɧɚɱɟɧɧɿ ɬɚɤɢɯ ɤɭɬɿɜ ɤɪɿɩɥɟɧɧɹ 

Γyxyxtgyx = ),(),,(),(   ɿ ɡɝɢɧɭ  ),,( yxw  ɳɨɛ ɫɭɦɚ ɜɿɞɯɢɥɟɧɶ ɜɫɿɯ ɬɨɱɨɤ ʀʀ 
ɫɟɪɟɞɢɧɧɨʀ ɩɥɨɳɢɧɢ ɜɿɞ ɡɚɞɚɧɧɨɝɨ ɡɝɢɧɭ ),( yxw fixed  

ɛɭɥɚ ɦɿɧɿɦɚɥɶɧɨɸ. 
Ⱦɥɹ ɡɧɚɯɨɞɠɟɧɧɹ ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ (1) – (2) ɛɭɥɨ ɨɛɪɚɧɨ ɨɞɢɧ ɡ ɜɚɪɿɚɧɬɿɜ 

ɝɪɚɞɿєɧɬɧɨɝɨ ɦɟɬɨɞɭ. əɤ ɜɿɞɨɦɨ [1], ɹɤɳɨ 0),(   wI , ɬɨ ɧɚɩɪɹɦɨɤ 

ɧɚɣɲɜɢɞɲɨɝɨ ɫɩɚɞɚɧɧɹ ɮɭɧɤɰɿɨɧɚɥɭ (4) ɫɩɿɜɩɚɞɚє ɡ ɧɚɩɪɹɦɤɨɦ ɚɧɬɢɝɪɚɞɿєɧɬɚ 
( )),(  wI − . ɋɚɦɟ ɰɹ ɜɥɚɫɬɢɜɿɫɬɶ ɥɟɠɢɬɶ ɜ ɨɫɧɨɜɿ ɝɪɚɞɿєɧɬɧɢɯ ɦɟɬɨɞɿɜ, ɹɤɿ 
ɦɚɸɬɶ ɬɚɤɿ ɩɟɪɟɜɚɝɢ [3]: ɞɨɫɬɚɬɧɶɨ ɩɪɨɫɬɿ ɜ ɪɟɚɥɿɡɚɰɿʀ; ɜɢɦɨɝɢ ɞɨ ɰɿɥɶɨɜɨʀ 
ɮɭɧɤɰɿʀ ɧɟ є ɞɭɠɟ ɠɨɪɫɬɤɢɦɢ – ɞɨɫɬɚɬɧɶɨ ɿɫɧɭɜɚɧɧɹ ɩɨɯɿɞɧɨʀ ɮɭɧɤɰɿɨɧɚɥɭ. 
Ɂɚɫɬɨɫɭɜɚɧɧɹ ɰɢɯ ɦɟɬɨɞɿɜ ɞɨɰɿɥɶɧɟ ɭ ɜɢɩɚɞɤɭ, ɤɨɥɢ ɩɨɱɚɬɤɨɜɟ ɧɚɛɥɢɠɟɧɧɹ 
ɡɧɚɯɨɞɢɬɶɫɹ ɞɚɥɟɤɨ ɜɿɞ ɬɨɱɤɢ ɦɿɧɿɦɭɦɭ ɮɭɧɤɰɿɨɧɚɥɭ, ɬɨɞɿ ɤɪɨɤɢ ɜɡɞɨɜɠ 
ɚɧɬɢɝɪɚɞɿєɧɬɚ ɞɨɡɜɨɥɹɸɬɶ  ɡɦɟɧɲɢɬɢ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɭ [3]. 

ɇɟɯɚɣ ),(0 yx  – ɨɛɪɚɧɟ ɩɨɱɚɬɤɨɜɟ ɧɚɛɥɢɠɟɧɧɹ. Ɍɨɞɿ ɛɭɞɭєɦɨ 
ɩɨɫɥɿɞɨɜɧɿɫɬɶ ),( yxk  ɡɚ ɩɪɚɜɢɥɨɦ 
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 (6) 

Ɍɚɤɢɦ ɱɢɧɨɦ ɱɥɟɧɢ ɩɨɫɥɿɞɨɜɧɨɫɬɿ ),( yxwk  є ɪɨɡɜ’ɹɡɤɚɦɢ ɜɿɞɩɨɜɿɞɧɢɯ 

ɥɿɧɿɣɧɢɯ ɤɪɚɣɨɜɢɯ ɡɚɞɚɱ (1) – (2) ɧɚ ɤɨɠɧɨɦɭ ɤɪɨɰɿ ɿɬɟɪɚɰɿɣɧɨɝɨ ɩɪɨɰɟɫɭ. 
Ɋɿɡɧɿ ɫɩɨɫɨɛɢ ɜɢɛɨɪɭ ɜɟɥɢɱɢɧɢ ɤɪɨɤɭ k ɜɢɡɧɚɱɚɸɬɶ ɪɿɡɧɿ ɜɚɪɿɚɧɬɢ 

ɝɪɚɞɿєɧɬɧɢɯ ɦɟɬɨɞɿɜ. Ȼɭɞɟɦɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɦɟɬɨɞ ɡ ɞɪɨɛɥɟɧɧɹɦ ɤɪɨɤɭ, 
ɨɫɤɿɥɶɤɢ ɦɟɬɨɞ ɧɚɣɲɜɢɞɲɨɝɨ ɫɩɭɫɤɭ ɛɭɞɟ ɡɚɧɚɞɬɨ ɬɪɭɞɨɦɿɫɬɤɢɦ ɞɥɹ ɞɚɧɨʀ 
ɡɚɞɚɱɿ, ɚ ɦɟɬɨɞ ɡ ɚɩɪɿɨɪɧɢɦ ɡɚɜɞɚɧɧɹɦ ɜɟɥɢɱɢɧɢ k  ɧɟ ɝɚɪɚɧɬɭє ɜɢɤɨɧɚɧɧɹ 

ɭɦɨɜɢ  ɦɨɧɨɬɨɧɧɨɫɬɿ, ɡɛɿɝɚєɬɶɫɹ ɩɨɜɿɥɶɧɨ ɿ, ɜɡɚɝɚɥɿ, ɧɟ є ɞɨɫɬɚɬɧɶɨ 
ɟɮɟɤɬɢɜɧɢɦ [3]. Ɂɚɫɬɨɫɭɜɚɧɧɹ ɝɪɚɞɿєɧɬɧɨɝɨ ɦɟɬɨɞɭ, ɩɟɪɟɯɿɞ ɜɿɞ ɧɟɩɟɪɟɪɜɧɨʀ 
ɡɚɞɚɱɿ ɞɨ ɞɢɫɤɪɟɬɧɨʀ ɿ ɬɚ ɚɥɝɨɪɢɬɦ ʀʀ ɪɨɡɜ’ɹɡɚɧɧɹ, ɡɧɚɯɨɞɠɟɧɧɹ  ɩɨɯɿɞɧɨʀ 
Ɏɪɟɲɟ ɜɿɞ ɮɭɧɤɰɿɨɧɚɥɭ ɹɤɨɫɬɿ ɞɨɫɢɬɶ ɞɟɬɚɥɶɧɨ ɪɨɡɝɥɹɧɭɬɿ ɜ ɪɨɛɨɬɚɯ [2,5]. 
Ɍɚɦ ɠɟ ɧɚɜɟɞɟɧɿ ɱɢɫɟɥɶɧɿ ɪɟɡɭɥɶɬɚɬɢ ɦɨɞɟɥɶɧɢɯ ɡɚɞɚɱ, ɚ ɬɚɤɨɠ ɬɟɨɪɟɬɢɱɧɚ ɿ 
ɩɪɚɤɬɢɱɧɚ ɨɰɿɧɤɢ ɩɨɯɢɛɨɤ. Ⱦɚɥɿ ɪɨɡɝɥɹɧɟɦɨ ɡɚɞɚɱɿ ɮɿɡɢɱɧɨɝɨ ɡɦɿɫɬɭ – 
ɩɪɨɟɤɬɭɜɚɧɧɹ ɨɩɬɢɦɚɥɶɧɨɝɨ ɤɪɿɩɥɟɧɧɹ ɩɥɚɫɬɢɧ.  

ɉɪɢɤɥɚɞ 1. Ʉɜɚɞɪɚɬɧɚ ɩɥɚɫɬɢɧɚ ɭ ɜɢɩɚɞɤɭ ɝɿɞɪɨɫɬɚɬɢɱɧɨɝɨ ɧɚɜɚɧɬɚɠɟɧɧɹ. 
ɇɟɯɚɣ ɫɬɨɪɨɧɚ ɤɜɚɞɪɚɬɭ ɚ=2 ɦ,  ɝɿɞɪɨɫɬɚɬɢɱɧɟ ɧɚɜɚɧɬɚɠɟɧɧɹ 
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yxq  ɡ ɩɚɪɚɦɟɬɪɨɦ кɧ/ɦ.кв.175000 =q  (ɪɢɫ.2). 
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A D – ɰɢɥɿɧɞɪɢɱɧɚ 

ɠɨɪɫɬɤɿɫɬɶ, ),( yxw  – ɮɭɧɤɰɿɹ ɡɦɿɳɟɧɧɹ ɬɨɱɨɤ ɫɟɪɟɞɢɧɧɨʀ ɩɥɨɳɢɧɢ ɩɥɚɫɬɢɧɢ, 
q(ɯ, ɭ) – ɩɨɩɟɪɟɱɧɟ ɧɚɜɚɧɬɚɠɟɧɧɹ ɧɚ ɩɥɚɫɬɢɧɭ, h=0,05 ɦ – ɬɨɜɳɢɧɚ ɩɥɚɫɬɢɧɢ, 

3.0= − ɤɨɟɮɿɰɿєɧɬ ɉɭɚɫɫɨɧɚ ʀʀ ɦɚɬɟɪɿɚɥɭ, 210ɧ/ɦ106.21 =E − ɦɨɞɭɥɶ ɘɧɝɚ, 
),(),,( yxyx   – ɮɭɧɤɰɿʀ ɤɪɚɣɨɜɢɯ ɭɦɨɜ, ɹɤɿ ɜɢɡɧɚɱɚɸɬɶ ɫɩɨɫɿɛ ɤɪɿɩɥɟɧɧɹ 

ɩɥɚɫɬɢɧɢ. Ɍɟɩɟɪ ɡɚ ɞɨɩɨɦɨɝɨɸ ɜɢɤɥɚɞɟɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɜɢɡɧɚɱɚєɦɨ 
ɨɩɬɢɦɚɥɶɧɿ ɤɭɬɢ ɤɪɿɩɥɟɧɧɹ ɩɥɚɫɬɢɧɢ ɩɨ ɤɨɧɬɭɪɭ, ɳɨɛ ɫɭɦɚ ɤɜɚɞɪɚɬɿɜ 
ɜɿɞɯɢɥɟɧɶ ɬɨɱɨɤ ɩɥɚɫɬɢɧɢ ɜɿɞ ʀʀ ɫɟɪɟɞɢɧɧɨʀ ɩɥɨɳɢɧɢ ɛɭɥɚ ɦɿɧɿɦɚɥɶɧɨɸ. 

 

 

ɇɟɯɚɣ ɩɨɱɚɬɤɨɜɟ ɧɚɛɥɢɠɟɧɧɹ 5.0),(),(0 = yxtgyx   ɞɥɹ ɜɫɿɯ .),( Γyx   
ɉɪɢ ɰɶɨɦɭ ɩɨɱɚɬɤɨɜɟ ɧɚɛɥɢɠɟɧɧɹ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɭ 108.0)),(( 0 =yxI  . 

Ⱦɥɹ ɡɛɿɠɧɨɫɬɿ ɩɪɨɰɟɫɭ ɞɨɫɬɚɬɧɶɨ ɫɿɦɧɚɞɰɹɬɢ ɿɬɟɪɚɰɿɣ. Ɉɩɬɢɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ 
ɬɚɧɝɟɧɫɿɜ ɤɭɬɿɜ ɤɪɿɩɥɟɧɧɹ ɩɥɚɫɬɢɧɢ ɜ ɬɨɱɤɚɯ Ⱥ ɢ ȼ ɫɤɥɚɞɚɸɬɶ 

,18.0)( −=Atg ,22.0)( −=Btg  ɩɪɢ ɰɶɨɦɭ ɫɭɦɚ ɩɪɨɝɢɧɿɜ ɫɟɪɟɞɢɧɧɢɯ ɬɨɱɨɤ 
ɩɥɚɫɬɢɧɢ ɡɦɟɧɲɭєɬɶɫɹ ɞɨ 0005.0));(( 17 =yxI   (ɪɢɫ. 2). 

ɉɪɢɤɥɚɞ 2. ɉɥɚɫɬɢɧɚ ɫɤɥɚɞɧɨʀ ɮɨɪɦɢ ɡ ɪɿɜɧɨɦɿɪɧɢɦ ɧɚɜɚɧɬɚɠɟɧɧɹɦ. 
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Ɋɢɫ. 2. Ɉɩɬɢɦɚɥɶɧɿ ɤɭɬɢ ɤɪɿɩɥɟɧɧɹ ɤɜɚɞɪɚɬɧɨʀ ɩɥɚɫɬɢɧɢ 
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ɇɟɯɚɣ ɩɥɚɫɬɢɧɚ ɦɚє ɮɨɪɦɭ ɨɜɚɥɭ Ʉɚɫɿɧɿ ɡ ɩɚɪɚɦɟɬɪɚɦɢ ɚ=1ɦ, ɫ=0,8ɦ 
ɪɿɜɧɨɦɿɪɧɟ ɧɚɜɚɧɬɚɠɟɧɧɹ кɧ/ɦ.кв.3=q (ɪɢɫ.3). Іɧɲɿ ɩɚɪɚɦɟɬɪɢ ɛɟɪɟɦɨ ɡ 
ɩɨɩɟɪɟɞɧɶɨɝɨ ɩɪɢɤɥɚɞɭ. Ɏɭɧɤɰɿɸ ),( yxw fixed  

ɡɚɞɚɦɨ, ɹɤ ɪɨɡɜ’ɹɡɨɤ ɩɪɹɦɨʀ 

ɡɚɞɚɱɿ (1) – (2) ɩɪɢ .0),( =yx  ɉɨɱɚɬɤɨɜɟ ɧɚɛɥɢɠɟɧɧɹ 2),(),(0 = yxtgyx   

ɞɥɹ ,),( Γyx   ɜɿɞɩɨɜɿɞɧɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɭ .503.0)),(,( 00 =yxwI   Ⱦɥɹ 
ɡɛɿɠɧɨɫɬɿ ɩɪɨɰɟɫɭ ɞɨɫɬɚɬɧɶɨ ɞɜɚɞɰɹɬɢ ɲɟɫɬɢ ɿɬɟɪɚɰɿɣ. ɇɚ ɪɢɫ.3 ɡɧɚɤɚɦɢ «+» ɿ 
«–» ɜ ɲɬɪɢɯɨɜɚɧɧɨɦɭ ɫɟɝɦɟɧɬɿ ɩɨɡɧɚɱɟɧɿ ɞɿɥɹɧɤɢ ɞɨɞɚɬɧɢɯ ɿ ɜɿɞ’єɦɧɢɯ 
ɡɧɚɱɟɧɶ ɜɿɞɩɨɜɿɞɧɢɯ ɬɚɧɝɟɧɫɿɜ  ɤɭɬɿɜ ɧɚɯɢɥɭ ɤɪɿɩɥɟɧɧɹ ɩɥɚɫɬɢɧɢ ɜ ɝɪɚɧɢɱɧɢɯ 
ɬɨɱɤɚɯ, ɬɨɛɬɨ ɫɩɨɫɬɟɪɿɝɚєɬɶɫɹ ɱɟɪɝɭɜɚɧɧɹ ɡɧɚɤɿɜ ɩɪɢ ɩɟɪɟɯɨɞɿ ɱɟɪɟɡ ɬɨɱɤɢ 
ɩɨɡɧɚɱɟɧɿ ɧɚ ɪɢɫɭɧɤɭ ɫɢɦɜɨɥɚɦɢ « » ɿ « ». Ʉɪɿɦ ɬɨɝɨ, ɦɚє ɦɿɫɰɟ ɫɢɦɟɬɪɿɹ 
ɨɬɪɢɦɚɧɢɯ ɪɨɡɪɚɯɭɧɤɿɜ  

,019.0)( −=Atg ,018.0)'( −=Atg ,055.0)( =Btg ,059.0)'( =Btg
,028.0)( =Ctg ,029.0)'( =Ctg ,011.0)( −=Dtg ,011.0)'( −=Dtg

,077.0)( =Etg .073.0)'( =Etg  

 

Ɂɧɚɱɟɧɧɹ ɬɚɧɝɟɧɫɿɜ ɤɭɬɿɜ ɤɪɿɩɥɟɧɧɹ ɛɥɢɡɶɤɿ ɞɨ ɧɭɥɹ, ɩɪɢ ɰɶɨɦɭ ɫɭɦɚ ɩɪɨɝɢɧɿɜ  

ɬɨɱɨɤ ɩɥɚɫɬɢɧɢ ɡɦɟɧɲɭєɬɶɫɹ ɞɨ 544.9));(,( 2626 −=yxwI  (ɪɢɫ. 3). 
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ȼɢɫɧɨɜɨɤ. ɋɮɨɪɦɭɥɶɨɜɚɧɚ ɦɚɬɟɦɚɬɢɱɧɚ ɩɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ 
ɝɪɚɧɢɱɧɨɝɨ ɤɟɪɭɜɚɧɧɹ ɞɥɹ ɧɟɨɞɧɨɪɿɞɧɨɝɨ ɛɿɝɚɪɦɨɧɿɱɧɨɝɨ ɪɿɜɧɹɧɧɹ. ȼɤɚɡɚɧɿ 
ɨɫɧɨɜɧɿ ɟɬɚɩɢ ʀʀ ɪɨɡɜ’ɹɡɚɧɧɹ, ɚ ɫɚɦɟ ɨɛґɪɭɧɬɭɜɚɧɧɹ ɞɨɫɬɨɜɿɪɧɨɫɬɿ ɿ єɞɧɨɫɬɿ 
ɪɨɡɜ’ɹɡɤɭ, ɚɧɚɥɿɡ ɮɭɧɤɰɿɨɧɚɥɭ ɹɤɨɫɬɿ, ɡɧɚɯɨɞɠɟɧɧɹ ɩɨɯɿɞɧɨʀ Ɏɪɟɲɟ, 
ɡɚɫɬɨɫɭɜɚɧɧɹ ɝɪɚɞɿєɧɬɧɨɝɨ ɦɟɬɨɞɭ ɬɚ ɪɨɡɜ’ɹɡɭɜɚɧɧɹ ɦɨɞɟɥɶɧɢɯ ɡɚɞɚɱ, ɚ ɬɚɤɨɠ 
ɡɪɨɛɥɟɧɿ ɜɿɞɩɨɜɿɞɧɿ ɩɨɫɢɥɚɧɧɹ. 

ȼɚɠɥɢɜɨ, ɳɨ ɜ ɰɿɣ ɫɬɚɬɬɿ ɦɟɬɨɞ ɩɪɨɿɥɸɫɬɪɨɜɚɧɢɣ ɤɨɧɤɪɟɬɧɢɦ ɮɿɡɢɱɧɢɦ 
ɩɪɢɤɥɚɞɨɦ ɞɥɹ ɩɥɚɫɬɢɧ ɫɤɥɚɞɧɨʀ ɮɨɪɦɢ. Ɋɨɡɪɚɯɭɧɤɢ ɩɚɪɚɦɟɬɪɿɜ ɤɪɿɩɥɟɧɧɹ ɜ 
ɪɿɡɧɢɯ ɝɪɚɧɢɱɧɢɯ ɬɨɱɤɚɯ ɬɚɤɢɯ ɩɥɚɫɬɢɧɢ ɜɿɞɩɨɜɿɞɚɸɬɶ ɭɹɜɥɟɧɧɹɦ ɩɪɨ 
ɮɿɡɢɱɧɭ ɤɚɪɬɢɧɭ ɩɪɨɰɟɫɭ, ɚ ɫɢɦɟɬɪɿɹ ɨɬɪɢɦɚɧɢɯ ɪɟɡɭɥɶɬɚɬɿɜ ɞɥɹ ɩɥɚɫɬɢɧ 
ɜɿɞɩɨɜɿɞɧɨʀ ɮɨɪɦɢ ɭ ɜɢɩɚɞɤɭ ɪɿɜɧɨɦɿɪɧɨɝɨ ɧɚɜɚɧɬɚɠɟɧɧɹ  є ɞɨɞɚɬɤɨɜɢɦ 
ɩɿɞɬɜɟɪɞɠɟɧɧɹɦ ɜɿɪɨɝɿɞɧɨɫɬɿ  ɧɚɜɟɞɟɧɢɯ ɪɨɡɪɚɯɭɧɤɿɜ. 
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Ʌ.Ʌ. Ƚɚɪɬ 
Ⱦɧɿɩɪɨɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

 

ɉɊɈ ɈɐȱɇɄɂ ɒȼɂȾɄɈɋɌȱ ɁȻȱɀɇɈɋɌȱ ɉɊɈȿɄɐȱɃɇɈ-

ȱɌȿɊȺɐȱɃɇɂɏ ɉɊɈɐȿɋȱȼ ɍɆɈȼɇɈȲ ɆȱɇȱɆȱɁȺɐȱȲ ɎɍɇɄɐȱɈɇȺɅȺ 
 
Ⱦɨɫɥɿɞɠɟɧɨ ɩɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɿ ɩɪɨɰɟɫɢ, ɡɚɫɧɨɜɚɧɿ ɧɚ ɦɟɬɨɞɿ ɭɦɨɜɧɨɝɨ 

ɝɪɚɞɿєɧɬɚ, ɞɥɹ ɪɨɡɜ'ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɦɿɧɿɦɿɡɚɰɿʀ ɮɭɧɤɰɿɨɧɚɥɚ ɜ ɞɿɣɫɧɨɦɭ ɫɟɩɚɪɚɛɟɥɶɧɨɦɭ 
ɝɿɥɶɛɟɪɬɨɜɨɦɭ ɩɪɨɫɬɨɪɿ. Ⱦɨɜɟɞɟɧɨ ɡɛɿɠɧɿɫɬɶ ɡɚ ɮɭɧɤɰɿɨɧɚɥɨɦ, ɚ ɜ ɪɚɡɿ ɫɢɥɶɧɨ 
ɨɩɭɤɥɨɝɨ ɮɭɧɤɰɿɨɧɚɥɚ − ɣ ɡɚ ɚɪɝɭɦɟɧɬɨɦ, ɞɟɤɿɥɶɤɨɯ ɨɛɱɢɫɥɸɜɚɥɶɧɢɯ ɫɯɟɦ 
ɩɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɨɝɨ ɦɟɬɨɞɭ ɩɪɢ ɪɿɡɧɢɯ ɫɩɨɫɨɛɚɯ ɜɢɛɨɪɭ ɤɪɨɤɨɜɨɝɨ ɦɧɨɠɧɢɤɚ. 

Ɉɬɪɢɦɚɧɨ ɨɰɿɧɤɢ ɩɨɯɢɛɤɢ ɬɚ ɲɜɢɞɤɨɫɬɿ ɡɛɿɠɧɨɫɬɿ. 
Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɮɭɧɤɰɿɨɧɚɥ, ɦɧɨɠɢɧɚ, ɩɪɨɫɬɿɪ, ɡɚɞɚɱɚ ɦɿɧɿɦɿɡɚɰɿʀ, ɩɨɫɥɿɞɨɜɧɿɫɬɶ, 

ɦɟɬɨɞ ɭɦɨɜɧɨɝɨ ɝɪɚɞɿєɧɬɚ, ɩɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɢɣ ɦɟɬɨɞ, ɡɛɿɠɧɿɫɬɶ, ɨɰɿɧɤɚ, ɩɨɯɢɛɤɚ. 
 

ɂɫɫɥɟɞɨɜɚɧɵ ɩɪɨɟɤɰɢɨɧɧɨ-ɢɬɟɪɚɰɢɨɧɧɵɟ ɩɪɨɰɟɫɫɵ, ɨɫɧɨɜɚɧɧɵɟ ɧɚ ɦɟɬɨɞɟ 

ɭɫɥɨɜɧɨɝɨ ɝɪɚɞɢɟɧɬɚ, ɞɥɹ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ ɦɢɧɢɦɢɡɚɰɢɢ ɮɭɧɤɰɢɨɧɚɥɚ ɜ 
ɜɟɳɟɫɬɜɟɧɧɨɦ ɫɟɩɚɪɚɛɟɥɶɧɨɦ ɝɢɥɶɛɟɪɬɨɜɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ. Ⱦɨɤɚɡɚɧɚ ɫɯɨɞɢɦɨɫɬɶ ɩɨ 

ɮɭɧɤɰɢɨɧɚɥɭ, ɚ ɜ ɫɥɭɱɚɟ ɫɢɥɶɧɨ ɜɵɩɭɤɥɨɝɨ ɮɭɧɤɰɢɨɧɚɥɚ − ɢ ɩɨ ɚɪɝɭɦɟɧɬɭ, 
ɧɟɫɤɨɥɶɤɢɯ ɜɵɱɢɫɥɢɬɟɥɶɧɵɯ ɫɯɟɦ ɩɪɨɟɤɰɢɨɧɧɨ-ɢɬɟɪɚɰɢɨɧɧɨɝɨ ɦɟɬɨɞɚ ɩɪɢ 

ɪɚɡɥɢɱɧɵɯ ɫɩɨɫɨɛɚɯ ɜɵɛɨɪɚ ɲɚɝɨɜɨɝɨ ɦɧɨɠɢɬɟɥɹ. ɉɨɥɭɱɟɧɵ ɨɰɟɧɤɢ ɩɨɝɪɟɲɧɨɫɬɢ ɢ 

ɫɤɨɪɨɫɬɢ ɫɯɨɞɢɦɨɫɬɢ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɮɭɧɤɰɢɨɧɚɥ, ɦɧɨɠɟɫɬɜɨ, ɩɪɨɫɬɪɚɧɫɬɜɨ, ɡɚɞɚɱɚ ɦɢɧɢɦɢɡɚɰɢɢ, 
ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ, ɦɟɬɨɞ ɭɫɥɨɜɧɨɝɨ ɝɪɚɞɢɟɧɬɚ, ɩɪɨɟɤɰɢɨɧɧɨ-ɢɬɟɪɚɰɢɨɧɧɵɣ ɦɟɬɨɞ, 
ɫɯɨɞɢɦɨɫɬɶ, ɨɰɟɧɤɚ, ɩɨɝɪɟɲɧɨɫɬɶ. 

 

We study projection-iterative processes based on the conditional gradient method to 

solve the problem of minimizing a functional in a real separable Hilbert space.  

To solve extremal problems, methods of approximate (projection) type are often used, 

which make it possible to replace the initial problem by a sequence of auxiliary approxi-

mating extremal problems. The work of many authors is devoted to the problems of ap-

proximating various classes of extremal problems. Investigations of projection and projec-

tion-iteration methods for solving extremal problems with constraints in Hilbert and re-

flexive Banach spaces were carried out, in particular, in the works of S.D. Balashova, in 

which the general conditions for approximation and convergence of sequences of exact and 

approximate solutions of approximating extremal problems considered both in subspaces 

of the original space and in certain spaces isomorphic to them were proposed. 

The projection-iterative approach to the approximate solution of an extremal problem is 

based on the possibility of applying iterative methods to the solution of approximating 

problems. Moreover, for each of the "approximate" extremal problems, only a few approx-

imations are obtained with the help of a certain iteration method and the last of them as the 

initial approximation for the next "approximate" problem is used. 

This paper, in continuation of the author's past work to solve the problem of minimizing 

a functional on a convex set of Hilbert space, is devoted to obtaining theoretical estimates  

of the rate of convergence of the projection-iteration method based on the conditional gra-

dient method (for different ways of specifying a step multiplier) of minimization of approx 

________________________ 
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imating functionals in certain spaces isomorphic to subspaces of the original space. We 

prove theorems on the convergence of a projection-iteration method and obtain estimates 

of error and convergence degree. 

Keywords: functional, set, space, minimization problem, sequence, conditional gradient 

method, projection-iteration method, convergence, estimate, error. 

 

ȼɫɬɭɩ. Іɬɟɪɚɰɿɣɧɿ ɿ ɩɪɨɟɤɰɿɣɧɿ (ɚɩɪɨɤɫɢɦɚɰɿɣɧɿ) ɦɟɬɨɞɢ ɫɤɥɚɞɚɸɬɶ ɞɜɚ 
ɧɚɣɜɚɠɥɢɜɿɲɢɯ ɤɥɚɫɢ ɱɢɫɟɥɶɧɢɯ ɩɪɨɰɟɞɭɪ, ɹɤɿ ɡɚɫɬɨɫɨɜɭɸɬɶɫɹ ɞɥɹ ɩɨɛɭɞɨɜɢ 
ɪɨɡɜ’ɹɡɤɿɜ ɪɿɡɧɢɯ ɡɚɞɚɱ, ɳɨ ɜɢɧɢɤɚɸɬɶ ɜ ɬɟɨɪɿʀ ɤɟɪɭɜɚɧɧɹ ɿ ɨɩɬɢɦɿɡɚɰɿʀ [1]. 
ɉɪɚɜɢɥɶɧɨ ɩɨɛɭɞɨɜɚɧɚ ɚɩɪɨɤɫɢɦɚɰɿɹ ɟɤɫɬɪɟɦɚɥɶɧɨʀ ɡɚɞɚɱɿ ɡɚɞɚɱɚɦɢ ɛɿɥɶɲ 
ɩɪɨɫɬɨʀ ɩɪɢɪɨɞɢ ɞɨɡɜɨɥɹє ɨɬɪɢɦɚɬɢ ɡɦɿɫɬɨɜɧɿ ɪɟɡɭɥɶɬɚɬɢ ɹɤɿɫɧɨɝɨ ɿ 
ɤɿɥɶɤɿɫɧɨɝɨ ɯɚɪɚɤɬɟɪɭ ɩɪɨ ɞɨɫɥɿɞɠɭɜɚɧɢɣ ɩɪɨɰɟɫ. Ɉɫɧɨɜɢ ɬɟɨɪɿʀ ɿ ɦɟɬɨɞɿɜ 
ɚɩɪɨɤɫɢɦɚɰɿʀ ɬɚ ɫɬɿɣɤɨɫɬɿ ɟɤɫɬɪɟɦɚɥɶɧɢɯ ɡɚɞɚɱ ɡɚɤɥɚɞɟɧɿ ɜ ɩɪɚɰɹɯ  
ɉ.-ɀ. Ʌɨɪɚɧɚ, ɘ. Ɇ. Єɪɦɨɥɶєɜɚ, Ⱥ. Ɇ. Ɍɢɯɨɧɨɜɚ, ȼ. ȼ. ȼɚɫɢɧɚ, 
Ɇ. Ɇ. ɉɨɬɚɩɨɜɚ, Ⱥ. Ⱦɨɧɱɟɜɚ, ȼ. ȼ. ɉɟɬɪɿɲɢɧɚ, Ȼ. ɒ. Ɇɨɪɞɭɯɨɜɢɱɚ ɬɚ 
ɛɚɝɚɬɶɨɯ ɿɧɲɢɯ ɚɜɬɨɪɿɜ. ɉɟɪɲɿ ɪɟɡɭɥɶɬɚɬɢ ɿɡ ɡɚɝɚɥɶɧɢɯ ɭɦɨɜ ɡɛɿɠɧɨɫɬɿ ɡɚ 
ɮɭɧɤɰɿɨɧɚɥɨɦ, ɜ ɬɨɦɭ ɱɢɫɥɿ ɞɥɹ ɫɤɿɧɱɟɧɧɨ-ɪɿɡɧɢɰɟɜɢɯ ɚɩɪɨɤɫɢɦɚɰɿɣ 
ɟɤɫɬɪɟɦɚɥɶɧɢɯ ɡɚɞɚɱ ɛɭɥɢ ɨɬɪɢɦɚɧɿ ɜ ɪɨɛɨɬɚɯ Ȼ. Ɇ. Ȼɭɞɚɤɚ, Ȼ. Ɇ. Ȼɟɪɤɨɜɢɱɚ, 
Є. Ɇ. ɋɨɥɨɜɶɨɜɨʀ [2]. Ⱦɥɹ ɡɛɿɠɧɨɫɬɿ ɚɩɪɨɤɫɢɦɚɰɿɣɧɢɯ ɦɟɬɨɞɿɜ ɡɚ ɚɪɝɭɦɟɧɬɨɦ 
ɜɢɤɨɪɢɫɬɨɜɭɜɚɜɫɹ ɦɟɬɨɞ ɪɟɝɭɥɹɪɢɡɚɰɿʀ Ⱥ. Ɇ. Ɍɢɯɨɧɨɜɚ. Ɉɫɧɨɜɚɦ ɬɟɨɪɿʀ 
ɿɬɟɪɚɰɿɣɧɢɯ ɦɟɬɨɞɿɜ ɿ ɚɥɝɨɪɢɬɦɿɜ ɨɩɬɢɦɿɡɚɰɿʀ ɩɪɢɫɜɹɱɟɧɿ ɜɿɞɨɦɿ ɪɨɛɨɬɢ 
ɀ. ɋɟɚ, ȿ. ɉɨɥɚɤɚ, Ȼ. Ɇ. ɉɲɟɧɢɱɧɨɝɨ, ɘ. Ɇ. Ⱦɚɧɢɥɿɧɚ, Ɏ. ɉ. ȼɚɫɢɥɶєɜɚ ɬɚ 
ɛɚɝɚɬɶɨɯ ɿɧɲɢɯ ɜɱɟɧɢɯ. ɋɤɥɚɞɧɿɫɬɶ ɬɚ ɟɮɟɤɬɢɜɧɿɫɬɶ ɦɟɬɨɞɿɜ ɨɩɬɢɦɿɡɚɰɿʀ 
ɜɢɜɱɚɥɚɫɶ ɜ ɪɨɛɨɬɚɯ Ⱥ. ɋ. ɇɟɦɢɪɨɜɫɶɤɨɝɨ, Ⱦ. Ȼ. ɘɞɢɧɚ, Ɇ. Ɇ. Ʉɭɡɸɪɢɧɚ, 
ɋ. Ⱥ. Ɏɨɦɿɧɚ. 

ɉɪɨɟɤɰɿɣɧɿ ɬɚ ɩɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɿ ɦɟɬɨɞɢ ɪɨɡɜ’ɹɡɚɧɧɹ ɟɤɫɬɪɟɦɚɥɶɧɢɯ 
ɡɚɞɚɱ ɜ ɝɿɥɶɛɟɪɬɨɜɢɯ ɿ ɪɟɮɥɟɤɫɢɜɧɢɯ ɛɚɧɚɯɨɜɢɯ ɩɪɨɫɬɨɪɚɯ, ɡɚɫɧɨɜɚɧɿ ɧɚ 
ɛɚɡɨɜɿɣ ɿɞɟʀ ɋ. Ⱦ. Ȼɚɥɚɲɨɜɨʀ, ɞɨɫɥɿɞɠɭɜɚɥɢɫɹ ɜ ɪɨɛɨɬɚɯ [3-10]. ɋɬɨɫɨɜɧɨ 
ɡɚɞɚɱɿ 

inf)(   uF → ,     u ,                                           (1) 

ɦɿɧɿɦɿɡɚɰɿʀ ɨɛɦɟɠɟɧɨɝɨ ɡɧɢɡɭ ɮɭɧɤɰɿɨɧɚɥɭ )(uF  ɧɚ ɦɧɨɠɢɧɿ   ɞɿɣɫɧɨɝɨ 
ɫɟɩɚɪɚɛɟɥɶɧɨɝɨ ɝɿɥɶɛɟɪɬɨɜɚ ɩɪɨɫɬɨɪɭ H  ɰɹ ɿɞɟɹ ɩɨɥɹɝɚє ɜ ɬɨɦɭ, ɳɨ ɡɚɞɚɱɚ (1) 
ɡɚɦɿɧɸєɬɶɫɹ ɞɟɹɤɨɸ ɩɨɫɥɿɞɨɜɧɿɫɬɸ ɚɩɪɨɤɫɢɦɭɸɱɢɯ ʀʀ ɟɤɫɬɪɟɦɚɥɶɧɢɯ ɡɚɞɚɱ 

inf)(   uF nn → ,     nnu  ,    ,..., 2 1n = ,                        (2) 

ɡɚɞɚɧɢɯ ɧɚ ɦɧɨɠɢɧɚɯ nn H=  ɿɡ ɩɿɞɩɪɨɫɬɨɪɿɜ nH  ɜɢɯɿɞɧɨɝɨ ɩɪɨɫɬɨɪɭ 
)......( HHHH n21  . Ⱦɥɹ ɤɨɠɧɨʀ ɡ «ɧɚɛɥɢɠɟɧɢɯ» ɟɤɫɬɪɟɦɚɥɶɧɢɯ 

ɡɚɞɚɱ (2) ɡɧɚɯɨɞɢɬɶɫɹ ɡɚ ɞɨɩɨɦɨɝɨɸ ɞɟɹɤɨɝɨ ɿɬɟɪɚɰɿɣɧɨɝɨ ɦɟɬɨɞɭ ɥɢɲɟ ɤɿɥɶɤɚ 
ɧɚɛɥɢɠɟɧɶ n

k
nu )( , nk 2 1k ,...,,= , ɨɫɬɚɧɧє ɡ ɹɤɢɯ ɨɛɢɪɚєɬɶɫɹ ɡɚ ɩɨɱɚɬɤɨɜɟ 

ɧɚɛɥɢɠɟɧɧɹ ɜ ɿɬɟɪɚɰɿɣɧɨɦɭ ɩɪɨɰɟɫɿ ɞɥɹ ɧɚɫɬɭɩɧɨʀ, ( 1n + )-ɨʀ ɡɚɞɚɱɿ. 
ɉɨɫɥɿɞɨɜɧɿɫɬɶ ɧɚɛɥɢɠɟɧɶ }{

)(
n

k

n
u  ɨɝɨɥɨɲɭєɬɶɫɹ ɦɿɧɿɦɿɡɭɸɱɨɸ ɩɨɫɥɿɞɨɜɧɿɫɬɸ 

ɞɥɹ ɜɢɯɿɞɧɨɝɨ ɮɭɧɤɰɿɨɧɚɥɭ )(uF  ɧɚ ɦɧɨɠɢɧɿ H , ɚ ɬɚɤɨɠ ɩɨɫɥɿɞɨɜɧɿɫɬɸ 
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ɧɚɛɥɢɠɟɧɶ ɞɨ ɬɨɱɤɢ *u  ɦɿɧɿɦɭɦɭ )(uF  ɧɚ   (ɹɤɳɨ ɬɚɤɚ ɬɨɱɤɚ ɿɫɧɭє). 
Ɉɬɪɢɦɚɧɨ ɡɚɝɚɥɶɧɿ ɭɦɨɜɢ ɚɩɪɨɤɫɢɦɚɰɿʀ ɿ ɡɛɿɠɧɨɫɬɿ ɡɚ ɮɭɧɤɰɿɨɧɚɥɨɦ (ɚ ɭ 
ɜɢɩɚɞɤɭ ɫɢɥɶɧɨ ɨɩɭɤɥɨɝɨ ɮɭɧɤɰɿɨɧɚɥɭ )(uF  ɧɚ   − ɣ ɡɚ ɚɪɝɭɦɟɧɬɨɦ) 
ɩɪɨɟɤɰɿɣɧɨɝɨ ɿ ɞɟɹɤɢɯ ɩɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɢɯ ɦɟɬɨɞɿɜ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ (1), 
ɜ ɬɨɦɭ ɱɢɫɥɿ ɛɟɡɭɦɨɜɧɨʀ ɦɿɧɿɦɿɡɚɰɿʀ )( H=  ɩɪɢ ɩɪɨɟɤɬɭɜɚɧɧɿ ɹɤ ɭ 
ɩɿɞɩɪɨɫɬɨɪɢ ɜɢɯɿɞɧɨɝɨ ɩɪɨɫɬɨɪɭ, ɬɚɤ ɿ ɜ ɞɟɹɤɿ ɩɪɨɫɬɨɪɢ, ɿɡɨɦɨɪɮɧɿ ɧɢɦ. 
ɉɨɛɭɞɨɜɚɧɨ ɩɪɨɟɤɰɿɣɧɿ ɜɚɪɿɚɧɬɢ ɝɪɚɞɿєɧɬɧɢɯ ɦɟɬɨɞɿɜ (ɩɪɨɟɤɰɿʀ ɝɪɚɞɿєɧɬɭ [6], 
ɭɦɨɜɧɨɝɨ ɝɪɚɞɿєɧɬɭ [3], ɫɩɪɹɠɟɧɢɯ ɝɪɚɞɿєɧɬɿɜ [7]), ɦɟɬɨɞɿɜ ɪɟɥɚɤɫɚɰɿʀ ɬɚ 
ɇɶɸɬɨɧɚ [4] ɜ ɞɿɣɫɧɢɯ ɫɟɩɚɪɚɛɟɥɶɧɢɯ ɝɿɥɶɛɟɪɬɨɜɢɯ ɩɪɨɫɬɨɪɚɯ. ɍ ɬɨɣ ɠɟ ɱɚɫ 
ɧɟɞɨɫɥɿɞɠɟɧɢɦɢ ɡɚɥɢɲɢɥɢɫɶ ɩɢɬɚɧɧɹ ɫɬɿɣɤɨɫɬɿ ɬɚ ɲɜɢɞɤɨɫɬɿ ɡɛɿɠɧɨɫɬɿ 
ɩɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɢɯ ɦɟɬɨɞɿɜ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ (1), ɦɨɠɥɢɜɨɫɬɿ 
ɩɨɛɭɞɭɜɚɧɧɹ ɪɟɝɭɥɹɪɢɡɭɸɱɢɯ ɩɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɢɯ ɦɟɬɨɞɿɜ ɪɨɡɜ’ɹɡɚɧɧɹ 
ɧɟɤɨɪɟɤɬɧɢɯ ɟɤɫɬɪɟɦɚɥɶɧɢɯ ɡɚɞɚɱ ɭ ɮɭɧɤɰɿɨɧɚɥɶɧɢɯ ɩɪɨɫɬɨɪɚɯ. 

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ. ɇɟɯɚɣ ɧɚ ɞɟɹɤɿɣ ɦɧɨɠɢɧɿ   ɞɿɣɫɧɨɝɨ ɫɟɩɚɪɚɛɟɥɶɧɨɝɨ 
ɝɿɥɶɛɟɪɬɨɜɚ ɩɪɨɫɬɨɪɭ H  ɡɚɞɚɧɢɣ ɨɛɦɟɠɟɧɢɣ ɡɧɢɡɭ ɮɭɧɤɰɿɨɧɚɥ )(uF : 

−=


F*uF 
u

)(inf .                                            (3) 

Ɋɨɡɝɥɹɧɟɦɨ ɡɚɞɚɱɭ (1) ɦɿɧɿɦɿɡɚɰɿʀ )(uF  ɧɚ  , ɪɨɡɭɦɿɸɱɢ ɩɿɞ ɰɢɦ ɬɚɤɿ 
ɩɢɬɚɧɧɹ [11]: 1) ɡɧɚɣɬɢ )( inf* uFF

u 
= ; 2) ɜɤɚɡɚɬɢ ɦɿɧɿɦɿɡɭɸɱɭ ɩɨɫɥɿɞɨɜɧɿɫɬɶ 

}{ )(ku , ɞɥɹ ɹɤɨʀ *)( lim )( FuF k

k
=

→
, ɚɛɨ ɠ, ɹɤɳɨ ɰɟ ɦɨɠɥɢɜɨ, ɡɧɚɣɬɢ ɬɨɱɤɭ 

*u  ɡ ɜɥɚɫɬɢɜɿɫɬɸ *Fu*F =)(  (ɬɨɱɤɭ ɦɿɧɿɦɭɦɭ )(uF  ɧɚ  ). 

Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ (1), ɹɤ ɡɚɡɧɚɱɚɥɨɫɶ ɜɢɳɟ, ɪɨɡɪɨɛɥɟɧɨ ɿ ɞɨɫɥɿɞɠɟɧɨ 
ɧɚ ɡɛɿɠɧɿɫɬɶ ɡɧɚɱɧɭ ɤɿɥɶɤɿɫɬɶ ɩɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɢɯ ɦɟɬɨɞɿɜ, ɹɤɿ ɞɨɡɜɨɥɹɸɬɶ 
ɡɚ ɩɟɜɧɢɯ ɭɦɨɜ ɛɭɞɭɜɚɬɢ ɧɚ   ɩɨɫɥɿɞɨɜɧɨɫɬɿ }{ )( nk

nu , ɳɨ є ɦɿɧɿɦɿɡɭɸɱɢɦɢ ɞɥɹ 
)(uF  ɚɛɨ ɡɛɿɝɚɸɬɶɫɹ ɞɨ ɬɨɱɰɿ ɦɿɧɿɦɭɦɭ *u . ɑɚɫɬɢɧɚ ɡ ɰɢɯ ɦɟɬɨɞɿɜ 

ɩɪɢɞɚɬɧɚ ɞɥɹ ɩɨɲɭɤɭ ɦɿɧɿɦɭɦɭ ɮɭɧɤɰɿɨɧɚɥɚ ɧɚ ɜɫɶɨɦɭ ɩɪɨɫɬɨɪɿ H , ɱɚɫɬɢɧɚ 
− ɧɚ ɨɛɦɟɠɟɧɢɯ ɦɧɨɠɢɧɚɯ  , ɚ ɞɟɹɤɿ ɦɟɬɨɞɢ ɧɟɫɤɥɚɞɧɨ ɩɪɢɫɬɨɫɭɜɚɬɢ ɞɨ 
ɩɨɲɭɤɭ ɦɿɧɿɦɭɦɭ ɹɤ ɩɪɢ H= , ɬɚɤ ɿ ɩɪɢ H , ɩɪɢɱɨɦɭ ɦɧɨɠɢɧɚ   ɦɨɠɟ 
ɛɭɬɢ ɨɛɦɟɠɟɧɚ ɚɛɨ ɧɟɨɛɦɟɠɟɧɚ. 

ȼ ɞɚɧɿɣ ɪɨɛɨɬɿ ɞɨɫɥɿɞɠɭɸɬɶɫɹ ɞɟɤɿɥɶɤɚ ɨɛɱɢɫɥɸɜɚɥɶɧɢɯ ɫɯɟɦ ɩɪɨɟɤɰɿɣɧɨ-
ɿɬɟɪɚɰɿɣɧɨɝɨ ɦɟɬɨɞɭ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ (1), ɨɫɧɨɜɚɧɨɝɨ ɧɚ ɦɟɬɨɞɿ ɭɦɨɜɧɨɝɨ 
ɝɪɚɞɿєɧɬɭ, ɩɪɢ ɪɿɡɧɢɯ ɫɩɨɫɨɛɚɯ ɜɢɛɨɪɭ ɤɪɨɤɨɜɨɝɨ ɦɧɨɠɧɢɤɚ. Ɂɚ ɩɟɜɧɢɯ 
ɩɪɢɩɭɳɟɧɶ ɞɨɜɨɞɢɬɶɫɹ ɡɛɿɠɧɿɫɬɶ ɜɿɞɩɨɜɿɞɧɢɯ ɩɨɫɥɿɞɨɜɧɨɫɬɟɣ ɧɚɛɥɢɠɟɧɶ ɡɚ 
ɮɭɧɤɰɿɨɧɚɥɨɦ ɿ ɡɚ ɚɪɝɭɦɟɧɬɨɦ ɬɚ ɨɞɟɪɠɭɸɬɶɫɹ ɨɰɿɧɤɢ ɲɜɢɞɤɨɫɬɿ ɡɛɿɠɧɨɫɬɿ. 

Ɇɟɬɨɞ ɪɨɡɜ’ɹɡɚɧɧɹ. ɉɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɚ ɪɟɚɥɿɡɚɰɿɹ ɦɟɬɨɞɭ ɭɦɨɜɧɨɝɨ 
ɝɪɚɞɿєɧɬɭ ɜ ɝɿɥɶɛɟɪɬɨɜɨɦɭ ɩɪɨɫɬɨɪɿ. Ⱦɥɹ ɧɚɛɥɢɠɟɧɨɝɨ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ (1) 
ɚɩɪɨɤɫɢɦɭєɦɨ ɮɭɧɤɰɿɨɧɚɥ )(uF  ɩɨɫɥɿɞɨɜɧɿɫɬɸ ɛɿɥɶɲ ɩɪɨɫɬɢɯ «ɧɚɛɥɢɠɟɧɢɯ» 
ɮɭɧɤɰɿɨɧɚɥɿɜ )~(

~
nn uF , 2,... 1,n = , ɡɚɞɚɧɢɯ ɜɿɞɩɨɜɿɞɧɨ ɧɚ ɞɟɹɤɢɯ ɦɧɨɠɢɧɚɯ n~  

ɞɿɣɫɧɢɯ ɝɿɥɶɛɟɪɬɨɜɢɯ ɩɪɨɫɬɨɪɿɜ nH
~

. Ȼɭɞɟɦɨ ɜɜɚɠɚɬɢ, ɳɨ ɩɪɨɫɬɨɪɢ nH
~

 

ɿɡɨɦɨɪɮɧɿ ɩɿɞɩɪɨɫɬɨɪɚɦ nH  ɜɢɯɿɞɧɨɝɨ ɩɪɨɫɬɨɪɭ H  ɿ n  − ɥɿɧɿɣɧɿ ɧɟɩɟɪɟɪɜɧɨ 
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ɨɛɨɪɨɬɧɿ ɨɩɟɪɚɬɨɪɢ, ɹɤɿ ɡɞɿɣɫɧɸɸɬɶ ɜɡɚєɦɧɨ ɨɞɧɨɡɧɚɱɧɟ ɜɿɞɨɛɪɚɠɟɧɧɹ nH  ɧɚ 

nH
~

 ( 2,... 1,n = ), ɩɪɢɱɨɦɭ n  ɪɿɜɧɨɦɿɪɧɨ ɩɨ n  ɨɛɦɟɠɟɧɿ, ɬɨɛɬɨ 

Cn  ,   2,... 1,n = ;                                       (4) 
1

n
−  − ɨɩɟɪɚɬɨɪɢ ɨɛɨɪɨɬɧɨɝɨ ɜɿɞɨɛɪɚɠɟɧɧɹ nH

~
 ɧɚ nH . ȼ ɰɶɨɦɭ ɜɢɩɚɞɤɭ 

ɦɧɨɠɢɧɢ nn H
~~   ɦɚɸɬɶ ɜɢɝɥɹɞ 

},~:
~~{

~
nnnnnnnnn Hu  uu   Hu === ,  2,... 1,n = ;  1

~ .      (5) 

Ȼɭɞɟɦɨ ɩɪɢɩɭɫɤɚɬɢ ɧɚɞɚɥɿ, ɳɨ ɮɭɧɤɰɿɨɧɚɥɢ )~(
~

nn uF , 2,... 1,n =  ɩɨɜ’ɹɡɚɧɿ ɡ 
ɜɢɯɿɞɧɢɦ ɮɭɧɤɰɿɨɧɚɥɨɦ )(uF  ɭɦɨɜɨɸ ɛɥɢɡɶɤɨɫɬɿ 

nn
1

nnn uFuF − − ~
)~()~(

~
,    nnu  ~~ ,                            (6) 

ɞɟ 0n →~  ɩɪɢ →n , ɚ ɦɧɨɠɢɧɢ n~ , 2,... 1,n =  ɩɨɜ’ɹɡɚɧɿ ɡ   ɭɦɨɜɨɸ 

u     =
1nnu ~ , nnu  ~~ :    uulim n

1
n

n
=−

→

~ .                        (7) 

Ɂ ɭɦɨɜ (6) ɿ (3), ɡɨɤɪɟɦɚ, ɜɢɯɨɞɢɬɶ ɫɩɿɜɜɿɞɧɨɲɟɧɧɹ 

)~(
~~

)~(
~

* nnnn
1

nn uFuFF −− − ,   nnu  ~~ ,  2,... 1,n = ,          (8) 

ɡɜɿɞɤɢ ɜɢɩɥɢɜɚє ɨɛɦɟɠɟɧɿɫɬɶ ɡɧɢɡɭ ɤɨɠɧɨɝɨ ɡ ɧɚɛɥɢɠɟɧɢɯ ɮɭɧɤɰɿɨɧɚɥɿɜ 
)~(

~
nn uF  ɧɚ ɜɿɞɩɨɜɿɞɧɿɣ ɦɧɨɠɢɧɿ n~ :   −= 


nnn

u
FuF 

nn

~
)~(

~
inf~~

,  2,... 1,n = . 

Ȼɭɞɟɦɨ ɪɨɡɝɥɹɞɚɬɢ ɡɚɞɚɱɿ ɦɿɧɿɦɿɡɚɰɿʀ: 
inf)~(

~
  uF nn → ,   nnn Hu

~~~  ,  ,..., 2 1n = .                       (9) 

Ɂɛɿɠɧɿɫɬɶ ɜ H  ɩɪɨɟɤɰɿɣɧɨɝɨ ɦɟɬɨɞɭ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ (1) ɜɫɬɚɧɨɜɥɸє 
Ɍɟɨɪɟɦɚ 1 [10]. ɇɟɯɚɣ   − ɨɛɦɟɠɟɧɚ ɡɚɦɤɧɟɧɚ ɨɩɭɤɥɚ ɦɧɨɠɢɧɚ ɡ 

ɝɿɥɶɛɟɪɬɨɜɚ ɩɪɨɫɬɨɪɭ H , n~  − ɦɧɨɠɢɧɚ ɜɢɞɭ (5) ɡ ɝɿɥɶɛɟɪɬɨɜɚ ɩɪɨɫɬɨɪɭ 

nH
~

 )( 2,... 1,n = , ɩɨɜ’ɹɡɚɧɚ ɡ   ɭɦɨɜɨɸ (7). ɇɟɯɚɣ ɜɢɤɨɧɭєɬɶɫɹ ɭɦɨɜɚ (3), 

ɮɭɧɤɰɿɨɧɚɥɢ )(uF  ɿ )~(
~

nn uF , 2,... 1,n =  ɨɩɭɤɥɿ ɿ ɧɟɩɟɪɟɪɜɧɿ ɧɚ   ɿ n~ , 2,... 1,n =  

ɜɿɞɩɨɜɿɞɧɨ ɿ ɡɚɞɨɜɨɥɶɧɹɸɬɶ ɭɦɨɜɭ ɛɥɢɡɶɤɨɫɬɿ (6). Ɍɨɞɿ ɩɪɢ ɤɨɠɧɨɦɭ 
2,... 1,n =  ɮɭɧɤɰɿɨɧɚɥ )~(

~
nn uF  ɞɨɫɹɝɚє ɧɚ n~  ɫɜɨєʀ ɧɢɠɧɶɨʀ ɝɪɚɧɿ  ɿ ɞɥɹ ɛɭɞɶ-

ɹɤɢɯ  nn Mu
~~  

nM(
~

 – ɦɧɨɠɢɧɚ ɬɨɱɨɤ ɦɿɧɿɦɭɦɭ )~(
~

nn uF  ɧɚ n~ )  

*)~(
~

FuFlim nn
n

=

→
. ɉɪɢ ɰɶɨɦɭ ɛɭɞɶ-ɹɤɚ ɩɨɫɥɿɞɨɜɧɿɫɬɶ 

=
−

1nn
1

n
u }~{  є 

ɦɿɧɿɦɿɡɭɸɱɨɸ ɞɥɹ )(uF  ɧɚ   ɿ ɤɨɠɧɚ ʀʀ ɫɥɚɛɤɚ ɝɪɚɧɢɱɧɚ ɬɨɱɤɚ є ɬɨɱɤɨɸ 
ɦɿɧɿɦɭɦɭ )(uF  ɧɚ  , ɚ ɭ ɪɚɡɿ єɞɢɧɨɫɬɿ ɬɨɱɤɢ ɦɿɧɿɦɭɦɭ ɞɨ ɧɟʀ ɫɥɚɛɤɨ 
ɡɛɿɝɚєɬɶɫɹ ɜɫɹ ɩɨɫɥɿɞɨɜɧɿɫɬɶ 

=
−

1nn
1

n
u }~{ . 

ɇɟɯɚɣ ɧɚɞɚɥɿ   − ɨɩɭɤɥɚ ɡɚɦɤɧɟɧɚ ɨɛɦɟɠɟɧɚ ɦɧɨɠɢɧɚ ɜ ɝɿɥɶɛɟɪɬɨɜɨɦɭ 
ɩɪɨɫɬɨɪɿ H  ɿ nn H

~~  , 2,... 1,n =  − ɩɨɜ’ɹɡɚɧɿ ɡ ɧɟɸ ɦɧɨɠɢɧɢ ɜɢɞɭ (5).  ɉɪɢ 
ɞɨɜɟɞɟɧɧɿ ɬɟɨɪɟɦɢ 1 ɛɭɥɨ ɩɨɤɚɡɚɧɨ, ɳɨ ɡ ɨɛɦɟɠɟɧɨɫɬɿ, ɡɚɦɤɧɟɧɨɫɬɿ ɿ 
ɨɩɭɤɥɨɫɬɿ ɜ H  ɦɧɨɠɢɧɢ   ɜɢɩɥɢɜɚє ɨɛɦɟɠɟɧɿɫɬɶ, ɡɚɦɤɧɟɧɿɫɬɶ ɿ ɨɩɭɤɥɿɫɬɶ ɜ 

nH
~

 ɦɧɨɠɢɧɢ n~  ( 2,... 1,n = ). ɉɪɢɩɭɫɬɢɦɨ, ɳɨ ɩɪɢ ɤɨɠɧɨɦɭ 2,... 1,n =  
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ɧɚɛɥɢɠɟɧɢɣ ɮɭɧɤɰɿɨɧɚɥ )~(
~

nn uF  ɧɟɩɟɪɟɪɜɧɨ ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɢɣ ɡɚ Ɏɪɟɲɟ ɧɚ 

n~ . 

Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ (1) ɦɿɧɿɦɿɡɚɰɿʀ )(uF  ɧɚ   ɛɭɞɟɦɨ ɡɚɫɬɨɫɨɜɭɜɚɬɢ ɞɨ 
ɤɨɠɧɨʀ ɡ ɧɚɛɥɢɠɟɧɢɯ ɡɚɞɚɱ (9) ɿɬɟɪɚɰɿɣɧɢɣ ɦɟɬɨɞ ɭɦɨɜɧɨɝɨ ɝɪɚɞɿєɧɬɭ [11], 

ɩɪɢɱɨɦɭ ɛɭɞɟɦɨ ɛɭɞɭɜɚɬɢ ɥɢɲɟ ɤɿɥɶɤɚ ɧɚɛɥɢɠɟɧɶ ( )k
nu~  ( nk ..., 1,2,=k , Kkn  , 

K ℕ), ɨɫɬɚɧɧє ɡ ɹɤɢɯ ɛɭɞɟɦɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɡɚ ɩɨɱɚɬɤɨɜɟ ɧɚɛɥɢɠɟɧɧɹ ɜ 
ɿɬɟɪɚɰɿɣɧɨɦɭ ɩɪɨɰɟɫɿ ɞɥɹ ɧɚɫɬɭɩɧɨʀ ɧɚɛɥɢɠɟɧɨʀ ɡɚɞɚɱɿ. 

Ɂɚ ɩɨɱɚɬɤɨɜɟ ɧɚɛɥɢɠɟɧɧɹ ɜ ɩɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɨɦɭ ɩɪɨɰɟɫɿ ɜɿɡɶɦɟɦɨ 
ɞɟɹɤɢɣ ɟɥɟɦɟɧɬ 1

0
1u  ~~ )( . Ⱦɨɬɪɢɦɭɸɱɢɫɶ [11], ɹɤɳɨ ɜɠɟ ɜɿɞɨɦɨ ɧɚɛɥɢɠɟɧɧɹ 

n
k

nu  ~~ )(  1k 1 0k n −= ,...,,( ; ,..., 2 1n = ), ɬɨ ɛɟɪɟɦɨ ɝɨɥɨɜɧɭ ɥɿɧɿɣɧɭ ɱɚɫɬɢɧɭ 

nH
k

nn
k

nnn
k

n uu  uFuF ~
)()()( )~~),~(

~
()~(

~ − ,   nnu  ~~  

ɩɪɢɪɨɳɟɧɧɹ )||~~(||)~~),~(
~

()~(
~
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Ɍɨɞɿ ɮɨɪɦɭɥɚ (27) ɞɥɹ Nn   ɧɚɛɭɞɟ ɜɢɝɥɹɞɭ 
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Ʉɨɪɢɫɬɭɸɱɢɫɶ ɬɟɨɪɟɦɨɸ 6.2.3 ɿɡ [11] ɩɪɨ ɡɛɿɠɧɿɫɬɶ ɦɟɬɨɞɭ ɭɦɨɜɧɨɝɨ 
ɝɪɚɞɿєɧɬɭ ɞɥɹ ɡɚɞɚɱɿ ɦɿɧɿɦɿɡɚɰɿʀ (9), ɡɧɚɯɨɞɢɦɨ ɩɪɢ n N= : 

( ) ( ) ( )1 * *0 ( ) ( ) ( ) *N N Nk k k
N N N N N N N N Na F u F u F u F F F− =  − + − + −   

( ) *( ) 2 2Nk
N N N N N N N NF u F B k M − +  +   +  +  = ,    2 22N Nk k LC D  , 

ɞɟ 2 2 (0) *
N max{2 ;  F ( ) }( 1)N N NB LC D u F k= − + , *

N N NF inf F (u )
N Nu 

= , (0)
N Nu  , 

1kN 
~

 − ɧɨɦɟɪ ɿɬɟɪɚɰɿʀ, ɩɨɱɢɧɚɸɱɢ ɡ ɹɤɨɝɨ )(|)(
~

| )()( 22k
N

k
NN DCLuF =  

ɡɚɞɨɜɨɥɶɧɹє ɭɦɨɜɭ 10 N  .  Ɍɚɤɢɦ ɱɢɧɨɦ, ɫɩɪɚɜɟɞɥɢɜɿɫɬɶ ɨɰɿɧɤɢ (19) 

ɜɫɬɚɧɨɜɥɟɧɚ. əɤɳɨ ɞɨ ɬɨɝɨ ɠ 1qq0 n   ɞɥɹ ɜɫɿɯ Nn  , ɬɨ ɜ (19) 0n →  

ɩɪɢ →n . Ɍɟɨɪɟɦɚ ɞɨɜɟɞɟɧɚ. ■ 
ɇɚ ɩɪɚɤɬɢɰɿ ɩɪɢ ɪɨɡɜ’ɹɡɭɜɚɧɧɿ ɡɚɞɚɱ ɦɿɧɿɦɿɡɚɰɿʀ ɜɢɞɭ (1) ɨɛɦɟɠɟɧɧɹ (18) ɧɚ 

ɜɢɛɿɪ ɱɢɫɟɥ nk  ɦɨɠɟ ɜɢɹɜɢɬɢɫɶ ɡɚɧɚɞɬɨ ɠɨɪɫɬɤɢɦ ɿ ɧɚɜɿɬɶ ɧɟɡɞɿɣɫɧɟɧɧɢɦ. ȼ 
ɡɜ’ɹɡɤɭ ɡ ɰɢɦ ɤɨɪɢɫɧɨɸ ɦɨɠɟ ɛɭɬɢ ɬɚɤɚ ɨɰɿɧɤɚ ɲɜɢɞɤɨɫɬɿ ɡɛɿɠɧɨɫɬɿ 
ɩɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɨɝɨ ɩɪɨɰɟɫɭ (10), (12) (13), ɹɤɚ, ɯɨɱɚ ɿ ɛɭɞɟ, ɦɨɠɥɢɜɨ, 
ɡɚɜɢɳɟɧɨɸ ɜ ɩɨɪɿɜɧɹɧɧɿ ɡ (19), ɚɥɟ ɧɟ ɩɨɬɪɟɛɭɜɚɬɢɦɟ ɞɨɞɚɬɤɨɜɢɯ ɨɛɦɟɠɟɧɶ 
ɧɚ ɜɢɛɿɪ nk  ɿ ɧɚ ɲɜɢɞɤɿɫɬɶ ɡɛɿɠɧɨɫɬɿ 

=
− 1nn

1
n vF )}~({  ɞɨ *F . 

Ɍɟɨɪɟɦɚ 4 [8]. ɇɟɯɚɣ ɜɢɤɨɧɭɸɬɶɫɹ ɜɫɿ ɭɦɨɜɢ ɬɟɨɪɟɦɢ 3, ɡɚ ɜɢɧɹɬɤɨɦ (18). 
Ɍɨɞɿ ɫɩɪɚɜɟɞɥɢɜɚ ɨɰɿɧɤɚ 

( )1
n0 ( ) *  nk

n n na F u F− =  −   ,     1n  ,                        (29) 

ɞɟ  
1

2 2
n i i n

2 22 1

k ( 2) 4  2
n n nn n

j i i i j j
i ij j i j i

M q LC D q q
−

= == = = +

 = +   +  +  +     ,  1n  ;  

1 1 1 12B k = +  +  ;  1 (1 )n n nq k= +  , 0  1n     ;  n  ɞɚɸɬɶɫɹ ɜ (25); 

0M  , 0B  − ɫɬɚɥɿ, ɹɤɿ ɧɟ ɡɚɥɟɠɚɬɶ ɜɿɞ n ; 0L   ɿ 0C   ɜɢɡɧɚɱɟɧɿ ɜ (15) ɿ 
(4) ɜɿɞɩɨɜɿɞɧɨ, D  − ɞɿɚɦɟɬɪ ɦɧɨɠɢɧɢ  . 

ȼ ɭɦɨɜɚɯ ɬɟɨɪɟɦɢ 3 ɦɨɠɟ ɛɭɬɢ ɬɚɤɨɠ ɨɬɪɢɦɚɧɚ ɨɰɿɧɤɚ, ɹɤɚ ɯɚɪɚɤɬɟɪɢɡɭє 
ɲɜɢɞɤɿɫɬɶ ɡɛɿɠɧɨɫɬɿ ɩɨɫɥɿɞɨɜɧɨɫɬɿ 

=1n
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nn
nuF )}~(

~
{ )(  ɞɨ *F . Ⱥ ɫɚɦɟ, ɡ ɩɟɪɲɨʀ 

ɱɚɫɬɢɧɢ ɫɩɿɜɜɿɞɧɨɲɟɧɧɹ (21) ɡ ɭɪɚɯɭɜɚɧɧɹɦ (6) ɿ (19) (ɚɛɨ (29)) ɜɢɩɥɢɜɚє: 
nn
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Ɍɟɨɪɟɦɚ 5 [8]. ɇɟɯɚɣ ɜɢɤɨɧɭɸɬɶɫɹ ɜɫɿ ɭɦɨɜɢ ɬɟɨɪɟɦɢ 2, ɡɚ ɜɢɧɹɬɤɨɦ (3), ɿ 
ɭɦɨɜɚ (7). ɇɟɯɚɣ, ɤɪɿɦ ɬɨɝɨ, ɮɭɧɤɰɿɨɧɚɥ )(uF  ɧɟɩɟɪɟɪɜɧɢɣ ɿ ɫɢɥɶɧɨ ɨɩɭɤɥɢɣ 
ɧɚ H , ɚ ɮɭɧɤɰɿɨɧɚɥɢ )~(

~
nn uF  ɨɩɭɤɥɿ ɧɚ nn H

~~  , ,..., 2 1n =  ɜɿɞɩɨɜɿɞɧɨ. 
Ɍɨɞɿ ɩɨɫɥɿɞɨɜɧɿɫɬɶ 

=
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n
nu }~{

)( , ɞɟ )(~ nk
nu  ɜɢɡɧɚɱɚɸɬɶɫɹ ɡɝɿɞɧɨ ɡ ɭɦɨɜɚɦɢ 

(10), (12), (13) ɿ 


=1n

2
n

~ , ɡɛɿɝɚєɬɶɫɹ ɞɨ єɞɢɧɨʀ ɬɨɱɤɢ *u  ɦɿɧɿɦɭɦɭ )(uF  ɧɚ 

  ɡɚ ɧɨɪɦɨɸ ɩɪɨɫɬɨɪɭ H  ɩɪɢ ɛɭɞɶ-ɹɤɨɦɭ 1
0

1u  ~~ )(  ɿ ɫɩɪɚɜɟɞɥɢɜɚ ɨɰɿɧɤɚ 

−−
n

2
H

k
n

1
n 2 uu n ||*~|| )( ,    1n  , 

ɞɟ  0n   ɜɢɡɧɚɱɟɧɨ ɜ (19) (ɚɛɨ ɜ (29)),  0   − ɫɬɚɥɚ ɡ ɭɦɨɜɢ ɫɢɥɶɧɨʀ 
ɨɩɭɤɥɨɫɬɿ )(uF  ɧɚ  . 

ȼɢɛɿɪ ɤɪɨɤɨɜɨɝɨ ɦɧɨɠɧɢɤɚ ɡ ɭɦɨɜ Ȼ ɿ ȼ. ɇɟɯɚɣ ɩɪɢ ɪɨɡɜ’ɹɡɚɧɧɿ ɡɚɞɚɱɿ 
ɦɿɧɿɦɿɡɚɰɿʀ (1) ɜ ɩɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɨɦɭ ɩɪɨɰɟɫɿ (10), (12) )(~ k

n  ɜɢɛɢɪɚєɬɶɫɹ 
ɡ ɭɦɨɜɢ (14) (ɭɦɨɜɢ Ȼ). ɇɢɠɱɟ ɛɭɞɟ ɩɨɤɚɡɚɧɨ, ɳɨ ɩɪɢ ɞɟɹɤɢɯ ɨɛɦɟɠɟɧɧɹɯ ɧɚ 
ɮɭɧɤɰɿɨɧɚɥɢ )~(

~
nn uF , ,..., 2 1n =  ɬɚɤɢɣ ɜɢɛɿɪ )(~ k

n  ɦɨɠɥɢɜɢɣ. ɇɚ ɩɪɚɤɬɢɰɿ 
ɫɩɨɱɚɬɤɭ ɨɛɢɪɚɸɬɶ 1k

n = )(~  ɿ ɩɟɪɟɜɿɪɹɸɬɶ ɭɦɨɜɭ (14). əɤɳɨ ɜɨɧɚ ɜɢɤɨɧɚɧɚ, 
ɬɨ ɡɚɥɢɲɚɸɬɶ 1k

n = )(~ ; ɹɤɳɨ ɠ ɧɿ, ɬɨ ɡɞɿɣɫɧɸɸɬɶ ɞɪɨɛɥɟɧɧɹ )(~ k
n  ɞɨ ɬɢɯ ɩɿɪ, 

ɩɨɤɢ ɧɟ ɜɢɤɨɧɚєɬɶɫɹ (14), ɧɚɦɚɝɚɸɱɢɫɶ ɩɪɢ ɰɶɨɦɭ ɡɭɩɢɧɢɬɢɫɹ ɧɚ ɡɧɚɱɟɧɧɿ 
)(~ k

n , ɩɨ ɦɨɠɥɢɜɨɫɬɿ ɛɥɢɡɶɤɨɦɭ ɞɨ ɨɞɢɧɢɰɿ [11]. 

Ɍɟɨɪɟɦɚ 6 [9]. ɇɟɯɚɣ ɮɭɧɤɰɿɨɧɚɥ )(uF  ɜɢɡɧɚɱɟɧɢɣ ɧɚ ɨɩɭɤɥɿɣ ɡɚɦɤɧɟɧɿɣ 
ɨɛɦɟɠɟɧɿɣ ɦɧɨɠɢɧɿ   ɝɿɥɶɛɟɪɬɨɜɚ ɩɪɨɫɬɨɪɭ H , ɚ ɮɭɧɤɰɿɨɧɚɥ )~(

~
nn uF  – ɧɚ 

ɦɧɨɠɢɧɿ n~  ɜɢɞɭ (5) ɝɿɥɶɛɟɪɬɨɜɚ ɩɪɨɫɬɨɪɭ nH
~

 ( 2,... 1,n = ), ɩɪɢɱɨɦɭ 

ɜɢɤɨɧɚɧɿ ɭɦɨɜɢ (3), (6) ɿ 
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~ . ɇɟɯɚɣ ɩɪɢ ɤɨɠɧɨɦɭ 2,... 1,n =   

)
~
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nn CuF   ɿ ɝɪɚɞɿєɧɬ )~(
~

nn uF  ɡɚɞɨɜɨɥɶɧɹє ɧɚ n~  ɭɦɨɜɭ Ʌɿɩɲɢɰɹ (15). 

Ɍɨɞɿ ɩɨɫɥɿɞɨɜɧɿɫɬɶ ɧɚɛɥɢɠɟɧɶ 
=1n

k

n
nu }~{

)( , Kkn  , ɹɤɚ ɜɢɡɧɚɱɚєɬɶɫɹ 
ɜɿɞɩɨɜɿɞɧɨ ɞɨ ɭɦɨɜ (10), (12), (14), ɿɫɧɭє ɿ  

( ) ( ) ( ) ( ) ( ) 0uu  ,uFuF
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k
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k
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k
nn

k
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k
n →−= ~)~)~(

~
()(

~
, →n  ( 1k 1 0k n −= ,...,, )  ɩɪɢ ɛɭɞɶ-

ɹɤɨɦɭ ɜɢɛɨɪɿ 1
0

1u  ~~ )( . 

Ɍɟɨɪɟɦɚ 7. ɇɟɯɚɣ ɡɛɟɪɿɝɚɸɬɶ ɫɢɥɭ ɜɫɿ ɭɦɨɜɢ ɬɟɨɪɟɦɢ 6. ɇɟɯɚɣ, ɤɪɿɦ ɬɨɝɨ, 
ɜɢɤɨɧɚɧɚ ɭɦɨɜɚ (7), ɮɭɧɤɰɿɨɧɚɥɢ ( )F u  ɿ ( )n nF u , n 1, 2,...=  ɨɩɭɤɥɿ ɧɚ H  ɿ 

n nH  , n 1, 2,...=  ɜɿɞɩɨɜɿɞɧɨ ɿ ( ) ( )F u C  . ɇɟɯɚɣ (0)
1 1u   ɜɢɛɪɚɧɨ 

ɞɨɜɿɥɶɧɨ ɿ ɩɨɫɥɿɞɨɜɧɿɫɬɶ  ( )
1{ }nk

n nu 
= , nk K   ɜɢɡɧɚɱɟɧɚ  ɜɿɞɩɨɜɿɞɧɨ  ɞɨ  ɭɦɨɜ 

(10), (12), (14).  Ɍɨɞɿ ɞɥɹ ɜɫɿɯ n1,  2,...,  kk =   ɿɫɧɭє  ( )lim ( ) *k
n n

n
F u F

→
= ,  

ɩɨɫɥɿɞɨɜɧɿɫɬɶ ( )1
1{ }nk

n n nu− 
=  є ɦɿɧɿɦɿɡɭɸɱɨɸ ɞɥɹ ( )F u  ɧɚ   ɿ ɛɭɞɶ-ɹɤɚ ʀʀ ɫɥɚɛɤɚ 
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ɝɪɚɧɢɱɧɚ ɬɨɱɤɚ є ɬɨɱɤɨɸ ɦɿɧɿɦɭɦɭ ( )F u  ɧɚ  , ɩɪɢɱɨɦɭ ɜ ɪɚɡɿ єɞɢɧɨɫɬɿ 
ɬɨɱɤɢ ɦɿɧɿɦɭɦɭ ɞɨ ɧɟʀ ɫɥɚɛɤɨ ɡɛɿɝɚєɬɶɫɹ ɜɫɹ ɩɨɫɥɿɞɨɜɧɿɫɬɶ ( )1

1{ }nk
n n nu− 

= . əɤɳɨ 
ɞɨ ɬɨɝɨ ɠ, ɩɨɱɢɧɚɸɱɢ ɡ ɞɟɹɤɨɝɨ 1n N=  , ɱɢɫɥɨ ɿɬɟɪɚɰɿɣ nk  ɡɚɞɨɜɨɥɶɧɹє 
ɭɦɨɜɭ 2 2 ( )n n nk C D   , ɬɨ ɫɩɪɚɜɟɞɥɢɜɚ ɨɰɿɧɤɚ 
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0 2(1 )n n L     −  ,  0 1n   ;  0C   ɿ 0L   ɜɢɡɧɚɱɟɧɿ ɜ (4) ɿ (15) 

ɜɿɞɩɨɜɿɞɧɨ, D  − ɞɿɚɦɟɬɪ ɦɧɨɠɢɧɢ  . 

Ⱦ ɨ ɜ ɟ ɞ ɟ ɧ ɧ ɹ.  ɇɟɯɚɣ *u  − ɬɨɱɤɚ ɦɿɧɿɦɭɦɭ )(uF  ɧɚ H , 
nu~  − ɬɨɱɤɚ 
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nn uF  ɧɚ n~  ɜɿɞɩɨɜɿɞɧɨ). 

ɉɨɜɬɨɪɸɸɱɢ ɦɿɪɤɭɜɚɧɧɹ, ɚɧɚɥɨɝɿɱɧɿ ɩɪɨɜɟɞɟɧɢɦ ɩɪɢ ɞɨɜɟɞɟɧɧɿ ɬɟɨɪɟɦɢ 3, 

ɦɨɠɧɚ ɩɟɪɟɤɨɧɚɬɢɫɶ, ɳɨ ɩɨɫɥɿɞɨɜɧɿɫɬɶ 
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ɜɿɞɩɨɜɿɞɧɨ ɞɨ ɭɦɨɜ (10), (12), (14), ɡɛɿɝɚєɬɶɫɹ ɞɨ *F  ɩɪɢ →n  ɞɥɹ ɛɭɞɶ-
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 ɞɥɹ ɜɫɿɯ nk 2 1k ,...,,=  ɧɟɝɚɣɧɨ ɜɢɩɥɢɜɚє ɡ 

(20) ɩɪɢ ɩɟɪɟɯɨɞɿ ɞɨ ɝɪɚɧɢɰɿ ɩɪɢ →n . Ɂ ɬɢɯ ɠɟ ɩɿɞɫɬɚɜ, ɡɿ ɫɩɿɜɜɿɞɧɨɲɟɧɧɹ 
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Ɍɨɦɭ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ (6) ɦɨɠɧɚ ɨɬɪɢɦɚɬɢ 
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ɉɨɞɚɥɶɲɿ ɦɿɪɤɭɜɚɧɧɹ ɡ ɨɬɪɢɦɚɧɧɹ ɨɰɿɧɤɢ ɞɥɹ na  ɩɨɜɧɿɫɬɸ ɡɛɿɝɚɸɬɶɫɹ ɡ 
ɚɧɚɥɨɝɿɱɧɢɦɢ ɦɿɪɤɭɜɚɧɧɹɦɢ ɩɪɢ ɞɨɜɟɞɟɧɧɿ ɨɰɿɧɤɢ ɜ ɬɟɨɪɟɦɿ 3. əɤɳɨ ɞɥɹ ɜɫɿɯ 
ɡɚɡɧɚɱɟɧɢɯ ɜ (28) ɡɧɚɱɟɧɶ Nn    1qq0 n  , ɬɨ ɜ (31) 0n →  ɩɪɢ →n . 

Ɍɟɨɪɟɦɚ ɞɨɜɟɞɟɧɚ. ■ 
ȼ ɭɦɨɜɚɯ ɬɟɨɪɟɦɢ 7 ɦɨɠɟ ɛɭɬɢ ɬɚɤɨɠ ɨɬɪɢɦɚɧɚ ɨɰɿɧɤɚ, ɳɨ ɯɚɪɚɤɬɟɪɢɡɭє 
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ɞɟ 0n   ɿ 0n ~  ɜɢɡɧɚɱɟɧɿ ɜ (31) ɿ (6) ɜɿɞɩɨɜɿɞɧɨ. 
Ɍɟɨɪɟɦɚ 8 [9]. ɇɟɯɚɣ ɜɢɤɨɧɭɸɬɶɫɹ ɜɫɿ ɭɦɨɜɢ ɬɟɨɪɟɦɢ 2, ɡɚ ɜɢɧɹɬɤɨɦ (3), ɿ 
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(12), (14), ɡɛɿɝɚєɬɶɫɹ ɞɨ єɞɢɧɨʀ ɬɨɱɤɢ *u  ɦɿɧɿɦɭɦɭ )(uF  ɧɚ   ɡɚ ɧɨɪɦɨɸ 
ɩɪɨɫɬɨɪɭ H  ɩɪɢ ɛɭɞɶ-ɹɤɨɦɭ ɜɢɛɨɪɿ 1
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ɞɟ 0n   ɜɢɡɧɚɱɟɧɨ ɜ (31), 0  − ɫɬɚɥɚ ɡ ɭɦɨɜɢ ɫɢɥɶɧɨʀ ɨɩɭɤɥɨɫɬɿ 
ɮɭɧɤɰɿɨɧɚɥɚ )(uF  ɧɚ  . 

Ɂɚɭɜɚɠɢɦɨ, ɳɨ ɧɚɜɟɞɟɧɿ ɫɯɟɦɢ ɩɪɨɟɤɰɿɣɧɨɝɨ ɦɟɬɨɞɭ, ɚ ɬɚɤɨɠ ɩɪɨɟɤɰɿɣɧɨ-
ɿɬɟɪɚɰɿɣɧɨɝɨ ɦɟɬɨɞɭ (10), (12) ɡ ɜɢɛɨɪɨɦ ɤɪɨɤɨɜɨɝɨ ɦɧɨɠɧɢɤɚ ɡ ɭɦɨɜɢ Ⱥ, Ȼ 
ɚɛɨ ȼ ɡɛɟɪɿɝɚɸɬɶɫɹ ɛɟɡ ɡɦɿɧ ɿ ɜ ɪɟɮɥɟɤɫɢɜɧɢɯ ɛɚɧɚɯɨɜɢɯ ɩɪɨɫɬɨɪɚɯ [10]. 

Ⱥɧɚɥɿɡ ɨɞɟɪɠɚɧɢɯ ɪɟɡɭɥɶɬɚɬɿɜ ɬɚ ɜɢɫɧɨɜɤɢ.  ɍ ɪɨɛɨɬɿ ɞɨɫɥɿɞɠɟɧɨ ɪɿɡɧɿ 
ɜɚɪɿɚɧɬɢ ɩɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɨɝɨ ɦɟɬɨɞɭ, ɡɚɫɧɨɜɚɧɨɝɨ ɧɚ ɦɟɬɨɞɿ ɭɦɨɜɧɨɝɨ 
ɝɪɚɞɿєɧɬɭ, ɞɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɭɦɨɜɧɨʀ ɦɿɧɿɦɿɡɚɰɿʀ ɮɭɧɤɰɿɨɧɚɥɚ ɜ ɝɿɥɶɛɟɪɬɨɜɨɦɭ 
ɩɪɨɫɬɨɪɿ. ɉɪɢ ɞɨɫɬɚɬɧɶɨ ɡɚɝɚɥɶɧɢɯ ɭɦɨɜɚɯ ɚɩɪɨɤɫɢɦɚɰɿʀ ɜɢɯɿɞɧɨʀ ɡɚɞɚɱɿ ɪɨɡɝɥɹɧɭɬɿ 
ɩɢɬɚɧɧɹ ɡɛɿɠɧɨɫɬɿ ɩɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɢɯ ɩɪɨɰɟɫɿɜ ɧɚɛɥɢɠɟɧɶ, ɳɨ ɜɢɧɢɤɚɸɬɶ ɜ 
ɪɟɡɭɥɶɬɚɬɿ ɩɪɨɟɤɬɭɜɚɧɧɹ ɜ ɝɢɥɶɛɟɪɬɨɜɿ ɩɪɨɫɬɨɪɢ, ɿɡɨɦɨɪɮɧɿ ɩɿɞɩɪɨɫɬɨɪɚɦ 
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ɜɢɯɿɞɧɨɝɨ ɩɪɨɫɬɨɪɭ. ȼɫɬɚɧɨɜɥɟɧɿ ɭɦɨɜɢ, ɡɚ ɹɤɢɦɢ ɩɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɿ 
ɩɨɫɥɿɞɨɜɧɨɫɬɿ ɧɚɛɥɢɠɟɧɶ ɦɿɧɿɦɿɡɭɸɬɶ ɜɢɯɿɞɧɢɣ ɮɭɧɤɰɿɨɧɚɥ ɬɚ ɫɥɚɛɤɨ (ɚɛɨ 
ɫɢɥɶɧɨ) ɡɛɿɝɚɸɬɶɫɹ ɡɚ ɧɨɪɦɨɸ ɨɫɧɨɜɧɨɝɨ ɩɪɨɫɬɨɪɭ ɞɨ ɬɨɱɤɢ ɦɿɧɿɦɭɦɭ 
ɮɭɧɤɰɿɨɧɚɥɚ ɧɚ ɪɨɡɝɥɹɞɭɜɚɧɿɣ ɦɧɨɠɢɧɿ. Ɉɬɪɢɦɚɧɨ ɬɟɨɪɟɬɢɱɧɿ ɨɰɿɧɤɢ 
ɲɜɢɞɤɨɫɬɿ ɡɛɿɠɧɨɫɬɿ ɬɚ ɩɨɯɢɛɤɢ ɡɚ ɮɭɧɤɰɿɨɧɚɥɨɦ (ɚ ɭ ɜɢɩɚɞɤɭ ɫɢɥɶɧɨ 
ɨɩɭɤɥɨɝɨ ɮɭɧɤɰɿɨɧɚɥɚ, ɣ ɡɚ ɚɪɝɭɦɟɧɬɨɦ) ɤɨɠɧɨɝɨ ɡ ɜɚɪɿɚɧɬɿɜ ɩɪɨɟɤɰɿɣɧɨ-
ɿɬɟɪɚɰɿɣɧɨɝɨ ɦɟɬɨɞɭ ɡɚɥɟɠɧɨ ɜɿɞ ɫɩɨɫɨɛɭ ɜɢɛɨɪɭ ɤɪɨɤɨɜɨɝɨ ɦɧɨɠɧɢɤɚ ɜ 
ɦɟɬɨɞɿ ɭɦɨɜɧɨɝɨ ɝɪɚɞɿєɧɬɭ. Ɇɟɬɨɞɢɤɚ ɞɨɫɥɿɞɠɟɧɶ ɿ ɪɟɡɭɥɶɬɚɬɢ ɫɬɚɬɬɿ ɦɨɠɭɬɶ 
ɛɭɬɢ ɜɢɤɨɪɢɫɬɚɧɿ ɩɪɢ ɪɨɡɪɨɛɰɿ ɿ ɬɟɨɪɟɬɢɱɧɨɦɭ ɨɛґɪɭɧɬɭɜɚɧɧɿ ɿɧɲɢɯ 
ɩɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɢɯ ɦɟɬɨɞɿɜ ɿ ɚɥɝɨɪɢɬɦɿɜ ɪɨɡɜ’ɹɡɚɧɧɹ 
ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɢɯ ɟɤɫɬɪɟɦɚɥɶɧɢɯ ɡɚɞɚɱ, ɜ ɬɨɦɭ ɱɢɫɥɿ ɛɟɡ ɨɛɦɟɠɟɧɶ, ɚ 
ɬɚɤɨɠ ɩɪɢ ɧɚɛɥɢɠɟɧɨɦɭ ɪɨɡɜ’ɹɡɭɜɚɧɧɿ ɞɟɹɤɢɯ ɤɥɚɫɿɜ ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ 
ɤɟɪɭɜɚɧɧɹ. 
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ȼ.Ƚ. Ƚɨɪɨɞɟɰɤɢɣ,  ɇ.ɉ. Ɉɫɚɞɱɭɤ  
ɇɚɰɢɨɧɚɥɶɧɵɣ ɬɟɯɧɢɱɟɫɤɢɣ ɭɧɢɜɟɪɫɢɬɟɬ ɍɤɪɚɢɧɵ "ɄɉИ ɢɦ. Иɝɨɪɹ ɋɢɤɨɪɫɤɨɝɨ" 

ɊȿɄɈɇɋɌɊɍɄɐɂə ɋɂɋɌȿɆɕ ɅɈɊȿɇɐȺ ɋ ɂɋɉɈɅɖɁɈȼȺɇɂȿɆ 
ɆȿɌɈȾȺ ɉȿɊɋɉȿɄɌɂȼɇɕɏ ɄɈɗɎɎɂɐɂȿɇɌɈȼ 

ȼɵɩɨɥɧɟɧɚ ɪɟɤɨɧɫɬɪɭɤɰɢɹ ɫɢɫɬɟɦɵ ɨɛɵɤɧɨɜɟɧɧɵɯ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ 
ɭɪɚɜɧɟɧɢɣ Ʌɨɪɟɧɰɚ ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɦɟɬɨɞɚ ɩɟɪɫɩɟɤɬɢɜɧɵɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ. 
ɇɚɣɞɟɧɵ ɱɟɬɵɪɟ ɫɢɫɬɟɦɵ, ɨɛɳɢɣ ɜɢɞ ɭɪɚɜɧɟɧɢɣ ɤɨɬɨɪɵɯ ɧɟ ɫɨɜɩɚɞɚɟɬ ɫ 
ɭɪɚɜɧɟɧɢɹɦɢ ɫɢɫɬɟɦɵ Ʌɨɪɟɧɰɚ, ɧɨ ɤɨɬɨɪɵɟ ɫɩɨɫɨɛɧɵ ɜɨɫɩɪɨɢɡɜɟɫɬɢ ɜɪɟɦɟɧɧɨɣ ɪɹɞ 
ɨɞɧɨɣ ɢɡ ɩɟɪɟɦɟɧɧɵɯ ɫɢɫɬɟɦɵ Ʌɨɪɟɧɰɚ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɜɪɟɦɟɧɧɨɣ ɪɹɞ, ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɟ ɭɪɚɜɧɟɧɢɹ, ɪɟɤɨɧɫɬɪɭɤɰɢɹ, 
ɨɪɢɝɢɧɚɥɶɧɚɹ ɫɢɫɬɟɦɚ, ɫɬɚɧɞɚɪɬɧɚɹ ɫɢɫɬɟɦɚ, ɦɟɬɨɞ ɩɟɪɫɩɟɤɬɢɜɧɵɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ. 

 

ȼɢɤɨɧɚɧɚ ɪɟɤɨɧɫɬɪɭɤɰɿɹ ɫɢɫɬɟɦɢ ɡɜɢɱɚɣɧɢɯ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɪɿɜɧɹɧɶ Ʌɨɪɟɧɰɚ ɡ 
ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɦɟɬɨɞɚ ɩɟɪɫɩɟɤɬɢɜɧɢɯ ɤɨɟɮɿɰɿєɧɬɿɜ. Ɂɧɚɣɞɟɧɿ ɱɨɬɢɪɢ ɫɢɫɬɟɦɢ, 
ɡɚɝɚɥɶɧɢɣ ɜɢɝɥɹɞ ɪɿɜɧɹɧɶ ɹɤɢɯ ɧɟ ɫɩɿɜɩɚɞɚє ɡ ɪɿɜɧɹɧɧɹɦɢ ɫɢɫɬɟɦɢ Ʌɨɪɟɧɰɚ, ɚɥɟ ɹɤɿ 
ɡɞɚɬɧɿ ɜɿɞɬɜɨɪɢɬɢ ɱɚɫɨɜɢɣ ɪɹɞ ɨɞɧɿєʀ ɡɿ ɡɦɿɧɧɢɯ ɫɢɫɬɟɦɢ Ʌɨɪɟɧɰɚ. ȼ ɛɚɝɚɬɶɨɯ ɝɚɥɭɡɹɯ 
ɧɚɭɤɢ є ɚɤɬɭɚɥɶɧɨɸ ɩɪɨɛɥɟɦɚ ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɫɢɫɬɟɦɢ ɡɜɢɱɚɣɧɢɯ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ 
ɪɿɜɧɹɧɶ ɡɚ ɱɚɫɨɜɨɸ ɩɨɫɥɿɞɨɜɧɿɫɬɸ ɨɞɧɿєʀ ɫɩɨɫɬɟɪɟɠɭɜɚɧɨʀ ɡɦɿɧɧɨʀ. əɤɳɨ ɩɪɚɜɿ 
ɱɚɫɬɢɧɢ ɪɿɜɧɹɧɶ ɫɢɫɬɟɦɢ є ɩɨɥɿɧɨɦɚɦɢ, ɬɨ ɪɨɡɜ'ɹɡɚɧɧɹ ɬɚɤɨʀ ɡɚɞɚɱɿ ɬɿɥɶɤɢ ɡɚ 
ɞɨɩɨɦɨɝɨɸ ɱɢɫɟɥɶɧɢɯ ɦɟɬɨɞɿɜ ɩɪɢɡɜɨɞɢɬɶ ɞɨ ɨɬɪɢɦɚɧɧɹ ɦɨɞɟɥɿ, ɳɨ ɜ ɛɿɥɶɲɨɫɬɿ 
ɜɢɩɚɞɤɿɜ ɦɿɫɬɢɬɶ ɧɚɞɥɢɲɤɨɜɿ ɫɤɥɚɞɨɜɿ ɬɚ ɧɟ ɜɿɞɨɛɪɚɠɚє ɮɿɡɢɤɭ ɩɪɨɰɟɫɭ. ɉɨɩɟɪɟɞɧɿɣ 
ɜɢɛɿɪ ɫɬɪɭɤɬɭɪɢ ɫɢɫɬɟɦɢ ɞɨɡɜɨɥɹє ɩɨɤɪɚɳɢɬɢ ɬɨɱɧɿɫɬɶ ɪɟɤɨɧɫɬɪɭɤɰɿʀ. 

Ɉɫɤɿɥɶɤɢ ɜ ɞɚɧɨɦɭ ɞɨɫɥɿɞɠɟɧɿ ɪɨɡɝɥɹɞɚєɬɶɫɹ ɬɿɥɶɤɢ ɱɚɫɨɜɚ ɩɨɫɥɿɞɨɜɧɿɫɬɶ 
ɫɩɨɫɬɟɪɟɠɭɜɚɧɨʀ ɡɦɿɧɧɨʀ ɬɚ ɧɟɦɚє ɞɨɞɚɬɤɨɜɢɯ ɜɢɦɨɝ ɞɨ ɫɢɫɬɟɦ-ɤɚɧɞɢɞɚɬɿɜ, ɬɨ 
ɜɢɤɨɧɭɜɚɜɫɹ ɩɨɲɭɤ ɬɿɥɶɤɢ ɫɢɫɬɟɦ ɡɜɢɱɚɣɧɢɯ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɪɿɜɧɹɧɶ, ɳɨ ɦɚɸɬɶ 
ɧɚɣɦɟɧɲɭ ɤɿɥɶɤɿɫɬɶ ɫɤɥɚɞɨɜɢɯ ɜ ɪɿɜɧɹɧɧɹɯ. ɉɨɲɭɤ ɫɢɫɬɟɦ-ɤɚɧɞɢɞɚɬɿɜ ɜɢɤɨɧɭɜɚɜɫɹ 
ɫɟɪɟɞ ɨɤɪɟɦɢɯ ɜɢɩɚɞɤɿɜ ɫɢɫɬɟɦɢ ɡ ɩɨɥɿɧɨɦɚɦɢ ɞɪɭɝɨɝɨ ɫɬɭɩɟɧɹ ɜ ɩɪɚɜɢɯ ɱɚɫɬɢɧɚɯ 
ɪɿɜɧɹɧɶ. Ⱦɥɹ ɪɨɡɜ'ɹɡɚɧɧɹ ɩɨɫɬɚɜɥɟɧɨʀ ɡɚɞɚɱɿ ɡɚɫɬɨɫɨɜɭɜɚɥɚɫɹ ɡɚɩɪɨɩɨɧɨɜɚɧɚ ɜ 
[12, 11] ɤɨɦɛɿɧɚɰɿɹ ɚɧɚɥɿɬɢɱɧɨɝɨ ɬɚ ɱɢɫɟɥɶɧɨɝɨ ɦɟɬɨɞɿɜ. ɇɚɡɜɟɦɨ ɨɪɢɝɿɧɚɥɶɧɨɸ 
ɫɢɫɬɟɦɨɸ (Ɉɋ) ɫɢɫɬɟɦɭ ɪɿɜɧɹɧɶ, ɳɨ ɬɨɱɧɨ ɨɩɢɫɭє ɞɢɧɚɦɿɤɭ ɞɨɫɥɿɞɠɭɜɚɧɨɝɨ ɩɪɨɰɟɫɭ. 
ȼ ɞɨɫɥɿɞɠɟɧɧɿ ɬɚɤɨɠ ɡɚɫɬɨɫɨɜɭɜɚɥɚɫɹ ɫɬɚɧɞɚɪɬɧɚ ɫɢɫɬɟɦɚ (ɋɋ), ɳɨ ɦɿɫɬɢɬɶ 
ɩɨɥɿɧɨɦɿɚɥɶɧɭ ɚɛɨ ɞɪɨɛɨɜɨ-ɪɚɰɿɨɧɚɥɶɧɭ ɮɭɧɤɰɿɸ ɬɿɥɶɤɢ ɜ ɨɞɧɨɦɭ ɪɿɜɧɹɧɧɿ. 
Ʉɿɥɶɤɿɫɬɶ ɡɦɿɧɧɢɯ Ɉɋ ɬɚ ɋɋ ɨɞɧɚɤɨɜɚ. ɋɩɨɫɬɟɪɟɠɭɜɚɧɚ ɡɦɿɧɧɚ ɋɋ ɫɩɿɜɩɚɞɚє ɡɿ 
ɫɩɨɫɬɟɪɟɠɭɜɚɧɨɸ ɡɦɿɧɧɨɸ Ɉɋ, ɿ ɜɫɿ ɤɨɟɮɿɰɿєɧɬɢ ɋɋ ɦɨɠɭɬɶ ɛɭɬɢ ɚɧɚɥɿɬɢɱɧɨ 
ɜɢɪɚɠɟɧɿ ɱɟɪɟɡ ɤɨɟɮɿɰɿєɧɬɢ Ɉɋ. Ʉɪɿɦ ɬɨɝɨ, ɿɫɧɭє ɱɢɫɟɥɶɧɢɣ ɦɟɬɨɞ [12], ɳɨ ɞɨɡɜɨɥɹє 
ɜɢɡɧɚɱɢɬɢ ɤɨɟɮɿɰɿєɧɬɢ ɋɋ ɡɚ ɱɚɫɨɜɨɸ ɩɨɫɥɿɞɨɜɧɿɫɬɸ. Ⱦɥɹ ɩɨɲɭɤɭ ɧɚɣɩɪɨɫɬɿɲɨʀ Ɉɋ 
ɡɚɫɬɨɫɨɜɭɜɚɜɫɹ ɦɟɬɨɞ ɩɟɪɫɩɟɤɬɢɜɧɢɯ ɤɨɟɮɿɰɿєɧɬɿɜ [10], ɹɤɢɣ ɩɨɥɹɝɚє ɜ ɧɚɫɬɭɩɧɨɦɭ. 
ɋɩɨɱɚɬɤɭ ɱɢɫɟɥɶɧɢɦ ɦɟɬɨɞɨɦ ɡɚ ɱɚɫɨɜɨɸ ɩɨɫɥɿɞɨɜɧɿɫɬɸ ɪɟɤɨɧɫɬɪɭɸєɬɶɫɹ ɋɋ. Ⱦɚɥɿ, 
ɡɚ ɚɧɚɥɿɬɢɱɧɢɦɢ ɫɩɿɜɜɿɞɧɨɲɟɧɧɹɦɢ ɬɚ ɫɬɪɭɤɬɭɪɨɸ ɋɋ ɜɢɡɧɚɱɚєɬɶɫɹ ɹɤɿ ɤɨɟɮɿɰɿєɧɬɢ 
Ɉɋ ɬɨɱɧɨ ɧɭɥɶɨɜɿ ɬɚ ɬɨɱɧɨ ɧɟɧɭɥɶɨɜɿ ɿ ɮɨɪɦɭєɬɶɫɹ ɩɨɱɚɬɤɨɜɚ ɫɢɫɬɟɦɚ (ɉɋ), ɳɨ 
ɜɤɥɸɱɚє ɬɿɥɶɤɢ ɬɨɱɧɨ ɧɟɧɭɥɶɨɜɿ ɤɨɟɮɿɰɿєɧɬɢ. ɉɿɫɥɹ ɰɶɨɝɨ ɉɋ ɞɨɩɨɜɧɸєɬɶɫɹ 
ɤɨɟɮɿɰɿєɧɬɚɦɢ Ɉɋ ɩɨɤɢ ɋɋ, ɳɨ ɜɿɞɩɨɜɿɞɚє Ɉɋ, ɧɟ ɫɩɿɜɩɚɞɚɬɢɦɟ ɡ ɋɋ, ɨɬɪɢɦɚɧɨɸ 
ɱɢɫɟɥɶɧɢɦ ɦɟɬɨɞɨɦ. Ɋɟɡɭɥɶɬɚɬɨɦ ɛɭɞɟ ɨɞɧɚ ɚɛɨ ɞɟɤɿɥɶɤɚ Ɉɋ. Ɂɚ ɞɨɩɨɦɨɝɨɸ ɬɚɤɨɝɨ 
ɩɿɞɯɨɞɭ ɛɭɥɢ ɡɧɚɣɞɟɧɿ 4 ɫɬɪɭɤɬɭɪɢ Ɉɋ ɡ 7 ɤɨɟɮɿɰɿєɧɬɚ-

___________________________________________ 
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ɦɢ, ɳɨ ɜɿɞɪɿɡɧɹɸɬɶɫɹ ɜɿɞ ɫɢɫɬɟɦɢ Ʌɨɪɟɧɰɚ [17], ɚɥɟ ɡɞɚɬɧɿ ɬɨɱɧɨ ɜɿɞɬɜɨɪɢɬɢ ɱɚɫɨɜɭ 
ɩɨɫɥɿɞɨɜɧɿɫɬɶ ɡɦɿɧɧɨʀ X ɫɢɫɬɟɦɢ Ʌɨɪɟɧɰɚ. Ⱦɥɹ ɤɨɠɧɨʀ Ɉɋ ɛɭɥɢ ɡɧɚɣɞɟɧɿ ɱɢɫɥɨɜɿ 
ɡɧɚɱɟɧɧɹ ɱɚɫɬɢɧɢ ɤɨɟɮɿɰɿєɧɬɿɜ ɬɚ ɫɩɿɜɜɿɞɧɨɲɟɧɧɹ, ɳɨ ɡɜ'ɹɡɭɸɬɶ ɪɟɲɬɭ ɤɨɟɮɿɰɿєɧɬɿɜ 
ɦɿɠ ɫɨɛɨɸ. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɱɚɫɨɜɢɣ ɪɹɞ, ɞɢɮɟɪɟɧɰɿɚɥɶɧɿ ɪɿɜɧɹɧɧɹ, ɪɟɤɨɧɫɬɪɭɤɰɿɹ, 
ɨɪɢɝɿɧɚɥɶɧɚ ɫɢɫɬɟɦɚ, ɫɬɚɧɞɚɪɬɧɚ ɫɢɫɬɟɦɚ, ɦɟɬɨɞ ɩɟɪɫɩɟɤɬɢɜɧɢɯ ɤɨɟɮɿɰɿєɧɬɿɜ. 

 

Reconstruction of the Lorenz ordinary differential equations system is performed by us-

ing perspective coefficients method. Four systems that have structures different from Lo-

renz system and can reproduce time series of one variable of Lorenz system were found. In 

many areas of science, the problem of identifying a system of ordinary differential equa-

tions (ODE) from a time series of one observable variable is relevant. If the right-hand 

sides of an ODE system are polynomials, then solving such a problem only by numerical 

methods allows to obtain a model containing, in most cases, redundant terms and not re-

flecting the physics of the process. The preliminary choice of the structure of the system 

allows to improve the precision of the reconstruction.  

Since this study considers only the single time series of the observable variable, and 

there are no additional requirements for candidate systems, we will look only for systems of 

ODE's that have the least number of terms in the equations. We will look for candidate sys-

tems among particular cases of the system with quadratic polynomial right-hand sides.  

To solve this problem, we will use a combination of analytical and numerical methods 

proposed in [12, 11]. We call the original system (OS) the ODE system, which precisely de-

scribes the dynamics of the process under study. We also use another type of ODE system - 

standard system (SS), which has the polynomial or rational function only in one equation. 

The number of OS variables is equal to the number of SS variables. The observable varia-

ble of the SS coincides with the observable variable of the OS. The SS must correspond to 

the OS. Namely, all the SS coefficients can be analytically expressed in terms of the OS co-

efficients. In addition, there is a numerical method [12], which allows to determine the SS 

coefficients  from a time series. To find only the simplest OS, one can use the perspective 

coefficients method [10], which means the following. Initially, the SS is reconstructed from 

a time series using a numerical method. Then, using analytical relations and the structure 

of the SS, we determine which OS coefficients are strictly zero and strictly non-zero and 

form the initial system (IS), which includes only strictly non-zero coefficients. After that, 

the IS is supplemented with OS coefficients until the corresponding SS coincides with the 

SS obtained by a numerical method. The result will be one or more OS’s. Using this ap-

proach, we have found 4 OS structures with 7 coefficients that differ from the Lorenz sys-

tem [17], but are able to reproduce exactly the time series of X variable of the Lorenz sys-

tem. Numerical values of the part of the coefficients and relations connecting the rest of the 

coefficients were found for each OS. 

Keywords: time series, differential equations, reconstruction, original system, standard 

system, method of perspective coefficients. 

 

ȼɜɟɞɟɧɢɟ. ȼɨ ɦɧɨɝɢɯ ɨɛɥɚɫɬɹɯ ɫɨɜɪɟɦɟɧɧɨɣ ɧɚɭɤɢ ɚɤɬɭɚɥɶɧɚ ɡɚɞɚɱɚ 
ɢɞɟɧɬɢɮɢɤɚɰɢɢ ɫɢɫɬɟɦɵ ɨɛɵɤɧɨɜɟɧɧɵɯ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ 
(ɈȾɍ) ɩɨ ɜɪɟɦɟɧɧɨɦɭ ɪɹɞɭ ɨɞɧɨɣ ɧɚɛɥɸɞɚɟɦɨɣ ɩɟɪɟɦɟɧɧɨɣ – ɡɚɞɚɱɚ 
ɪɟɤɨɧɫɬɪɭɤɰɢɢ [8, 7]. ȿɫɥɢ ɩɪɚɜɵɟ ɱɚɫɬɢ ɫɢɫɬɟɦɵ ɈȾɍ ɩɪɟɞɫɬɚɜɥɹɸɬ ɫɨɛɨɣ 
ɩɨɥɢɧɨɦɵ, ɬɨ ɪɟɲɟɧɢɟ ɬɚɤɨɣ ɡɚɞɚɱɢ ɬɨɥɶɤɨ ɱɢɫɥɟɧɧɵɦɢ ɦɟɬɨɞɚɦɢ [6] 
ɩɨɡɜɨɥɹɟɬ ɩɨɥɭɱɢɬɶ ɦɨɞɟɥɶ, ɫɨɞɟɪɠɚɳɭɸ, ɤɚɤ ɩɪɚɜɢɥɨ, ɢɡɛɵɬɨɱɧɵɟ 
ɫɥɚɝɚɟɦɵɟ ɢ ɧɟ ɨɬɪɚɠɚɸɳɭɸ ɮɢɡɢɤɭ ɩɪɨɰɟɫɫɚ. ȿɫɥɢ ɧɟɨɛɯɨɞɢɦɨ ɧɟ ɬɨɥɶɤɨ 
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ɜɨɫɩɪɨɢɡɜɟɫɬɢ ɜɪɟɦɟɧɧɨɣ ɪɹɞ, ɧɨ ɢ ɩɨɥɭɱɢɬɶ ɫɢɫɬɟɦɭ ɈȾɍ, ɢɦɟɸɳɭɸ 
ɮɢɡɢɱɟɫɤɢɣ ɫɦɵɫɥ, ɬɨ ɰɟɥɟɫɨɨɛɪɚɡɧɨ ɢɫɩɨɥɶɡɨɜɚɬɶ ɫɨɱɟɬɚɧɢɟ ɱɢɫɥɟɧɧɵɯ ɢ 
ɚɧɚɥɢɬɢɱɟɫɤɢɯ ɦɟɬɨɞɨɜ ɪɟɤɨɧɫɬɪɭɤɰɢɢ, ɧɚɩɪɢɦɟɪ, ɩɪɟɞɥɨɠɟɧɧɨɟ ɜ [12, 11] ɢ 
ɪɚɡɜɢɬɨɟ ɜ [14, 15, 9, 10]. Ʉɪɨɦɟ ɬɨɝɨ, ɜ ɤɚɱɟɫɬɜɟ ɫɚɦɨɫɬɨɹɬɟɥɶɧɨɣ ɡɚɞɚɱɢ 
ɦɨɠɧɨ ɜɵɞɟɥɢɬɶ ɜɵɛɨɪ ɫɬɪɭɤɬɭɪɵ ɫɢɫɬɟɦɵ ɈȾɍ – ɤɚɤɢɟ ɢɦɟɧɧɨ ɫɥɚɝɚɟɦɵɟ, 
ɜɵɛɪɚɧɧɵɟ ɢɡ ɮɢɤɫɢɪɨɜɚɧɧɨɝɨ ɦɧɨɠɟɫɬɜɚ, ɞɨɥɠɧɵ ɜɯɨɞɢɬɶ ɜ ɭɪɚɜɧɟɧɢɹ 
ɫɢɫɬɟɦɵ [3, 4, 5]. ɉɪɟɞɜɚɪɢɬɟɥɶɧɵɣ ɜɵɛɨɪ ɫɬɪɭɤɬɭɪɵ ɫɢɫɬɟɦɵ ɩɨɡɜɨɥɹɟɬ 
ɩɨɜɵɫɢɬɶ ɬɨɱɧɨɫɬɶ ɪɟɤɨɧɫɬɪɭɤɰɢɢ. Ɍɚɤ ɤɚɤ ɩɨ ɨɞɧɨɣ ɧɚɛɥɸɞɚɟɦɨɣ 
ɩɟɪɟɦɟɧɧɨɣ ɧɟɜɨɡɦɨɠɧɨ ɨɞɧɨɡɧɚɱɧɨ ɪɟɤɨɧɫɬɪɭɢɪɨɜɚɬɶ ɫɢɫɬɟɦɭ ɈȾɍ [16], ɬɨ 
ɜ ɧɟɤɨɬɨɪɵɯ ɡɚɞɚɱɚɯ ɦɨɠɟɬ ɛɵɬɶ ɧɟɨɛɯɨɞɢɦɨ ɧɚɣɬɢ ɜɫɟ ɫɢɫɬɟɦɵ-ɤɚɧɞɢɞɚɬɵ 
[2], ɫɩɨɫɨɛɧɵɟ ɜɨɫɩɪɨɢɡɜɟɫɬɢ ɢɫɫɥɟɞɭɟɦɵɣ ɜɪɟɦɟɧɧɨɣ ɪɹɞ. 

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ. ɇɟɨɛɯɨɞɢɦɨ ɧɚɣɬɢ ɫɢɫɬɟɦɵ ɈȾɍ, ɫɩɨɫɨɛɧɵɟ 
ɜɨɫɩɪɨɢɡɜɟɫɬɢ ɜɪɟɦɟɧɧɨɣ ɪɹɞ ɩɟɪɟɦɟɧɧɨɣ 1( )x t  ɫɢɫɬɟɦɵ Ʌɨɪɟɧɰɚ [17], 
ɤɨɬɨɪɚɹ ɢɦɟɟɬ ɜɢɞ 
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ɝɞɟ 1 10a = − , 2 10a = , 1 28b = , 2 6 1b b= = − , 3 8 3c = − , 5 1c = . ɉɨɫɤɨɥɶɤɭ ɜ 
ɞɚɧɧɨɦ ɢɫɫɥɟɞɨɜɚɧɢɢ ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɬɨɥɶɤɨ ɜɪɟɦɟɧɧɨɣ ɪɹɞ ɧɚɛɥɸɞɚɟɦɨɣ, 
ɢ ɧɟɬ ɞɨɩɨɥɧɢɬɟɥɶɧɵɯ ɬɪɟɛɨɜɚɧɢɣ ɤ ɫɢɫɬɟɦɚɦ-ɤɚɧɞɢɞɚɬɚɦ, ɬɨ ɛɭɞɟɦ ɢɫɤɚɬɶ 
ɬɨɥɶɤɨ ɫɢɫɬɟɦɵ ɈȾɍ, ɢɦɟɸɳɢɟ ɧɚɢɦɟɧɶɲɟɟ ɤɨɥɢɱɟɫɬɜɨ ɫɥɚɝɚɟɦɵɯ ɜ 
ɭɪɚɜɧɟɧɢɹɯ. Ȼɭɞɟɦ ɢɫɤɚɬɶ ɫɢɫɬɟɦɵ-ɤɚɧɞɢɞɚɬɵ ɫɪɟɞɢ ɱɚɫɬɧɵɯ ɫɥɭɱɚɟɜ 
ɫɢɫɬɟɦɵ 
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Ɇɟɬɨɞ ɪɟɲɟɧɢɹ. Ⱦɥɹ ɪɟɲɟɧɢɹ ɩɨɫɬɚɜɥɟɧɧɨɣ ɡɚɞɚɱɢ ɛɭɞɟɦ ɢɫɩɨɥɶɡɨɜɚɬɶ 
ɫɨɱɟɬɚɧɢɟ ɚɧɚɥɢɬɢɱɟɫɤɢɯ ɢ ɱɢɫɥɟɧɧɵɯ ɦɟɬɨɞɨɜ, ɩɪɟɞɥɨɠɟɧɧɨɟ ɜ [12, 11]. 
ɇɚɡɨɜɟɦ ɨɪɢɝɢɧɚɥɶɧɨɣ ɫɢɫɬɟɦɨɣ (Ɉɋ) ɫɢɫɬɟɦɭ ɈȾɍ, ɤɨɬɨɪɚɹ ɬɨɱɧɨ 
ɨɩɢɫɵɜɚɟɬ ɞɢɧɚɦɢɤɭ ɢɫɫɥɟɞɭɟɦɨɝɨ ɩɪɨɰɟɫɫɚ. Ɉɋ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɫɬɚɧɞɚɪɬɧɚɹ 
ɫɢɫɬɟɦɚ (ɋɋ), ɤɨɬɨɪɚɹ ɢɦɟɟɬ ɜɢɞ 
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ɝɞɟ n  - ɤɨɥɢɱɟɫɬɜɨ ɩɟɪɟɦɟɧɧɵɯ Ɉɋ ɢ ɋɋ; F  - ɩɨɥɢɧɨɦɢɚɥɶɧɚɹ ɢɥɢ ɞɪɨɛɧɨ 
ɪɚɰɢɨɧɚɥɶɧɚɹ ɮɭɧɤɰɢɹ; 1y  - ɧɚɛɥɸɞɚɟɦɚɹ ɩɟɪɟɦɟɧɧɚɹ ɋɋ, ɤɨɬɨɪɚɹ ɫɨɜɩɚɞɚɟɬ 
ɫ ɧɚɛɥɸɞɚɟɦɨɣ ɩɟɪɟɦɟɧɧɨɣ Ɉɋ, ɬ.ɟ. 1 1( ) ( )y t x t . ɉɪɢ ɷɬɨɦ ɜɫɟ ɤɨɷɮɮɢɰɢɟɧɬɵ 
ɋɋ ɦɨɝɭɬ ɛɵɬɶ ɚɧɚɥɢɬɢɱɟɫɤɢ ɜɵɪɚɠɟɧɵ ɱɟɪɟɡ ɤɨɷɮɮɢɰɢɟɧɬɵ Ɉɋ. Ʉɪɨɦɟ 
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ɬɨɝɨ, ɫɭɳɟɫɬɜɭɟɬ ɱɢɫɥɟɧɧɵɣ ɦɟɬɨɞ [12], ɩɨɡɜɨɥɹɸɳɢɣ ɩɨ ɜɪɟɦɟɧɧɨɦɭ ɪɹɞɭ 
ɨɩɪɟɞɟɥɢɬɶ ɤɨɷɮɮɢɰɢɟɧɬɵ ɋɋ. 

Ⱦɥɹ ɩɨɢɫɤɚ ɬɨɥɶɤɨ ɩɪɨɫɬɟɣɲɢɯ Ɉɋ ɦɨɠɧɨ ɢɫɩɨɥɶɡɨɜɚɬɶ ɦɟɬɨɞ 
ɩɟɪɫɩɟɤɬɢɜɧɵɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ [10], ɤɨɬɨɪɵɣ ɫɨɫɬɨɢɬ ɜ ɫɥɟɞɭɸɳɟɦ. ȼɧɚɱɚɥɟ 
ɩɨ ɜɪɟɦɟɧɧɨɦɭ ɪɹɞɭ ɱɢɫɥɟɧɧɵɦ ɦɟɬɨɞɨɦ ɪɟɤɨɧɫɬɪɭɢɪɭɟɬɫɹ ɋɋ. Ɂɚɬɟɦ, 
ɢɫɩɨɥɶɡɭɹ ɚɧɚɥɢɬɢɱɟɫɤɢɟ ɫɨɨɬɧɨɲɟɧɢɹ, ɩɨ ɫɬɪɭɤɬɭɪɟ ɋɋ ɨɩɪɟɞɟɥɹɟɬɫɹ, ɤɚɤɢɟ 
ɤɨɷɮɮɢɰɢɟɧɬɵ Ɉɋ ɫɬɪɨɝɨ ɪɚɜɧɵ ɧɭɥɸ ɢ  ɫɬɪɨɝɨ ɧɟ ɪɚɜɧɵ ɧɭɥɸ ɢ 
ɮɨɪɦɢɪɭɟɬɫɹ ɢɫɯɨɞɧɚɹ ɫɢɫɬɟɦɚ (ɂɋ), ɜɤɥɸɱɚɸɳɚɹ ɬɨɥɶɤɨ ɫɬɪɨɝɨ ɧɟɧɭɥɟɜɵɟ 
ɤɨɷɮɮɢɰɢɟɧɬɵ. Ⱦɚɥɟɟ ɂɋ ɞɨɩɨɥɧɹɟɬɫɹ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ Ɉɋ, ɩɨɤɚ 
ɫɨɨɬɜɟɬɫɬɜɭɸɳɚɹ ɋɋ ɧɟ ɛɭɞɟɬ ɫɨɜɩɚɞɚɬɶ ɫ ɋɋ, ɩɨɥɭɱɟɧɧɨɣ ɱɢɫɥɟɧɧɵɦ 
ɦɟɬɨɞɨɦ. ȼ ɪɟɡɭɥɶɬɚɬɟ ɛɭɞɭɬ ɩɨɥɭɱɟɧɵ ɨɞɧɚ ɢɥɢ ɧɟɫɤɨɥɶɤɨ Ɉɋ. 

ɍɱɢɬɵɜɚɹ ɜɵɲɟ ɢɡɥɨɠɟɧɧɨɟ, ɞɥɹ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ ɪɟɤɨɧɫɬɪɭɤɰɢɢ ɫɢɫɬɟɦɵ 
Ʌɨɪɟɧɰɚ (1) ɛɵɥɚ ɫɮɨɪɦɢɪɨɜɚɧɚ ɫɥɟɞɭɸɳɚɹ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ ɞɟɣɫɬɜɢɣ: 

1. ȼɵɜɟɫɬɢ ɫɨɨɬɧɨɲɟɧɢɹ, ɫɜɹɡɵɜɚɸɳɢɟ ɤɨɷɮɮɢɰɢɟɧɬɵ Ɉɋ ɢ ɋɋ. 
2. Ɋɟɤɨɧɫɬɪɭɢɪɨɜɚɬɶ ɋɋ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɭɸ ɫɢɫɬɟɦɟ Ʌɨɪɟɧɰɚ (1). 
3. ɂɫɩɨɥɶɡɭɹ ɚɧɚɥɢɬɢɱɟɫɤɢɟ ɫɨɨɬɧɨɲɟɧɢɹ, ɨɩɪɟɞɟɥɢɬɶ, ɤɚɤɢɟ 

ɤɨɷɮɮɢɰɢɟɧɬɵ Ɉɋ ɞɨɥɠɧɵ ɛɵɬɶ ɫɬɪɨɝɨ ɧɭɥɟɜɵɟ, ɚ ɤɚɤɢɟ - ɫɬɪɨɝɨ ɧɟɧɭɥɟɜɵɟ. 
4. ɂɫɩɨɥɶɡɭɹ ɦɟɬɨɞ ɩɟɪɫɩɟɤɬɢɜɧɵɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ, ɧɚɣɬɢ ɜɫɟ ɩɪɨɫɬɟɣɲɢɟ 

Ɉɋ, ɤɨɬɨɪɵɦ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɋɋ, ɩɨɥɭɱɟɧɧɚɹ ɜ ɩ. 2. 
5. Ɉɩɪɟɞɟɥɢɬɶ ɡɧɚɱɟɧɢɹ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɧɚɣɞɟɧɧɵɯ Ɉɋ, ɟɫɥɢ ɷɬɨ 

ɜɨɡɦɨɠɧɨ. 
Ɋɟɡɭɥɶɬɚɬɵ. Ȼɵɥ ɜɵɩɨɥɧɟɧ ɜɵɜɨɞ ɫɨɨɬɧɨɲɟɧɢɣ, ɫɜɹɡɵɜɚɸɳɢɯ 

ɤɨɷɮɮɢɰɢɟɧɬɵ Ɉɋ ɢ ɋɋ. Ⱦɥɹ ɭɞɨɛɫɬɜɚ ɢɫɩɨɥɶɡɨɜɚɧɢɹ ɫɨɨɬɧɨɲɟɧɢɣ 
ɧɟɨɛɯɨɞɢɦɨ, ɱɬɨɛɵ ɜ ɧɢɯ ɨɬɫɭɬɫɬɜɨɜɚɥɢ ɢɪɪɚɰɢɨɧɚɥɶɧɵɟ ɫɥɚɝɚɟɦɵɟ. 
ɉɨɷɬɨɦɭ ɢɡ ɭɪɚɜɧɟɧɢɣ Ɉɋ (2) ɛɵɥɢ ɢɫɤɥɸɱɟɧɵ ɩɪɨɢɡɜɟɞɟɧɢɹ 
ɧɟɧɚɛɥɸɞɚɟɦɵɯ ɩɟɪɟɦɟɧɧɵɯ, ɤɨɬɨɪɵɟ ɩɪɢɜɨɞɹɬ ɤ ɩɨɹɜɥɟɧɢɸ ɬɚɤɢɯ 
ɫɥɚɝɚɟɦɵɯ ɜ ɫɨɨɬɧɨɲɟɧɢɹɯ. ȼ ɪɟɡɭɥɶɬɚɬɟ ɫɢɫɬɟɦɚ ɩɪɢɧɹɥɚ ɜɢɞ 

2
1 0 1 1 2 2 3 3 4 1 5 1 2 6 1 3

2
2 0 1 1 2 2 3 3 4 1 5 1 2 6 1 3

2
3 0 1 1 2 2 3 3 4 1 5 1 2 6 1 3

,

,

.

x a a x a x a x a x a x x a x x

x b b x b x b x b x b x x b x x

x c c x c x c x c x c x x c x x

 = + + + + + +


= + + + + + +
 = + + + + + +

                    (4) 

ɋɋ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɚɹ Ɉɋ (4), ɢɦɟɟɬ ɜɢɞ 

(

1 2

2 3

2 2
3 0 1 1 2 2 3 3 4 1 5 1 2 6 1 3 7 2 8 2 3

2 3 2 2 2 3
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y = y ,

y = y ,
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4 6 3 2 5 7
33 1 3 34 1 35 1 2 36 1 2 38 1

2 3
0 1 1 2 2 4 1 10 1

:
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N y y + N y + N y y + N y y + N y

D + D y + D y + D y + D y














 (5) 
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ɋɨɨɬɧɨɲɟɧɢɹ ɦɟɠɞɭ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ Ɉɋ (4) ɢ ɋɋ (5) ɜ ɞɚɧɧɨɣ ɫɬɚɬɶɟ ɧɟ 
ɩɪɢɜɟɞɟɧɵ ɩɨ ɩɪɢɱɢɧɟ ɢɯ ɡɧɚɱɢɬɟɥɶɧɨɝɨ ɨɛɴɟɦɚ. ɇɭɦɟɪɚɰɢɹ ɤɨɷɮɮɢɰɢɟɧɬɨɜ 
ɋɋ ɬɚɤɚɹ ɠɟ, ɤɚɤ ɜ (9) ɢɡ [1].  

Ⱦɥɹ ɫɢɫɬɟɦɵ (1) ɦɟɬɨɞɵ ɪɟɤɨɧɫɬɪɭɤɰɢɢ ɢ ɡɧɚɱɟɧɢɹ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɋɋ 
ɢɡɜɟɫɬɧɵ ɢɡ [13]. ɂɫɩɨɥɶɡɭɹ ɩɨɞɯɨɞ ɢɡ ɭɤɚɡɚɧɧɨɣ ɪɚɛɨɬɵ, ɞɥɹ (1) ɛɵɥɚ 
ɩɨɥɭɱɟɧɚ ɋɋ, ɤɨɬɨɪɚɹ ɫ ɭɱɟɬɨɦ ɨɛɨɡɧɚɱɟɧɢɣ (5) ɢɦɟɟɬ ɜɢɞ 

( )

1 2

2 3

2 2 4 3
3 4 1 5 1 2 6 1 3 7 2 8 2 3 20 1 21 1 2 1 1

,

,

,

y y

y y

y N y N y y N y y N y N y y N y N y y D y

 =
 =
 = + + + + + +

 (6) 

ɝɞɟ 4 720N = , 5 29,33N = − , 6 13,67N = − , 7 11N = , 8 1 1N D= = , 20 10N = − , 

21 1N = −  ɢ 1 1( ) ( )y t x t . 

Ɇɨɠɧɨ ɜɢɞɟɬɶ, ɱɬɨ ɋɋ (6) ɡɧɚɱɢɬɟɥɶɧɨ ɩɪɨɳɟ, ɱɟɦ (5). ɗɬɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ 
Ɉɋ (4) ɫɨɞɟɪɠɢɬ ɢɡɛɵɬɨɱɧɵɟ ɤɨɷɮɮɢɰɢɟɧɬɵ, ɤɨɬɨɪɵɟ ɧɟɨɛɯɨɞɢɦɨ 
ɩɪɢɪɚɜɧɹɬɶ ɧɭɥɸ. Ⱦɥɹ ɨɩɪɟɞɟɥɟɧɢɹ ɬɨɝɨ, ɤɚɤɢɟ ɤɨɷɮɮɢɰɢɟɧɬɵ Ɉɋ (4) ɪɚɜɧɵ 
ɧɭɥɸ, ɛɵɥ ɜɵɩɨɥɧɟɧ ɚɧɚɥɢɡ, ɚɧɚɥɨɝɢɱɧɵɣ ɪɚɫɫɦɨɬɪɟɧɧɨɦɭ ɜ [1]. Ɂɧɚɹ, ɱɬɨ 
ɧɟɤɨɬɨɪɵɣ ɤɨɷɮɮɢɰɢɟɧɬ ɋɋ (6) ɧɭɥɟɜɨɣ (ɢɥɢ ɧɟɧɭɥɟɜɨɣ) ɢ ɢɫɩɨɥɶɡɭɹ 
ɫɨɨɬɧɨɲɟɧɢɹ ɦɟɠɞɭ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ Ɉɋ ɢ ɋɋ, ɦɨɠɧɨ ɫɞɟɥɚɬɶ ɜɵɜɨɞ ɨ 
ɧɚɥɢɱɢɢ ɢɥɢ ɨɬɫɭɬɫɬɜɢɢ ɤɨɷɮɮɢɰɢɟɧɬɨɜ Ɉɋ. Ɇɧɨɝɨɤɪɚɬɧɨɟ ɩɨɜɬɨɪɟɧɢɟ 
ɞɚɧɧɨɣ ɨɩɟɪɚɰɢɢ ɞɥɹ ɪɚɡɧɵɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɋɋ ɩɨɡɜɨɥɹɟɬ ɭɩɪɨɫɬɢɬɶ 
ɫɬɪɭɤɬɭɪɭ Ɉɋ. ɉɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ ɨɫɧɨɜɧɵɯ ɷɬɚɩɨɜ ɚɧɚɥɢɡɚ ɞɥɹ ɤɪɚɬɤɨɫɬɢ 
ɩɪɟɞɫɬɚɜɥɟɧɚ ɜ ɜɢɞɟ ɞɢɚɝɪɚɦɦɵ (ɪɢɫ. 1), ɨɛɨɡɧɚɱɟɧɢɹ ɤɨɬɨɪɨɣ ɢɦɟɸɬ 
ɫɥɟɞɭɸɳɢɣ ɫɦɵɫɥ: 

 
Ɋɢɫ. 1. ɉɨɢɫɤ ɱɚɫɬɧɵɯ ɫɥɭɱɚɟɜ Ɉɋ (4), ɤɨɬɨɪɵɦ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɋɋ (6) 

(4) 1 0D  2 0D =

6 0a =

2 0a 

3 0a  5 0a =

3 0b =

2 0a =

3 0a 

3 0a =

2 0ɫ = 5 0a = 2 0b =

3 0ɫ =

0 0D =

2 0D =

0 0D = 9 0N = 0 0D =

4 0D =

12 0N =

5 0a =

4 0a = 5 0b =
6 0c =

11 0N =

21 0N 

4 0b =

6 0b  5 0c 

10 0N =

11 0N =

2 0ɫ =

0 0a = 1 0ɫ =

2 0N =

0 0b =

(7) 
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1. ȼ ɩɪɹɦɨɭɝɨɥɶɧɢɤɚɯ ɩɪɢɜɟɞɟɧɵ ɢɫɯɨɞɧɵɟ ɞɚɧɧɵɟ ɞɥɹ ɨɱɟɪɟɞɧɨɝɨ ɲɚɝɚ 
ɚɧɚɥɢɡɚ – ɮɚɤɬɵ ɪɚɜɟɧɫɬɜɚ ɢɥɢ ɧɟɪɚɜɟɧɫɬɜɚ ɧɭɥɸ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɝɨ 
ɤɨɷɮɮɢɰɢɟɧɬɚ ɋɋ. ɋɞɟɥɚɧɧɵɣ ɧɚ ɢɯ ɨɫɧɨɜɟ ɜɵɜɨɞ ɨɬɧɨɫɢɬɟɥɶɧɨ 
ɤɨɷɮɮɢɰɢɟɧɬɨɜ Ɉɋ ɭɤɚɡɚɧ ɜɨɡɥɟ ɫɬɪɟɥɨɤ. 

2. Ʉɪɭɝɢ ɨɛɨɡɧɚɱɚɸɬ ɪɚɫɫɦɨɬɪɟɧɢɟ ɜɡɚɢɦɧɨ ɢɫɤɥɸɱɚɸɳɢɯ ɝɢɩɨɬɟɡ, 
ɤɨɬɨɪɨɟ ɢɫɩɨɥɶɡɭɟɬɫɹ ɤɨɝɞɚ ɢɦɟɸɳɢɯɫɹ ɮɚɤɬɨɜ ɧɟɞɨɫɬɚɬɨɱɧɨ ɞɥɹ 
ɨɞɧɨɡɧɚɱɧɨɝɨ ɜɵɜɨɞɚ. 

3. ɋɢɦɜɨɥ «X» ɨɡɧɚɱɚɟɬ, ɱɬɨ ɩɪɟɞɵɞɭɳɢɟ ɲɚɝɢ ɚɧɚɥɢɡɚ ɩɪɢɜɟɥɢ ɤ 
ɩɪɨɬɢɜɨɪɟɱɢɹɦ, ɞɟɥɚɸɳɢɦ ɧɟɜɨɡɦɨɠɧɵɦ ɚɧɚɥɢɬɢɱɟɫɤɢɣ ɩɟɪɟɯɨɞ ɦɟɠɞɭ Ɉɋ 
ɢ ɋɋ. 

ɂɡ ɪɢɫ. 1 ɦɨɠɧɨ ɜɢɞɟɬɶ, ɱɬɨ ɛɵɥɚ ɧɚɣɞɟɧɚ ɬɨɥɶɤɨ ɨɞɧɚ Ɉɋ, ɤɨɬɨɪɚɹ 
ɹɜɥɹɟɬɫɹ ɱɚɫɬɧɵɦ ɫɥɭɱɚɟɦ (4) ɢ ɤɨɬɨɪɨɣ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɋɋ (6). ɋɢɫɬɟɦɚ ɢɦɟɟɬ 
ɜɢɞ 

1 1 1 2 2

2 1 1 2 2 6 1 3

2
3 0 3 3 4 1 5 1 2

,

,

.

x a x a x

x b x b x b x x

x c c x c x c x x

 = +
 = + +
 = + + +

                                  (7) 

Ɉɬɦɟɬɢɦ, ɱɬɨ ɜ ɫɢɫɬɟɦɟ (7) ɨɬɫɭɬɫɬɜɭɸɬ ɤɨɷɮɮɢɰɢɟɧɬɵ ɫɢɫɬɟɦɵ (4), ɤɨɬɨɪɵɟ 
ɫɨɝɥɚɫɧɨ ɪɢɫ. 1 ɪɚɜɧɵ ɧɭɥɸ, ɢ ɬɨɱɧɨ ɩɪɢɫɭɬɫɬɜɭɸɬ ɤɨɷɮɮɢɰɢɟɧɬɵ 2a , 6b , 5c , 

ɤɨɬɨɪɵɟ, ɫɨɝɥɚɫɧɨ ɞɢɚɝɪɚɦɦɟ, ɧɟ ɪɚɜɧɵ ɧɭɥɸ. Ɉɫɬɚɥɶɧɵɟ ɤɨɷɮɮɢɰɢɟɧɬɵ 
ɫɢɫɬɟɦɵ (7) ɦɨɝɭɬ ɩɪɢɧɢɦɚɬɶ ɤɚɤ ɧɭɥɟɜɵɟ, ɬɚɤ ɢ ɧɟɧɭɥɟɜɵɟ ɡɧɚɱɟɧɢɹ. ɋɜɹɡɶ 
ɦɟɠɞɭ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ Ɉɋ (7) ɢ ɋɋ (6) ɜɵɪɚɠɚɟɬɫɹ ɫɨɨɬɧɨɲɟɧɢɹɦɢ 
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Ɇɨɠɧɨ ɜɢɞɟɬɶ, ɱɬɨ ɫɢɫɬɟɦɚ (7) ɫɨɞɟɪɠɢɬ 9 ɧɟɧɭɥɟɜɵɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ, ɱɬɨ 
ɛɨɥɶɲɟ, ɱɟɦ 7 ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɜ ɫɢɫɬɟɦɟ Ʌɨɪɟɧɰɚ (1). Ⱦɥɹ ɞɚɥɶɧɟɣɲɟɝɨ 
ɭɩɪɨɳɟɧɢɹ ɫɢɫɬɟɦɵ (7) ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɫɨɨɬɧɨɲɟɧɢɣ (8) ɛɵɥ ɩɪɢɦɟɧɟɧ 
ɦɟɬɨɞ ɩɟɪɫɩɟɤɬɢɜɧɵɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ [10]. ȼɧɚɱɚɥɟ ɛɵɥɚ ɫɮɨɪɦɢɪɨɜɚɧɚ ɂɋ, 
ɫɨɞɟɪɠɚɳɚɹ ɬɨɥɶɤɨ ɧɟɧɭɥɟɜɵɟ ɤɨɷɮɮɢɰɢɟɧɬɵ 2a , 6b , 5c . ȿɣ ɫɨɨɬɜɟɬɫɬɜɭɟɬ 
ɋɋ ɫ ɧɟɧɭɥɟɜɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ 8N , 21N , 1D , ɚ 

4 5 6 7 20 0N N N N N= = = = = , ɱɬɨ ɩɪɨɬɢɜɨɪɟɱɢɬ (6). Ⱦɥɹ ɭɫɬɪɚɧɟɧɢɹ ɷɬɨɝɨ 
ɩɪɨɬɢɜɨɪɟɱɢɹ ɧɟɨɛɯɨɞɢɦɨ ɞɨɛɚɜɥɹɬɶ ɜ ɂɋ ɨɬɫɭɬɫɬɜɭɸɳɢɟ ɜ ɧɟɣ 
ɤɨɷɮɮɢɰɢɟɧɬɵ Ɉɋ (7) ɞɨ ɬɟɯ ɩɨɪ, ɩɨɤɚ ɫɨɨɬɜɟɬɫɬɜɭɸɳɚɹ ɋɋ ɧɟ ɛɭɞɟɬ 
ɫɨɜɩɚɞɚɬɶ ɫ (6). ȼɫɟɝɨ ɛɵɥɨ ɧɚɣɞɟɧɨ 9 Ɉɋ, ɜ ɬɨɦ ɱɢɫɥɟ 3 ɫɢɫɬɟɦɵ ɫ 6 
ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɢ 6 ɫɢɫɬɟɦ ɫ 7 ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ. ɋɬɪɭɤɬɭɪɵ ɧɚɣɞɟɧɧɵɯ Ɉɋ 
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ɩɪɢɜɟɞɟɧɵ ɜ ɬɚɛɥ. 1, ɝɞɟ ɫɢɦɜɨɥɨɦ "+" ɨɛɨɡɧɚɱɟɧɨ, ɤɚɤɢɟ ɢɡ ɤɨɷɮɮɢɰɢɟɧɬɨɜ 
ɫɢɫɬɟɦɵ (7) ɩɪɢɫɭɬɫɬɜɭɸɬ ɜ ɭɪɚɜɧɟɧɢɹɯ. 

Ⱦɚɥɟɟ ɛɵɥɨ ɜɵɩɨɥɧɟɧɨ ɨɩɪɟɞɟɥɟɧɢɟ ɤɨɷɮɮɢɰɢɟɧɬɨɜ Ɉɋ ɢɡ ɤɨɷɮɮɢɰɢɟɧɬɨɜ 
ɋɋ (6). ɉɪɢ ɷɬɨɦ ɨɤɚɡɚɥɨɫɶ, ɱɬɨ ɞɥɹ Ɉɋ №1-4 ɧɟ ɫɭɳɟɫɬɜɭɸɬ ɡɧɚɱɟɧɢɣ 
ɤɨɷɮɮɢɰɢɟɧɬɨɜ, ɨɛɟɫɩɟɱɢɜɚɸɳɢɯ ɡɧɚɱɟɧɢɹ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɋɋ (6). 
ɇɚɩɪɢɦɟɪ, ɞɥɹ Ɉɋ №1, ɢɡ (8) ɦɨɠɧɨ ɜɵɜɟɫɬɢ ɫɨɨɬɧɨɲɟɧɢɹ 1 20 21a N N= −  ɢ 

1 7a N= − , ɤɨɬɨɪɵɟ ɫɬɚɧɨɜɹɬɫɹ ɩɪɨɬɢɜɨɪɟɱɢɜɵɦɢ ɩɪɢ ɩɨɞɫɬɚɧɨɜɤɟ ɡɧɚɱɟɧɢɣ 
ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɋɋ (6). Ɍɚɤɢɟ Ɉɋ ɛɵɥɢ ɢɫɤɥɸɱɟɧɵ ɢɡ ɞɚɥɶɧɟɣɲɟɝɨ 
ɪɚɫɫɦɨɬɪɟɧɢɹ. ȼ ɪɟɡɭɥɶɬɚɬɟ ɨɤɚɡɚɥɨɫɶ, ɱɬɨ ɫɬɚɧɞɚɪɬɧɚɹ ɫɢɫɬɟɦɚ (6) 
ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɨɪɢɝɢɧɚɥɶɧɵɦ ɫɢɫɬɟɦɚɦ №5-9 ɢɡ ɬɚɛɥ. 1, ɫɪɟɞɢ ɤɨɬɨɪɵɯ ɟɫɬɶ ɢ 
ɫɢɫɬɟɦɚ Ʌɨɪɟɧɰɚ (№7). Ɉɱɟɜɢɞɧɨ, ɜɫɟ ɨɧɢ ɫɩɨɫɨɛɧɵ ɜɨɫɩɪɨɢɡɜɟɫɬɢ 
ɢɫɫɥɟɞɭɟɦɵɣ ɜɪɟɦɟɧɧɨɣ ɪɹɞ. ɇɟɫɦɨɬɪɹ ɧɚ ɬɨ, ɱɬɨ ɩɨ ɨɞɧɨɣ ɧɚɛɥɸɞɚɟɦɨɣ 
ɩɟɪɟɦɟɧɧɨɣ ɧɟɜɨɡɦɨɠɧɨ ɨɩɪɟɞɟɥɢɬɶ ɜɫɟ ɤɨɷɮɮɢɰɢɟɧɬɵ Ɉɋ, ɞɥɹ ɤɚɠɞɨɣ ɢɡ 5 
ɧɚɣɞɟɧɧɵɯ Ɉɋ ɦɨɠɧɨ ɨɞɧɨɡɧɚɱɧɨ ɨɩɪɟɞɟɥɢɬɶ ɡɧɚɱɟɧɢɹ ɱɚɫɬɢ 
ɤɨɷɮɮɢɰɢɟɧɬɨɜ, ɢɫɩɨɥɶɡɭɹ ɡɧɚɱɟɧɢɹ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɋɋ (6). ɇɚɩɪɢɦɟɪ, 
ɡɧɚɱɟɧɢɟ ɤɨɷɮɮɢɰɢɟɧɬɚ 3c  ɦɨɠɧɨ ɨɞɧɨɡɧɚɱɧɨ ɨɩɪɟɞɟɥɢɬɶ, ɟɫɥɢ ɜɵɜɟɫɬɢ ɢɡ 
(8) ɫɨɨɬɧɨɲɟɧɢɟ 3 5 7c N N= .  

ɇɚɣɞɟɧɧɵɟ ɡɧɚɱɟɧɢɹ ɤɨɷɮɮɢɰɢɟɧɬɨɜ Ɉɋ №5-9 ɩɪɢɜɟɞɟɧɵ ɜ ɬɚɛɥ. 2. Ⱦɥɹ 
ɬɨɝɨ ɱɬɨɛɵ ɛɵɥɚ ɜɨɡɦɨɠɧɨɫɬɶ ɜɵɱɢɫɥɢɬɶ ɜɫɟ ɤɨɷɮɮɢɰɢɟɧɬɵ Ɉɋ, ɛɵɥɢ 
ɩɪɢɧɹɬɵ ɡɧɚɱɟɧɢɹ 2 6 1a b= = . ɉɪɢ ɜɵɱɢɫɥɟɧɢɢ ɤɨɷɮɮɢɰɢɟɧɬɨɜ Ɉɋ №9 ɛɵɥɨ 
ɧɟɨɛɯɨɞɢɦɨ ɪɟɲɢɬɶ ɤɜɚɞɪɚɬɧɨɟ ɭɪɚɜɧɟɧɢɟ, ɢɡ-ɡɚ ɱɟɝɨ ɞɚɧɧɨɣ Ɉɋ 
ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɞɜɚ ɧɚɛɨɪɚ ɤɨɷɮɮɢɰɢɟɧɬɨɜ (№9Ⱥ ɢ №9Ȼ). ɀɢɪɧɵɦ ɲɪɢɮɬɨɦ 
ɜɵɞɟɥɟɧɵ ɤɨɷɮɮɢɰɢɟɧɬɵ, ɤɨɬɨɪɵɟ ɦɨɠɧɨ ɨɞɧɨɡɧɚɱɧɨ ɨɩɪɟɞɟɥɢɬɶ. 

 
Ɍɚɛɥɢɰɚ 1 

ɋɬɪɭɤɬɭɪɵ Ɉɋ, ɤɨɬɨɪɵɦ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɋɋ (6) 
№ 1a  2a  1b  2b  6b  0c  3c  4c  5c  

1 + +   + + +  + 
2 + + +  +  +  + 
3 + +  + +  +  + 
4 + + +  + + +  + 
5 + +  + + + +  + 
6 + +   + + + + + 
7 + + + + +  +  + 
8 + + +  +  + + + 
9 + +  + +  + + + 

 
ɉɪɢ ɩɨɞɫɬɚɧɨɜɤɟ ɡɧɚɱɟɧɢɣ ɤɨɷɮɮɢɰɢɟɧɬɨɜ Ɉɋ ɢɡ ɬɚɛɥ. 2 ɜ ɜɵɪɚɠɟɧɢɹ (8) 

ɩɨɥɭɱɟɧɧɵɟ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɋɋ ɛɭɞɭɬ ɬɚɤɢɦɢ ɠɟ, ɤɚɤ ɜ (6). ɋɥɟɞɨɜɚɬɟɥɶɧɨ, 
ɧɚɛɥɸɞɚɟɦɵɟ ɩɟɪɟɦɟɧɧɵɟ ɜɫɟɯ ɧɚɣɞɟɧɧɵɯ Ɉɋ ɫɨɜɩɚɞɚɸɬ ɫ ɧɚɛɥɸɞɚɟɦɨɣ 
ɩɟɪɟɦɟɧɧɨɣ ɫɢɫɬɟɦɵ Ʌɨɪɟɧɰɚ (1). Ɂɧɚɱɟɧɢɹ ɧɟɤɨɬɨɪɵɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ Ɉɋ 
ɛɭɞɭɬ ɡɚɜɢɫɟɬɶ ɨɬ ɪɚɧɟɟ ɩɪɢɧɹɬɵɯ ɡɧɚɱɟɧɢɣ 2a , 6b . ȿɫɥɢ ɩɪɢɫɜɨɢɬɶ 2a  ɢ 6b  

ɩɪɨɢɡɜɨɥɶɧɵɟ ɧɟɧɭɥɟɜɵɟ ɡɧɚɱɟɧɢɹ, ɬɨ ɡɚɜɢɫɹɳɢɟ ɨɬ ɧɢɯ ɤɨɷɮɮɢɰɢɟɧɬɵ Ɉɋ 
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ɢɡɦɟɧɹɬɫɹ ɬɚɤ, ɱɬɨ ɤɨɷɮɮɢɰɢɟɧɬɵ ɋɋ ɢ ɧɚɛɥɸɞɚɟɦɚɹ ɨɫɬɚɧɭɬɫɹ 
ɧɟɢɡɦɟɧɧɵɦɢ. ɉɪɢɦɟɪɨɦ ɬɚɤɨɣ ɫɢɬɭɚɰɢɢ ɹɜɥɹɟɬɫɹ ɫɢɫɬɟɦɚ №7, ɫɬɪɭɤɬɭɪɚ 
ɤɨɬɨɪɨɣ ɫɨɜɩɚɞɚɟɬ ɫɨ ɫɬɪɭɤɬɭɪɨɣ ɫɢɫɬɟɦɵ Ʌɨɪɟɧɰɚ (1), ɧɨ ɡɧɚɱɟɧɢɹ 
ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɨɬɥɢɱɚɸɬɫɹ. Ɏɚɡɨɜɵɟ ɩɨɪɬɪɟɬɵ Ɉɋ №5-9, ɩɨɫɬɪɨɟɧɧɵɟ ɫ 
ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɡɧɚɱɟɧɢɣ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɢɡ ɬɚɛɥ. 2, ɩɨɤɚɡɚɧɵ ɧɚ ɪɢɫ. 2. 

Ɍɚɛɥɢɰɚ 2 
Ɂɧɚɱɟɧɢɹ ɤɨɷɮɮɢɰɢɟɧɬɨɜ Ɉɋ №5-9 

№ 1a  2a  1b  2b  6b  0c  3c  4c  5c  

5 -10 1 0 -1 1 746,67 -2,67 0 -1 
6 -11 1 0 0 1 720 -2,67 1 -1 
7 -10 1 280 -1 1 0 -2,67 0 -1 
8 -11 1 270 0 1 0 -2,67 1 -1 

9Ⱥ 11,828 1 0 -22,828 1 0 -2,67 -21,828 -1 
9Ȼ -22,828 1 0 11,828 1 0 -2,67 12,828 -1 
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Ɋɢɫ. 2. Ɏɚɡɨɜɵɟ ɩɨɪɬɪɟɬɵ Ɉɋ №5-9 

 
ȼɵɜɨɞɵ. ȼ ɫɬɚɬɶɟ ɜɵɩɨɥɧɟɧɚ ɪɟɤɨɧɫɬɪɭɤɰɢɹ ɫɢɫɬɟɦɵ ɈȾɍ Ʌɨɪɟɧɰɚ ɩɨ 

ɨɞɧɨɣ ɧɚɛɥɸɞɚɟɦɨɣ ɩɟɪɟɦɟɧɧɨɣ ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɦɟɬɨɞɚ ɩɟɪɫɩɟɤɬɢɜɧɵɯ 
ɤɨɷɮɮɢɰɢɟɧɬɨɜ. Ȼɵɥɢ ɧɚɣɞɟɧɵ 4 ɫɢɫɬɟɦɵ ɈȾɍ, ɤɨɬɨɪɵɟ ɨɬɥɢɱɚɸɬɫɹ ɩɨ 
ɫɬɪɭɤɬɭɪɟ ɨɬ ɫɢɫɬɟɦɵ Ʌɨɪɟɧɰɚ, ɧɨ ɫɩɨɫɨɛɧɵ ɜɨɫɩɪɨɢɡɜɟɫɬɢ ɜɪɟɦɟɧɧɨɣ ɪɹɞ 
ɨɞɧɨɣ ɢɡ ɩɟɪɟɦɟɧɧɵɯ ɫɢɫɬɟɦɵ Ʌɨɪɟɧɰɚ. ɉɨɢɫɤ ɫɢɫɬɟɦ ɈȾɍ ɫ ɨɞɢɧɚɤɨɜɵɦɢ 
ɧɚɛɥɸɞɚɟɦɵɦɢ ɩɟɪɟɦɟɧɧɵɦɢ ɢ ɪɚɡɥɢɱɧɨɣ ɫɬɪɭɤɬɭɪɨɣ ɜɚɠɟɧ ɫ ɩɪɚɤɬɢɱɟɫɤɨɣ 
ɬɨɱɤɢ ɡɪɟɧɢɹ, ɩɨɫɤɨɥɶɤɭ ɬɚɤɢɦ ɫɢɫɬɟɦɚɦ ɦɨɝɭɬ ɫɨɨɬɜɟɬɫɬɜɨɜɚɬɶ ɪɚɡɧɵɟ 
ɦɟɯɚɧɢɡɦɵ ɩɪɨɬɟɤɚɧɢɹ ɢɫɫɥɟɞɭɟɦɨɝɨ ɩɪɨɰɟɫɫɚ. 

Ⱥɧɚɥɢɬɢɱɟɫɤɢɣ ɩɟɪɟɯɨɞ ɦɟɠɞɭ Ɉɋ ɢ ɋɋ ɜɨɡɦɨɠɟɧ ɧɟ ɞɥɹ ɜɫɟɯ ɫɢɫɬɟɦ 
ɈȾɍ, ɱɬɨ ɫɨɡɞɚɜɚɥɨ ɨɩɪɟɞɟɥɟɧɧɵɟ ɬɪɭɞɧɨɫɬɢ ɜ ɞɚɧɧɨɣ ɪɚɛɨɬɟ. ɉɨɷɬɨɦɭ 
ɞɚɥɶɧɟɣɲɟɝɨ ɢɫɫɥɟɞɨɜɚɧɢɹ ɬɪɟɛɭɸɬ ɜɨɩɪɨɫɵ ɜɵɹɜɥɟɧɢɹ Ɉɋ, ɞɥɹ ɤɨɬɨɪɵɯ 
ɜɨɡɦɨɠɟɧ ɩɟɪɟɯɨɞ ɤ ɋɋ, ɢ ɜɵɜɨɞ ɞɥɹ ɧɢɯ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɚɧɚɥɢɬɢɱɟɫɤɢɯ 
ɫɨɨɬɧɨɲɟɧɢɣ. 

 
Ȼɢɛɥɢɨɝɪɚɮɢɱɟɫɤɢɟ ɫɫɵɥɤɢ 
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ɇ.Ⱥ. Ƚɭɤ, Ɇ.Ʉ. Ƚɭɤ, ȱ.ɉ. ɒɚɩɨɜɚɥ 
Ⱦɧɿɩɪɨɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

 

ɇȺɅȺɒɌɍȼȺɇɇə ɉȺɊȺɆȿɌɊȱȼ ȽȿɇȿɌɂɑɇɈȽɈ  
ȺɅȽɈɊɂɌɆɍ ȾɅə ɊɈɁȼ’əɁȺɇɇə ɁȺȾȺɑȱ ɈɉɌɂɆȱɁȺɐȱȲ  

ɌɈɉɈɅɈȽȱȲ ɋȿɇɋɈɊɇɈȲ ɆȿɊȿɀȱ 

 
Ɂɚɞɚɱɚ ɩɪɨɟɤɬɭɜɚɧɧɹ ɬɨɩɨɥɨɝɿʀ ɛɟɡɞɪɨɬɨɜɨʀ ɫɟɧɫɨɪɧɨʀ ɦɟɪɟɠɿ ɨɩɬɢɦɚɥɶɧɨʀ 

ɬɨɩɨɥɨɝɿʀ ɪɨɡɝɥɹɞɚєɬɶɫɹ ɹɤ ɡɚɞɚɱɚ ɩɨɤɪɢɬɬɹ. ɋɮɨɪɦɭɥɶɨɜɚɧɨ ɰɿɥɶɨɜɭ ɮɭɧɤɰɿɸ, ɹɤɚ 
ɜɪɚɯɨɜɭє ɞɨɞɚɬɤɨɜɿ ɨɛɦɟɠɟɧɧɹ, ɳɨ ɡɚɛɟɡɩɟɱɭɸɬɶ ɫɬɿɣɤɿɫɬɶ ɪɨɛɨɬɢ ɦɟɪɟɠɿ. Ⱦɥɹ 
ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɩɪɨɟɤɬɭɜɚɧɧɹ ɬɨɩɨɥɨɝɿʀ ɦɟɪɟɠɿ ɜɢɤɨɪɢɫɬɚɧɨ ɝɟɧɟɬɢɱɧɢɣ 
ɚɥɝɨɪɢɬɦ. ɍ ɪɟɡɭɥɶɬɚɬɿ ɨɛɱɢɫɥɸɜɚɥɶɧɨɝɨ ɟɤɫɩɟɪɢɦɟɧɬɭ ɜɫɬɚɧɨɜɥɟɧɨ ɨɩɬɢɦɚɥɶɧɢɣ 
ɪɨɡɦɿɪ ɩɨɩɭɥɹɰɿʀ, ɨɛɪɚɧɨ ɦɟɬɨɞɢ ɜɢɤɨɧɚɧɧɹ ɝɟɧɟɬɢɱɧɢɯ ɨɩɟɪɚɰɿɣ.  

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɦɨɧɿɬɨɪɢɧɝ, ɛɟɡɞɪɨɬɨɜɚ ɫɟɧɫɨɪɧɚ ɦɟɪɟɠɚ, ɫɟɧɫɨɪ, ɪɨɭɬɟɪ, ɫɟɪɜɟɪ, 
ɬɨɩɨɥɨɝɿɹ, ɡɚɞɚɱɚ ɩɨɤɪɢɬɬɹ, ɝɟɧɟɬɢɱɧɢɣ ɚɥɝɨɪɢɬɦ. 

 

Ɂɚɞɚɱɚ ɩɪɨɟɤɬɢɪɨɜɚɧɢɹ ɬɨɩɨɥɨɝɢɢ ɛɟɫɩɪɨɜɨɞɧɨɣ ɫɟɧɫɨɪɧɨɣ ɫɟɬɢ ɨɩɬɢɦɚɥɶɧɨɣ 
ɬɨɩɨɥɨɝɢɢ ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɤɚɤ ɡɚɞɚɱɚ ɩɨɤɪɵɬɢɹ. ɋɮɨɪɦɭɥɢɪɨɜɚɧɚ ɰɟɥɟɜɚɹ 
ɮɭɧɤɰɢɹ, ɤɨɬɨɪɚɹ ɭɱɢɬɵɜɚɟɬ ɞɨɩɨɥɧɢɬɟɥɶɧɵɟ ɨɝɪɚɧɢɱɟɧɢɹ, ɨɛɟɫɩɟɱɢɜɚɸɳɢɟ 
ɭɫɬɨɣɱɢɜɨɫɬɶ ɪɚɛɨɬɵ ɫɟɬɢ. Ⱦɥɹ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ ɩɪɨɟɤɬɢɪɨɜɚɧɢɹ ɬɨɩɨɥɨɝɢɢ ɫɟɬɢ 
ɢɫɩɨɥɶɡɨɜɚɧ ɝɟɧɟɬɢɱɟɫɤɢɣ ɚɥɝɨɪɢɬɦ. ȼ ɪɟɡɭɥɶɬɚɬɟ ɜɵɱɢɫɥɢɬɟɥɶɧɨɝɨ ɷɤɫɩɟɪɢɦɟɧɬɚ 
ɭɫɬɚɧɨɜɥɟɧ ɨɩɬɢɦɚɥɶɧɵɣ ɪɚɡɦɟɪ ɩɨɩɭɥɹɰɢɢ, ɜɵɛɪɚɧɵ ɦɟɬɨɞɵ ɜɵɩɨɥɧɟɧɢɹ 
ɝɟɧɟɬɢɱɟɫɤɢɯ ɨɩɟɪɚɰɢɣ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɦɨɧɢɬɨɪɢɧɝ, ɛɟɫɩɪɨɜɨɞɧɚɹ ɫɟɧɫɨɪɧɚɹ ɫɟɬɶ, ɫɟɧɫɨɪ, ɪɨɭɬɟɪ, 
ɫɟɪɜɟɪ, ɬɨɩɨɥɨɝɢɹ, ɡɚɞɚɱɚ ɩɨɤɪɵɬɢɹ, ɝɟɧɟɬɢɱɟɫɤɢɣ ɚɥɝɨɪɢɬɦ. 

 

The paper is devoted to the optimal placement of devices within a wireless sensor 

network. Modern requirements to ensure public safety in buildings with a complex 

structure imply the existence of systems that can detect and position emergency situation, 

inform rescue and tenants about the status and help them to either evacuate or eliminate 

the danger. Nowadays the main approach to create indoor emergency system is based on 

wireless sensor network. The network is built with a big number of usually battery-

operating devices, each consists of a sensors set for hazard detection, and radio frequency 

module for communication. To evaluate the state of indoor environment different sensors 

can be used, such as temperature, humidity, light, flame, smoke, gas, etc. The problem of 

optimizing the network topology as a covering problem is formulated. A set of points in the 

area that is not covered by circles, a set of points belonging to the region and the 

intersection of two or more circles of coverage, set of points that do not belong to the area 

need to be minimized. To ensure fault tolerance of the wireless sensor network, it is necessary to 

allow the connection of each sensor with at least two routers, in case one of the routers is 

accidentally switched off, and also it is necessary to ensure connection of the router with at least 

one router. To take into account these additional conditions, the method of penalty functions is 

used. The genetic algorithm for solving the problem is used. The main genetic operators are  

adapted to the problem of designing the topology of wireless sensor networks. A computa-

tional experiment was carried out, during which the optimal population size was estab-

lished; the procedure of homogeneous crossing, procedure of tournament selection is 

_____________________________________ 
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chosen; procedure of homogeneous mutation. As a criterion for stopping the genetic 

algorithm, the stagnation of the results on the iterations of the algorithm is chosen.  

Keywords: monitoring, wireless sensor network, sensor, router, server, topology, cover-

age problem, genetic algorithm. 

 
ȼɫɬɭɩ. ɋɭɱɚɫɧɢɣ ɩɿɞɯɿɞ ɞɨ ɫɬɜɨɪɟɧɧɹ ɜɧɭɬɪɿɲɧɶɨʀ ɚɜɚɪɿɣɧɨʀ ɫɢɫɬɟɦɢ ɭ 

ɛɭɞɿɜɥɹɯ ɡɿ ɫɤɥɚɞɧɨɸ ɫɬɪɭɤɬɭɪɨɸ ɛɚɡɭєɬɶɫɹ ɧɚ ɩɨɛɭɞɨɜɿ ɛɟɡɞɪɨɬɨɜɨʀ 
ɫɟɧɫɨɪɧɨʀ ɦɟɪɟɠɿ (ȻɋɆ). ȻɋɆ – ɰɟ ɪɨɡɩɨɞɿɥɟɧɚ ɫɢɫɬɟɦɚ ɧɟɨɛɫɥɭɝɨɜɭɜɚɧɢɯ 

ɦɿɧɿɚɬɸɪɧɢɯ ɟɥɟɤɬɪɨɧɧɢɯ ɩɪɢɫɬɪɨʀɜ, ɹɤɿ ɡɞɿɣɫɧɸɸɬɶ ɡɛɿɪ ɞɚɧɢɯ ɩɪɨ 
ɩɚɪɚɦɟɬɪɢ ɡɨɜɧɿɲɧɶɨɝɨ ɫɟɪɟɞɨɜɢɳɚ ɿ ɩɟɪɟɞɚɱɭ ʀɯ ɧɚ ɫɟɪɜɟɪ ɡɚ ɞɨɩɨɦɨɝɨɸ 
ɪɟɬɪɚɧɫɥɹɰɿʀ ɜɿɞ ɜɭɡɥɚ ɞɨ ɜɭɡɥɚ ɡɚɫɨɛɚɦɢ ɛɟɡɞɪɨɬɨɜɨɝɨ ɡɜ’ɹɡɤɭ. Ⱥɜɬɨɧɨɦɧɿ 
ɩɪɢɫɬɪɨʀ ɨɡɞɨɛɥɟɧɿ ɞɚɬɱɢɤɚɦɢ ɞɥɹ ɜɢɹɜɥɟɧɧɹ ɧɟɛɟɡɩɟɤɢ (ɡɚɞɢɦɥɟɧɧɹ, 
ɩɨɠɟɠɿ).  ɇɚ ɩɿɞɫɬɚɜɿ ɞɚɧɢɯ ɫɢɝɧɚɥɿɜ ɦɨɠɥɢɜɨ ɚɜɬɨɦɚɬɢɡɭɜɚɬɢ ɭɩɪɚɜɥɿɧɧɹ 
ɫɢɫɬɟɦɨɸ ɩɪɨɬɢɞɿʀ ɧɟɛɟɡɩɟɰɿ ɬɚ ɫɢɫɬɟɦɨɸ ɫɩɨɜɿɳɟɧɧɹ ɩɪɢ ɜɢɧɢɤɧɟɧɧɿ 
ɜɨɝɧɟɧɟɛɟɡɩɟɱɧɢɯ ɿ ɿɧɲɢɯ ɚɜɚɪɿɣɧɢɯ ɫɢɬɭɚɰɿɣ. Ɍɚɤɢɦ ɱɢɧɨɦ ɡɞɿɣɫɧɸєɬɶɫɹ 
ɿɧɮɨɪɦɭɜɚɧɧɹ ɜɿɞɩɨɜɿɞɧɢɯ ɫɥɭɠɛ ɨ ɧɚɞɡɜɢɱɚɣɧɨʀ ɫɢɬɭɚɰɿʀ ɞɥɹ ɩɨɞɚɥɶɲɨɝɨ 
ɭɫɭɧɟɧɧɹ ɩɪɨɛɥɟɦɢ. Ʉɪɿɦ ɬɨɝɨ, ɬɚɤɢ ɫɢɫɬɟɦɢ ɦɨɠɧɚ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɞɥɹ 
ɦɨɧɿɬɨɪɢɧɝɭ ɬɚ ɤɨɧɬɪɨɥɸ ɩɚɪɚɦɟɬɪɿɜ ɩɨɜɿɬɪɹɧɨɝɨ ɫɟɪɟɞɨɜɢɳɚ ɭ 
ɩɪɢɦɿɳɟɧɧɹɯ, ɨɪɝɚɧɿɡɚɰɿʀ ɫɢɫɬɟɦɢ ɤɨɦɮɨɪɬɧɨʀ ɧɚɜɿɝɚɰɿʀ ɞɥɹ ɜɿɞɜɿɞɭɜɚɱɿɜ 
ɛɭɞɿɜɟɥɶ.  

Ɍɨɦɭ ɩɢɬɚɧɧɹ ɩɪɨɟɤɬɭɜɚɧɧɹ ɚɪɯɿɬɟɤɬɭɪɢ ɣ ɬɨɩɨɥɨɝɿʀ ɛɟɡɞɪɨɬɨɜɨʀ ɫɟɧɫɨɪɧɨʀ 
ɦɟɪɟɠɿ, ɳɨ ɡɚɛɟɡɩɟɱɭє ɨɩɬɢɦɚɥɶɧɟ ɪɨɡɬɚɲɭɜɚɧɧɹ ɟɥɟɦɟɧɬɿɜ ɦɟɪɟɠɿ ɿ ɝɚɪɚɧɬɭє 
ɫɬɿɣɤɭ ɪɨɛɨɬɭ ɫɢɫɬɟɦɢ, є ɚɤɬɭɚɥɶɧɢɦɢ. 

Ⱥɧɚɥɿɡ ɥɿɬɟɪɚɬɭɪɧɢɯ ɞɠɟɪɟɥ. Ɂ ɚɧɚɥɿɡɭ ɥɿɬɟɪɚɬɭɪɧɢɯ ɞɠɟɪɟɥ ɡ'ɹɫɨɜɚɧɨ, ɳɨ 
ɡɚɞɚɱɭ ɩɪɨɟɤɬɭɜɚɧɧɹ ɬɨɩɨɥɨɝɿʀ ɦɟɪɟɠɿ ɦɨɠɟ ɛɭɬɢ ɪɨɡɜ’ɹɡɚɧɨ ɹɤ ɡɚɞɚɱɭ ɬɟɨɪɿʀ 
ɝɪɚɮɿɜ [1], ɹɤ ɡɚɞɚɱɭ ɨɞɧɨɤɪɿɬɟɪɿɚɥɶɧɨʀ (ɛɚɝɚɬɨɤɪɢɬɟɪɿɚɥɶɧɨʀ) ɨɩɬɢɦɿɡɚɰɿʀ [2], 
ɹɤ ɡɚɞɚɱɭ ɬɟɨɪɿʀ ɚɥɝɨɪɢɬɦɿɜ – ɹɤ ɡɚɞɚɱɭ ɪɨɡɦɿɳɟɧɧɹ [3], ɚɛɨ ɹɤ ɡɚɞɚɱɭ 
ɩɨɤɪɢɬɬɹ [4]. 

Ɂ ɚɧɚɥɿɡɭ ɥɿɬɟɪɚɬɭɪɧɢɯ ɞɠɟɪɟɥ ɜɢɩɥɢɜɚє, ɳɨ ɚɧɚɥɿɬɢɱɧɿ ɦɨɞɟɥɿ ɣ ɦɟɬɨɞɢ 
ɪɨɡɜ'ɹɡɚɧɧɹ ɦɚɸɬɶ ɨɛɦɟɠɟɧɭ ɨɛɥɚɫɬɶ ɡɚɫɬɨɫɭɜɚɧɧɹ ɬɚ ɩɟɜɧɿ ɧɟɞɨɥɿɤɢ, ɹɤɿ ɧɟ 
ɞɨɡɜɨɥɹɸɬɶ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ʀɯ ɞɥɹ ɪɨɡɜ'ɹɡɚɧɧɹ ɩɪɚɤɬɢɱɧɢɯ ɡɚɞɚɱ. Ʉɪɿɦ ɬɨɝɨ, 
ɜɢɤɨɪɢɫɬɚɧɧɹ ɤɥɚɫɢɱɧɢɯ ɦɟɬɨɞɿɜ ɨɩɬɢɦɿɡɚɰɿʀ ɦɨɠɥɢɜɟ ɥɢɲɟ ɞɥɹ ɪɨɡɪɚɯɭɧɤɿɜ 
ɬɨɩɨɥɨɝɿʀ ɦɟɪɟɠ ɦɚɥɨʀ ɜɢɦɿɪɧɨɫɬɿ ɱɟɪɟɡ ɡɧɚɱɧɿ ɬɪɭɞɧɨɳɿ ɨɛɱɢɫɥɸɜɚɥɶɧɨɝɨ 
ɯɚɪɚɤɬɟɪɭ. ɉɟɪɟɜɚɠɧɚ ɛɿɥɶɲɿɫɬɶ ɪɨɛɿɬ, ɳɨ ɦɚɸɬɶ ɜɿɞɧɨɲɟɧɧɹ ɞɨ ɡɚɞɚɱ 
ɤɪɭɝɨɜɨɝɨ ɩɨɤɪɢɬɬɹ, ɩɪɢɫɜɹɱɟɧɚ ɞɨɫɥɿɞɠɟɧɧɸ ɟɜɪɢɫɬɢɱɧɢɯ ɦɟɬɨɞɿɜ 
ɪɨɡɜ'ɹɡɚɧɧɹ ɬɚɤɢɯ ɡɚɞɚɱ. ɋɭɱɚɫɧɿ ɨɛɱɢɫɥɸɜɚɥɶɧɿ ɬɟɯɧɨɥɨɝɿʀ, ɬɚɤɿ ɹɤ 
ɝɟɧɟɬɢɱɧɢɣ ɚɥɝɨɪɢɬɦ, ɦɟɬɨɞ ɦɭɪɚɲɢɧɢɯ ɤɨɥɨɧɿɣ, ɦɨɠɭɬɶ ɡɚɫɬɨɫɨɜɭɜɚɬɢɫɹ ɞɥɹ 
ɪɨɡɜ'ɹɡɚɧɧɹ ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ ɩɪɨɟɤɬɭɜɚɧɧɹ ɫɟɧɫɨɪɧɨʀ ɦɟɪɟɠɿ. Ɉɞɧɚɤ 
ɫɮɨɪɦɭɥɶɨɜɚɧɿ ɜ ɥɿɬɟɪɚɬɭɪɿ ɰɿɥɶɨɜɿ ɮɭɧɤɰɿɨɧɚɥɢ ɧɟ ɜɪɚɯɨɜɭɸɬɶ ɭɫɿɯ ɜɢɦɨɝ, ɹɤɿ 
ɜɢɫɭɜɚɸɬɶɫɹ ɞɨ ɛɟɡɞɪɨɬɨɜɢɯ ɫɟɧɫɨɪɧɢɯ ɦɟɪɟɠ ɧɚ ɩɪɚɤɬɢɰɿ. 

ɍ ɞɚɧɿɣ ɪɨɛɨɬɿ ɩɪɨɩɨɧɭєɬɶɫɹ ɡɚɫɬɨɫɨɜɭɜɚɬɢ ɝɟɧɟɬɢɱɧɿɣ ɚɥɝɨɪɢɬɦ ɞɥɹ 
ɪɨɡɜ'ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɩɪɨɟɤɬɭɜɚɧɧɹ ɬɨɩɨɥɨɝɿʀ ɛɟɡɞɪɨɬɨɜɨʀ ɫɟɧɫɨɪɧɨʀ ɦɟɪɟɠɿ, ɹɤɚ 
ɡɞɚɬɧɚ ɡɚɛɟɡɩɟɱɢɬɢ ɨɩɬɢɦɚɥɶɧɟ ɩɨɤɪɢɬɬɹ ɡɚɞɚɧɨʀ ɨɛɥɚɫɬɿ, ɩɪɢ ɰɶɨɦɭ ɜ 
ɚɜɬɨɦɚɬɢɱɧɨɦɭ ɪɟɠɢɦɿ ɡɞɿɣɫɧɸєɬɶɫɹ ɪɨɡɩɨɞɿɥ ɪɨɥɟɣ ɩɪɢɫɬɪɨʀɜ (ɫɟɧɫɨɪ, 
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ɪɨɭɬɟɪ, ɫɟɪɜɟɪ) ɦɿɠ ɜɭɡɥɚɦɢ ɦɟɪɟɠɿ. ɋɟɧɫɨɪɢ ɡɞɿɣɫɧɸɸɬɶ ɡɛɿɪ ɞɚɧɢɯ ɩɪɨ 
ɩɚɪɚɦɟɬɪɢ ɡɨɜɧɿɲɧɶɨɝɨ ɫɟɪɟɞɨɜɢɳɚ (ɬɟɦɩɟɪɚɬɭɪɭ, ɬɢɫɤ, ɡɚɞɢɦɥɟɧɧɹ, ɪɿɜɟɧɶ 
ɜɨɥɨɝɨɫɬɿ) ɬɚ ɩɟɪɟɞɚɱɭ ʀɯ ɧɚ ɫɟɪɜɟɪ. Ɋɨɭɬɟɪɢ ɡɞɿɣɫɧɸɸɬɶ ɩɪɢɣɧɹɬɬɹ 
ɿɧɮɨɪɦɚɰɿʀ ɜɿɞ ɫɟɧɫɨɪɿɜ ɦɟɪɟɠɿ ɡ ɦɟɬɨɸ ʀʀ ɪɟɬɪɚɧɫɥɹɰɿʀ ɞɨ ɫɟɪɜɟɪɚ, ɚ ɬɚɤɨɠ 
ɩɟɪɟɞɚɱɭ ɞɚɧɢɯ ɜɿɞ ɫɟɪɜɟɪɚ ɧɚ ɫɟɧɫɨɪɢ. Ʉɟɪɭɜɚɧɧɹ ɜɫɿɦɚ ɜɭɡɥɚɦɢ ɦɟɪɟɠɿ, ɚ 
ɬɚɤɨɠ ɩɪɢɣɧɹɬɬɹ ɪɿɲɟɧɶ ɭ ɜɢɩɚɞɤɭ ɧɟɫɬɚɧɞɚɪɬɧɨʀ ɫɢɬɭɚɰɿʀ ɡɞɿɣɫɧɸєɬɶɫɹ 
ɫɟɪɜɟɪɨɦ. ɉɨɛɭɞɨɜɚɧɚ ɤɨɧɮɿɝɭɪɚɰɿɹ ɩɨɜɢɧɧɚ ɡɚɛɟɡɩɟɱɭɜɚɬɢ ɡɜ’ɹɡɚɧɿɫɬɶ ɜɭɡɥɿɜ 
ɦɟɪɟɠɿ ɬɚ ɫɬɿɣɤɿɫɬɶ ɦɟɪɟɠɿ, ɬɨɛɬɨ ɦɨɠɥɢɜɿɫɬɶ ɩɟɪɟɞɚɱɿ ɿɧɮɨɪɦɚɰɿʀ ɧɚɜɿɬɶ ɭ 
ɜɢɩɚɞɤɭ ɜɿɞɦɨɜɢ ɨɤɪɟɦɢɯ ɫɟɧɫɨɪɿɜ ɬɚ ɪɨɭɬɟɪɿɜ.  

Ɇɚɬɟɦɚɬɢɱɧɚ ɦɨɞɟɥɶ ɡɚɞɚɱɿ. ɍ ɪɨɛɨɬɿ ɡɚɞɚɱɭ ɩɨɛɭɞɨɜɢ ɨɩɬɢɦɚɥɶɧɨʀ 
ɬɨɩɨɥɨɝɿʀ ɦɟɪɟɠɿ ɫɮɨɪɦɭɥɶɨɜɚɧɨ ɹɤ ɡɚɞɚɱɭ ɩɨɤɪɢɬɬɹ ɿɡ ɡɚɫɬɨɫɭɜɚɧɧɹɦ 
ɪɟɡɭɥɶɬɚɬɿɜ ɞɨɫɥɿɞɠɟɧɶ Ɉ. Ɇ. Ʉɿɫɟɥɶɨɜɨʀ ɬɚ ʀʀ ɭɱɧɿɜ [5].  

Ɉɫɤɿɥɶɤɢ ɞɥɹ ɜɢɡɧɚɱɟɧɧɹ ɡɨɧɢ ɞɿʀ ɩɪɢɫɬɪɨʀɜ ɦɟɪɟɠɿ ɜɢɤɨɪɢɫɬɨɜɭєɬɶɫɹ 
ɥɨɝɚɪɢɮɦɿɱɧɨ-ɧɨɪɦɚɥɶɧɚ ɦɨɞɟɥɶ ɩɨɲɢɪɟɧɧɹ ɪɚɞɿɨɫɢɝɧɚɥɭ, ɬɨ ɨɛɥɚɫɬɶ ɩɨɤɪɢɬɬɹ 
ɫɟɧɫɨɪɚ ɚɛɨ ɪɨɭɬɟɪɚ ɦɨɠɧɚ ɜɜɚɠɚɬɢ ɤɨɥɨɦ. Ɍɨɦɭ ɪɨɡɝɥɹɞɚєɬɶɫɹ ɡɚɞɚɱɚ ɤɪɭɝɨɜɨɝɨ 
ɩɨɤɪɢɬɬɹ. 

ɇɚ ɨɛɥɚɫɬɿ   ɧɟɨɛɯɿɞɧɨ ɪɨɡɬɚɲɭɜɚɬɢ ɰɟɧɬɪɢ ɤɿɥ ɬɚɤ, ɳɨɛ 
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(p)r  – ɪɚɞɿɭɫ ɩɨɤɪɢɬɬɹ 

p -ɨɝɨ ɪɨɭɬɟɪɚ, 2
(k)r  – ɪɚɞɿɭɫ ɩɨɤɪɢɬɬɹ k -ɨɝɨ ɫɟɧɫɨɪɭ, pX  – ɬɨɱɤɢ ɪɨɡɦɿɳɟɧɧɹ 

ɪɨɭɬɟɪɿɜ, ɬɨɞɿ ɜɟɤɬɨɪ ( )p p pX x ,y=  – ɜɟɤɬɨɪ ɩɚɪɚɦɟɬɪɿɜ ɪɨɡɦɿɳɟɧɧɹ ɤɨɥɚ ɜ 
ɩɨɤɪɢɬɬɿ, ɹɤɢɣ ɭɬɜɨɪɸєɬɶɫɹ p -ɢɦ ɪɨɭɬɟɪɨɦ, kX – ɬɨɱɤɢ ɪɨɡɦɿɳɟɧɧɹ ɫɟɧɫɨɪɿɜ, 
ɬɨɞɿ ( )k k kX x ,y=  – ɜɟɤɬɨɪ ɩɚɪɚɦɟɬɪɿɜ ɪɨɡɦɿɳɟɧɧɹ ɤɨɥɚ ɜ ɩɨɤɪɢɬɬɿ, ɹɤɢɣ 
ɭɬɜɨɪɸєɬɶɫɹ k -ɢɦ ɫɟɧɫɨɪɨɦ; 11p ,N= , 21k ,N= ; 1N  – ɡɚɝɚɥɶɧɟ ɱɢɫɥɨ 
ɪɨɭɬɟɪɿɜ, 2N  – ɡɚɝɚɥɶɧɟ ɱɢɫɥɨ ɫɟɧɫɨɪɿɜ. ɍ ɹɤɨɫɬɿ ɫɟɪɜɟɪɚ ɨɛɢɪɚєɬɶɫɹ ɨɞɢɧ ɡ 
ɪɨɭɬɟɪɿɜ. 

ɍ ɪɨɛɨɬɿ ɞɥɹ ɜɢɡɧɚɱɟɧɧɹ ɜɿɞɫɬɚɧɿ ɦɿɠ ɬɨɱɤɚɦɢ ɨɛɥɚɫɬɿ ɩɪɢɣɧɹɬɚ ɟɜɤɥɿɞɨɜɚ 
ɦɟɬɪɢɤɚ. 

Ⱦɥɹ ɩɨɛɭɞɨɜɢ ɨɩɬɢɦɚɥɶɧɨɝɨ ɩɨɤɪɢɬɬɹ ɧɟɨɛɯɿɞɧɨ ɦɿɧɿɦɿɡɭɜɚɬɢ ɦɧɨɠɢɧɭ 
ɬɨɱɨɤ ɨɛɥɚɫɬɿ  , ɹɤɭ ɧɟ ɩɨɤɪɢɬɨ ɤɨɥɚɦɢ; ɦɧɨɠɢɧɭ ɬɨɱɨɤ, ɳɨ ɧɚɥɟɠɚɬɶ 
ɨɛɥɚɫɬɿ ɬɚ ɩɟɪɟɬɢɧɭ ɞɜɨɯ ɿ ɛɿɥɶɲɟ ɤɿɥ ɩɨɤɪɢɬɬɹ; ɦɧɨɠɢɧɭ ɬɨɱɨɤ, ɹɤɿ ɧɚɥɟɠɚɬɶ 
ɯɨɱɚ ɛ ɨɞɧɨɦɭ ɡ ɤɿɥ ɩɨɤɪɢɬɬɹ, ɚɥɟ ɧɟ ɧɚɥɟɠɚɬɶ ɨɛɥɚɫɬɿ  . 

Ɍɨɞɿ ɰɿɥɶɨɜɢɣ ɮɭɧɤɰɿɨɧɚɥ ɡɚɞɚɱɿ ɦɨɠɟ ɛɭɬɢ ɫɮɨɪɦɭɥɶɨɜɚɧɢɣ ɭ ɜɢɝɥɹɞɿ: 
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Ⱦɥɹ ɡɚɛɟɡɩɟɱɟɧɧɹ ɜɿɞɦɨɜɨɫɬɿɣɤɨɫɬɿ ɛɟɡɞɪɨɬɨɜɨʀ ɫɟɧɫɨɪɧɨʀ ɦɟɪɟɠɿ ɧɟɨɛɯɿɞɧɨ 
ɩɟɪɟɞɛɚɱɢɬɢ ɦɨɠɥɢɜɿɫɬɶ ɡ’єɞɧɚɧɧɹ ɤɨɠɧɨɝɨ ɫɟɧɫɨɪɭ ɧɟ ɦɟɧɲɟ ɧɿɠ ɡ ɞɜɨɦɚ 
ɪɨɭɬɟɪɚɦɢ, ɧɚ ɬɨɣ ɜɢɩɚɞɨɤ, ɤɨɥɢ ɨɞɢɧ ɡ ɪɨɭɬɟɪɿɜ ɛɭɞɟ ɚɜɚɪɿɣɧɨ ɜɢɦɤɧɟɧɢɣ, ɚ ɬɚɤɨɠ 
ɧɟɨɛɯɿɞɧɨ ɡɚɛɟɡɩɟɱɢɬɢ ɡ’єɞɧɚɧɧɹ ɪɨɭɬɟɪɚ ɯɨɱɚ ɛ ɳɟ ɡ ɨɞɧɢɦ ɪɨɭɬɟɪɨɦ [6]. Ⱦɥɹ 
ɜɪɚɯɭɜɚɧɧɹ ɜɤɚɡɚɧɢɯ ɞɨɞɚɬɤɨɜɢɯ ɭɦɨɜ ɛɭɞɟɦɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɦɟɬɨɞ ɲɬɪɚɮɧɢɯ 
ɮɭɧɤɰɿɣ. ɉɪɢєɞɧɚєɦɨ ɲɬɪɚɮɧɭ ɮɭɧɤɰɿɸ ɞɨ ɮɭɧɤɰɿɨɧɚɥɭ (1) ɭ ɬɚɤɢɣ ɫɩɨɫɿɛ: 
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ɞɟ   – ɞɨɞɚɬɧɚ ɜɟɥɢɱɢɧɚ. 
Ɇɟɬɨɞ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ. ɍ ɹɤɨɫɬɿ ɦɟɬɨɞɭ ɪɨɡɜ'ɹɡɚɧɧɹ ɫɮɨɪɦɭɥɶɨɜɚɧɨʀ 

ɡɚɞɚɱɿ ɨɩɬɢɦɿɡɚɰɿʀ (2) ɛɭɞɟɦɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɝɟɧɟɬɢɱɧɢɣ ɚɥɝɨɪɢɬɦ. Ɂɚɞɚɱɭ 
ɪɨɡɜ'ɹɡɚɧɨ ɞɥɹ ɨɛɥɚɫɬɿ  , ɹɤɚ ɹɜɥɹє ɫɨɛɨɸ ɩɥɚɧ ɩɨɜɟɪɯɭ ɛɭɞɢɧɤɭ.  

Ɉɛɥɚɫɬɶ ɩɨɤɪɢɜɚєɬɶɫɹ ɪɿɜɧɨɦɿɪɧɨɸ ɫɿɬɤɨɸ, ɹɤɚ ɫɤɥɚɞɚєɬɶɫɹ ɡ ɜɭɡɥɿɜ nX , 

1,n= N . ȼɭɡɥɢ ɫɿɬɤɢ є ɬɨɱɤɚɦɢ ɪɨɡɦɿɳɟɧɧɹ ɩɪɢɫɬɪɨʀɜ (ɪɨɭɬɟɪɿɜ, ɫɟɧɫɨɪɿɜ). 
Ʉɨɞɭɜɚɧɧɹ ɿɧɮɨɪɦɚɰɿʀ ɩɪɨ ɪɨɡɦɿɳɟɧɧɹ ɩɪɢɫɬɪɨɸ ɭ ɜɭɡɥɿ ɫɿɬɤɢ ɜɢɤɨɧɭєɬɶɫɹ ɭ 
ɬɚɤɢɣ ɫɩɨɫɿɛ: 00 – ɩɪɢɫɬɪɿɣ (ɪɨɭɬɟɪ ɚɛɨ ɫɟɧɫɨɪ) ɭ ɜɭɡɥɿ ɧɟ ɪɨɡɦɿɳɟɧɨ; 01 – ɭ 
ɜɭɡɥɿ ɪɨɡɦɿɳɟɧɢɣ ɫɟɧɫɨɪ; 10 – ɭ ɜɭɡɥɿ ɪɨɡɦɿɳɟɧɢɣ ɫɟɧɫɨɪ; 11 – ɭ ɜɭɡɥɿ 
ɪɨɡɦɿɳɟɧɢɣ ɪɨɭɬɟɪ. Ⱦɥɹ ɝɟɧɟɪɚɰɿʀ ɩɨɩɭɥɹɰɿʀ ɛɭɞɟɦɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɪɿɡɧɿ 
ɜɚɪɿɚɧɬɢ ɪɨɡɦɿɳɟɧɧɹ ɫɟɧɫɨɪɿɜ ɭ ɜɭɡɥɚɯ ɫɿɬɤɢ. ɇɚɛɿɪ ɯɪɨɦɨɫɨɦ ɞɥɹ ɩɨɩɭɥɹɰɿʀ 
ɝɟɧɟɪɭєɬɶɫɹ ɜɢɩɚɞɤɨɜɢɦ ɱɢɧɨɦ. 

Ɂɝɟɧɟɪɨɜɚɧɿ ɭ ɬɚɤɢɣ ɫɩɨɫɿɛ ɯɪɨɦɨɫɨɦɢ (ɜɚɪɿɚɧɬɢ ɬɨɩɨɥɨɝɿʀ ɦɟɪɟɠɿ) 
ɨɰɿɧɭɸɬɶɫɹ ɡ ɬɨɱɤɢ ɡɨɪɭ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ ɡɚɞɚɱɿ. ɇɚ ɤɨɠɧɿɣ ɿɬɟɪɚɰɿʀ 
ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɜɢɤɨɧɭɸɬɶɫɹ ɨɩɟɪɚɰɿʀ ɫɟɥɟɤɰɿʀ ɬɚ ɦɭɬɚɰɿʀ, ɤɪɚɳɢɣ 
ɪɨɡɜ'ɹɡɨɤ ɡ ɩɨɬɨɱɧɨʀ ɩɨɩɭɥɹɰɿʀ ɜɢɤɨɪɢɫɬɨɜɭєɬɶɫɹ ɞɥɹ ɮɨɪɦɭɜɚɧɧɹ ɧɨɜɨʀ 
ɩɨɩɭɥɹɰɿʀ, ɩɿɫɥɹ ɱɨɝɨ ɰɢɤɥ (ɝɟɧɟɪɚɰɿɹ) ɩɨɜɬɨɪɸєɬɶɫɹ. Ɋɨɡɜ’ɹɡɤɨɦ ɡɚɞɚɱɿ є 
ɜɟɤɬɨɪ, ɹɤɢɣ ɫɤɥɚɞɚєɬɶɫɹ ɡ ɧɨɦɟɪɿɜ ɜɭɡɥɿɜ ɫɿɬɤɢ, ɭ ɹɤɢɯ ɪɨɡɦɿɳɭɸɬɶɫɹ 
ɫɟɧɫɨɪɢ ɬɚ ɪɨɭɬɟɪɢ. 

Ƚɟɧɟɬɢɱɧɢɣ ɚɥɝɨɪɢɬɦ ɪɟɚɥɿɡɨɜɚɧɨ ɭ ɜɢɝɥɹɞɿ ɩɪɨɝɪɚɦɢ. Ɍɚɤɨɠ ɪɨɡɪɨɛɥɟɧɨ 
ɦɨɞɭɥɶ ɞɨɩɨɦɿɠɧɢɯ ɝɟɨɦɟɬɪɢɱɧɢɯ ɮɭɧɤɰɿɣ ɞɥɹ ɜɢɡɧɚɱɟɧɧɹ ɝɟɨɦɟɬɪɢɱɧɨɝɨ 
ɦɿɫɰɹ ɬɨɱɨɤ ɨɛɥɚɫɬɿ ɣ ɡɿɫɬɚɜɥɟɧɧɹ ʀɯ ɦɿɫɰɟɪɨɡɬɚɲɭɜɚɧɧɹ ɿɡ ɝɪɚɧɢɰɹɦɢ ɨɛɥɚɫɬɿ.  

Ɂɚ ɞɨɩɨɦɨɝɨɸ ɩɪɨɝɪɚɦɧɨɝɨ ɡɚɛɟɡɩɟɱɟɧɧɹ ɨɛɪɚɧɨ ɦɟɬɨɞɢ ɜɢɤɨɧɚɧɧɹ 
ɝɟɧɟɬɢɱɧɢɯ ɨɩɟɪɚɰɿɣ ɬɚ ɩɪɨɜɟɞɟɧɨ ɧɚɥɚɲɬɭɜɚɧɧɹ ɩɚɪɚɦɟɬɪɿɜ ɚɥɝɨɪɢɬɦɭ. 

ɏɚɪɚɤɬɟɪɢɫɬɢɤɚ ɩɚɪɚɦɟɬɪɿɜ ɦɨɞɟɥɿ ɬɚ ɩɚɪɚɦɟɬɪɿɜ ɚɧɚɥɿɡɭ. ɉɚɪɚɦɟɬɪɢ 
ɪɚɞɿɨ-ɦɨɞɟɥɿ ɨɛɢɪɚɥɢɫɶ ɬɚɤɢɦɢ: ɩɥɨɳɚ ɩɨɤɪɢɬɬɹ ɪɨɭɬɟɪɚ ɞɨɪɿɜɧɸɜɚɥɚ 450 ɦ2, 
ɩɥɨɳɚ ɩɨɤɪɢɬɬɹ ɫɟɧɫɨɪɚ ɞɨɪɿɜɧɸɜɚɥɚ 40 ɦ2. Ⱦɥɹ ɩɨɱɚɬɤɨɜɨʀ ɩɨɩɭɥɹɰɿʀ 
ɪɨɭɬɟɪɢ ɪɨɡɬɚɲɨɜɭɸɬɶɫɹ ɭ ɜɭɡɥɚɯ ɫɿɬɤɢ ɡ ɣɦɨɜɿɪɧɿɫɬɸ 1,44% , ɫɟɧɫɨɪɢ – ɡ 
ɣɦɨɜɿɪɧɿɫɬɸ 21,12%, ɰɿɥɶɨɜɿ ɡɧɚɱɟɧɧɹ ɰɢɯ ɩɚɪɚɦɟɬɪɿɜ ɞɥɹ ɨɛɪɚɧɢɯ 
ɯɚɪɚɤɬɟɪɢɫɬɢɤ ɩɪɢɫɬɪɨʀɜ ɬɚ ɩɥɨɳɿ ɩɨɜɟɪɯɭ ɛɭɞɿɜɥɿ ɫɬɚɧɨɜɥɹɬɶ – 0,38% ɬɚ 
4,9% , ɜɿɞɩɨɜɿɞɧɨ.  

Ƚɟɧɟɬɢɱɧɢɣ ɚɥɝɨɪɢɬɦ ɜɢɤɨɧɭє ɩɟɜɧɭ ɤɿɥɶɤɿɫɬɶ ɿɬɟɪɚɰɿɣ, ɧɚ ɤɨɠɧɨʀ ɿɬɟɪɚɰɿʀ 
ɨɛɱɢɫɥɸєɬɶɫɹ ɡɧɚɱɟɧɧɹ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ ɞɥɹ ɤɨɠɧɨʀ ɯɪɨɦɨɫɨɦɢ ɭ ɩɨɩɭɥɹɰɿʀ, 
ɹɤɿɫɬɶ ɪɨɡɪɚɯɭɧɤɭ ɨɛɱɢɫɥɸєɬɶɫɹ ɡɚ ɡɧɚɱɟɧɧɹɦ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ ɞɥɹ ɤɪɚɳɨʀ 
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ɯɪɨɦɨɫɨɦɢ. Ⱥɧɚɥɿɡɭєɬɶɫɹ ɩɨɜɟɞɿɧɤɚ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ ɧɚ ɿɬɟɪɚɰɿɹɯ 
ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ. Ⱦɥɹ ɩɨɪɿɜɧɹɧɧɹ ɡɚɫɬɨɫɨɜɚɧɢɯ ɭ ɚɥɝɨɪɢɬɦɿ ɦɟɬɨɞɿɜ 
ɦɭɬɚɰɿʀ, ɫɟɥɟɤɰɿʀ ɬɚ ɫɯɪɟɳɭɜɚɧɧɹ ɤɪɿɦ ɡɧɚɱɟɧɶ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ, 
ɨɛɱɢɫɥɸєɬɶɫɹ ɬɚɤɨɠ ɡɧɚɱɟɧɧɹ ɩɨɯɢɛɤɢ ɡɚ ɤɿɥɶɤɿɫɬɸ ɜɢɤɨɪɢɫɬɚɧɢɯ ɩɪɢɫɬɪɨʀɜ 
(ɪɨɭɬɟɪɿɜ, ɫɟɧɫɨɪɿɜ). Ⱦɥɹ ɰɶɨɝɨ ɨɛɱɢɫɥɸєɬɶɫɹ ɜɿɞɧɨɲɟɧɧɹ ɪɿɡɧɢɰɿ ɦɿɠ 
ɜɢɤɨɪɢɫɬɚɧɨɸ ɤɿɥɶɤɿɫɬɸ ɩɪɢɫɬɪɨʀɜ ɬɚ ɡɚɞɚɧɨɸ ɰɿɥɶɨɜɨɸ ɤɿɥɶɤɿɫɬɸ. əɤɳɨ 
ɩɨɯɢɛɤɚ ɡɚ ɤɿɥɶɤɿɫɬɸ ɜɢɤɨɪɢɫɬɚɧɢɯ ɩɪɢɫɬɪɨʀɜ ɞɨɪɿɜɧɸє ɧɭɥɸ, ɬɨ ɜ ɪɟɡɭɥɶɬɚɬɿ 
ɪɨɛɨɬɢ ɚɥɝɨɪɢɬɦɭ ɨɛɪɚɧɨ ɞɨɫɬɚɬɧɸ ɤɿɥɶɤɿɫɬɶ ɩɪɢɫɬɪɨʀɜ, ɹɤɳɨ ɩɨɯɢɛɤɚ 
ɜɿɞ’єɦɧɚ, ɬɨ ɤɿɥɶɤɿɫɬɶ ɩɪɢɫɬɪɨʀɜ ɧɟɞɨɫɬɚɬɧɹ, ɿɧɚɤɲɟ, ɜɢɤɨɪɢɫɬɚɧɨ ɩɪɢɫɬɪɨʀɜ 
ɛɿɥɶɲɟ, ɧɿɠ ɞɨɡɜɨɥɟɧɟ.  

Ⱦɥɹ ɨɰɿɧɸɜɚɧɧɹ ɹɤɨɫɬɿ ɩɨɩɭɥɹɰɿʀ ɬɚ ɡɚɫɬɨɫɨɜɚɧɢɯ ɭ ɚɥɝɨɪɢɬɦɿ ɦɟɬɨɞɿɜ 
ɦɭɬɚɰɿʀ ɬɚ ɫɟɥɟɤɰɿʀ ɞɨɫɥɿɞɠɭєɬɶɫɹ ɪɿɡɧɢɰɹ ɦɿɠ ɡɧɚɱɟɧɧɹɦɢ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ 
ɞɥɹ ɤɪɚɳɨʀ ɬɚ ɩɨɝɚɧɨʀ ɯɪɨɦɨɫɨɦɢ, ɡɚ ɞɨɩɨɦɨɝɨɸ ɰɶɨɝɨ ɩɚɪɚɦɟɬɪɭ 
ɜɿɞɫɬɟɠɭєɬɶɫɹ ɜɢɪɨɞɠɟɧɧɹ ɩɨɩɭɥɹɰɿʀ. 

Ⱥɧɚɥɿɡ ɜɩɥɢɜɭ ɩɚɪɚɦɟɬɪɿɜ ɚɥɝɨɪɢɬɦɭ ɧɚ ɪɟɡɭɥɶɬɚɬɢ ɪɨɡɜ’ɹɡɚɧɧɹ 
ɡɚɞɚɱɿ. ȼɿɞɨɦɨ, ɳɨ ɤɿɥɶɤɿɫɬɶ ɯɪɨɦɨɫɨɦ ɭ ɩɨɩɭɥɹɰɿʀ ɫɭɬɬєɜɟ ɜɩɥɢɜɚє ɧɚ ɹɤɿɫɬɶ 
ɪɨɛɨɬɢ ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ. Ɍɟɫɬɭɜɚɧɧɹ ɜɿɞɛɭɜɚɥɨɫɶ ɞɥɹ ɩɨɩɭɥɹɰɿɣ 
ɜɢɦɿɪɧɿɫɬɶ ɹɤɢɯ ɞɨɪɿɜɧɸɜɚɥɚ 50, 100, 200 ɢ 500 ɯɪɨɦɨɫɨɦɚɦ. Ɂɛɿɥɶɲɟɧɧɹ 
ɜɢɦɿɪɧɨɫɬɿ ɩɨɩɭɥɹɰɿʀ ɞɨ 1000 ɯɪɨɦɨɫɨɦ ɧɟ є ɞɨɰɿɥɶɧɢɦ, ɨɫɤɿɥɶɤɢ ɡɿ 
ɡɛɿɥɶɲɟɧɧɹɦ ɜɢɦɿɪɧɨɫɬɿ ɜɿɞɛɭɜɚєɬɶɫɹ ɛɿɥɶɲ ɫɤɨɪɿɲɟ ɜɢɪɨɞɠɟɧɧɹ ɩɨɩɭɥɹɰɿʀ 
(ɯɪɨɦɨɫɨɦɢ ɫɬɚɸɬɶ ɛɥɢɡɶɤɢɦɢ ɨɞɧɚ ɞɨ ɨɞɧɨʀ), ɤɪɿɦ ɬɨɝɨ ɡɧɚɱɧɨ ɡɛɿɥɶɲɭєɬɶɫɹ 
ɱɚɫ, ɧɟɨɛɯɿɞɧɢɣ ɞɥɹ ɩɪɨɜɟɞɟɧɧɹ ɪɨɡɪɚɯɭɧɤɿɜ. 

ɇɚ ɪɢɫ. 1 ɧɚɜɟɞɟɧɨ ɡɧɚɱɟɧɧɹ ɩɨɯɢɛɤɢ ɡɚ ɤɿɥɶɤɿɫɬɸ ɜɢɤɨɪɢɫɬɚɧɢɯ ɫɟɧɫɨɪɿɜ ɧɚ 
ɿɬɟɪɚɰɿɹɯ ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɞɥɹ ɪɿɡɧɢɯ ɪɨɡɦɢɪɿɜ ɩɨɩɭɥɹɰɿʀ. Ɂ ɚɧɚɥɿɡɭ 
ɧɚɜɟɞɟɧɢɯ ɡɚɥɟɠɧɨɫɬɟɣ ɜɢɞɧɨ, ɳɨ ɜɢɤɨɪɢɫɬɚɧɧɹ 50 ɯɪɨɦɨɫɨɦ (ɤɪɢɜɚ 1) ɭ 
ɩɨɩɭɥɹɰɿʀ ɧɟɞɨɫɬɚɬɧɶɨ, ɡɿ ɡɛɿɥɶɲɟɧɧɹɦ ɪɨɡɦɿɪɭ ɩɨɩɭɥɹɰɿʀ ɮɭɧɤɰɿɹ ɩɨɯɢɛɤɢ ɡɚ 
ɤɿɥɶɤɿɫɬɸ ɜɢɤɨɪɢɫɬɚɧɢɯ ɩɪɢɫɬɪɨʀɜ ɡɦɟɧɲɭє ɫɜɨє ɡɧɚɱɟɧɧɹ (ɤɪɢɜɿ 2, 3 
ɜɿɞɩɨɜɿɞɚɸɬɶ ɪɟɡɭɥɶɬɚɬɚɦ, ɨɬɪɢɦɚɧɢɦ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ 100, 200 ɯɪɨɦɨɫɨɦ). 
ȼɫɬɚɧɨɜɥɟɧɨ, ɳɨ ɞɥɹ ɪɨɡɝɥɹɧɭɬɨʀ ɡɚɞɚɱɿ ɿɫɧɭє ɨɩɬɢɦɚɥɶɧɢɣ ɪɨɡɦɿɪ ɩɨɩɭɥɹɰɿʀ – 
500 ɯɪɨɦɨɫɨɦ (ɤɪɢɜɚ 4), ɞɥɹ ɹɤɨɝɨ ɩɪɢ ɜɢɤɨɧɚɧɧɿ 300-400 ɿɬɟɪɚɰɿɣ ɝɟɧɟɬɢɱɧɨɝɨ 
ɚɥɝɨɪɢɬɦɭ ɞɨɫɹɝɚєɬɶɫɹ ɦɿɧɿɦɭɦ ɮɭɧɤɰɿʀ ɩɨɯɢɛɤɢ ɡɚ ɤɿɥɶɤɿɫɬɸ ɜɢɤɨɪɢɫɬɚɧɢɯ 
ɩɪɢɫɬɪɨʀɜ. 

ȿɮɟɤɬɢɜɧɿɫɬɶ ɪɨɛɨɬɢ ɛɭɞɶ-ɹɤɨɝɨ ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɫɭɬɬєɜɨ ɡɚɥɟɠɢɬɶ 
ɜɿɞ ɟɮɟɤɬɢɜɧɨɫɬɿ ɨɩɟɪɚɰɿʀ ɫɯɪɟɳɭɜɚɧɧɹ. ɍ ɩɪɨɝɪɚɦɿ ɪɟɚɥɿɡɨɜɚɧɨ ɨɞɧɨɬɨɱɤɨɜɟ 
ɫɯɪɟɳɭɜɚɧɧɹ; ɞɜɨɯɬɨɱɤɨɜɟ ɫɯɪɟɳɭɜɚɧɧɹ, ɩɪɢ ɹɤɨɦɭ ɫɯɪɟɳɭɜɚɧɧɹ 
ɜɿɞɛɭɜɚєɬɶɫɹ ɦɿɠ ɞɜɨɦɚ ɜɢɩɚɞɤɨɜɨ ɨɛɪɚɧɢɦɢ ɯɪɨɦɨɫɨɦɚɦɢ ɩɨɩɭɥɹɰɿʀ; 
ɫɯɪɟɳɭɜɚɧɧɹ ɬɪɶɨɯ ɜɢɩɚɞɤɨɜɨ ɨɛɪɚɧɢɯ ɛɚɬɶɤɿɜ, ɩɪɢ ɹɤɨɦɭ ɛɿɬ ɩɟɪɲɨɝɨ ɛɚɬɶɤɚ 
ɩɨɪɿɜɧɸєɬɶɫɹ ɿɡ ɜɿɞɩɨɜɿɞɧɢɦ ɛɿɬɨɦ ɞɪɭɝɨɝɨ ɛɚɬɶɤɚ, ɹɤɳɨ ɜɨɧɢ ɫɯɨɠɿ, ɬɨ 
ɜɢɤɨɪɢɫɬɨɜɭɸɬɶɫɹ ɩɪɢ ɮɨɪɦɭɜɚɧɧɿ ɩɨɬɨɦɤɚ, ɿɧɚɤɲɟ ɜɢɤɨɪɢɫɬɨɜɭєɬɶɫɹ 
ɜɿɞɩɨɜɿɞɧɢɣ ɛɿɬ ɬɪɟɬɶɨɝɨ ɛɚɬɶɤɚ; ɨɞɧɨɪɿɞɧɟ ɫɯɪɟɳɭɜɚɧɧɹ, ɤɨɥɢ ɡɧɚɱɟɧɧɹ 
ɤɨɠɧɨɝɨ ɛɿɬɚ ɜ ɯɪɨɦɨɫɨɦɿ ɩɨɬɨɦɤɚ ɜɢɡɧɚɱɚєɬɶɫɹ ɜɢɩɚɞɤɨɜɢɦ ɱɢɧɨɦ ɿɡ 
ɜɿɞɩɨɜɿɞɧɢɯ ɛɿɬɿɜ ɛɚɬɶɤɿɜ. 

ɇɚ ɪɢɫ. 2 ɧɚɜɟɞɟɧɨ ɡɚɥɟɠɧɿɫɬɶ ɡɧɚɱɟɧɧɹ ɩɨɯɢɛɤɢ ɡɚ ɤɿɥɶɤɿɫɬɸ 
ɜɢɤɨɪɢɫɬɚɧɢɯ ɫɟɧɫɨɪɿɜ, ɜɿɞɩɨɜɿɞɧɨ, ɧɚ ɿɬɟɪɚɰɿɹɯ ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɞɥɹ 
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ɪɿɡɧɢɯ ɬɢɩɿɜ ɫɯɪɟɳɭɜɚɧɧɹ (ɤɪɢɜɚ 1 ɜɿɞɩɨɜɿɞɚє ɨɞɧɨɪɿɞɧɨɦɭ ɫɯɪɟɳɭɜɚɧɧɸ, 2 – 
ɨɞɧɨɬɨɱɤɨɜɨɦɭ ɫɯɪɟɳɭɜɚɧɧɸ, 3 – ɫɯɪɟɳɭɜɚɧɧɸ ɬɪɶɨɯ ɜɢɩɚɞɤɨɜɨ ɨɛɪɚɧɢɯ 
ɛɚɬɶɤɿɜ, 4 – ɞɜɨɯɬɨɱɤɨɜɨɦɭ ɫɯɪɟɳɭɜɚɧɧɸ.) 

 

 
Ɋɢɫ. 1. – ɉɨɯɢɛɤɚ ɡɚ ɤɿɥɶɤɿɫɬɸ 

ɜɢɤɨɪɢɫɬɚɧɢɯ ɫɟɧɫɨɪɿɜ ɞɥɹ ɪɿɡɧɢɯ ɪɨɡɦɿɪɿɜ 
ɩɨɩɭɥɹɰɿʀ 

Ɋɢɫ.2 – ɉɨɯɢɛɤɚ ɡɚ ɤɿɥɶɤɿɫɬɸ 
ɜɢɤɨɪɢɫɬɚɧɢɯ ɫɟɧɫɨɪɿɜ ɞɥɹ ɪɿɡɧɢɯ 

ɦɟɬɨɞɿɜ ɫɯɪɟɳɭɜɚɧɧɹ 

 
Ɂ ɚɧɚɥɿɡɭ ɧɚɜɟɞɟɧɢɯ ɡɚɥɟɠɧɨɫɬɟɣ ɜɢɞɧɨ, ɳɨ ɥɢɲɟ ɿɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ 

ɨɞɧɨɪɿɞɧɨɝɨ ɫɯɪɟɳɭɜɚɧɧɹ ɜɞɚєɬɶɫɹ ɞɨɫɹɝɬɢ ɧɭɥɶɨɜɢɯ ɡɧɚɱɟɧɶ ɩɨɯɢɛɤɢ ɡɚ 
ɤɿɥɶɤɿɫɬɸ ɜɢɤɨɪɢɫɬɚɧɢɯ ɩɪɢɫɬɪɨʀɜ. Ɂ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɬɚɤɨɝɨ ɬɢɩɭ 
ɫɯɪɟɳɭɜɚɧɧɹ ɩɨɬɨɦɤɢ ɭ ɩɨɩɭɥɹɰɿʀ ɨɬɪɢɦɭɸɬɶ ɧɚɣɛɿɥɶɲɭ ɤɿɥɶɤɿɫɬɶ 
ɮɭɧɤɰɿɨɧɚɥɶɧɢɯ ɨɡɧɚɤ, ɹɤɿ ɛɭɥɢ ɩɪɢɫɭɬɧɿ ɭ ɧɚɛɨɪɚɯ ɛɚɬɶɤɿɜ. 

ɉɪɨɰɟɞɭɪɚ ɫɟɥɟɤɰɿʀ ɞɨɡɜɨɥɹє ɜɿɞɿɛɪɚɬɢ ɯɪɨɦɨɫɨɦɢ ɭ ɩɨɩɭɥɹɰɿʀ, ɹɤɿ ɛɭɞɭɬɶ 
ɩɪɢɣɦɚɬɢ ɭɱɚɫɬɶ ɭ ɫɯɪɟɳɭɜɚɧɧɿ. ɉɪɨɰɟɞɭɪɢ ɜɿɞɛɨɪɭ ɧɚɞɚɸɬɶ ɩɟɪɟɜɚɝɭ 
ɯɪɨɦɨɫɨɦɚɦ, ɞɥɹ ɹɤɢɯ ɰɿɥɶɨɜɚ ɮɭɧɤɰɿɹ ɧɚɛɭɜɚє ɧɚɣɛɿɥɶɲɢɯ ɡɧɚɱɟɧɶ. Ɂ 
ɚɧɚɥɿɡɭ ɧɚɜɟɞɟɧɢɯ ɡɚɥɟɠɧɨɫɬɟɣ ɪɢɫ. 3 ɦɨɠɧɚ ɛɚɱɢɬɢ, ɳɨ ɜɢɤɨɪɢɫɬɚɧɧɹ 
ɪɭɥɟɬɨɱɧɨɝɨ ɜɿɞɛɨɪɭ (ɞɥɹ ɨɛɨɯ ɣɨɝɨ ɦɨɞɢɮɿɤɚɰɿɣ) (ɤɪɢɜɿ 2, 3) ɧɟɞɨɰɿɥɶɧɨ ɩɪɢ 
ɪɨɡɜ’ɹɡɚɧɧɿ ɫɮɨɪɦɭɥɶɨɜɚɧɨʀ ɡɚɞɚɱɿ. Ɂɧɚɱɟɧɧɹ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ ɧɚ ɿɬɟɪɚɰɿɹɯ 
ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ, ɨɬɪɢɦɚɧɿ ɩɪɢ ɜɢɤɨɪɢɫɬɚɧɧɿ ɪɭɥɟɬɨɱɧɨɝɨ ɜɿɞɛɨɪɭ, ɧɟ 
ɧɚɛɥɢɠɚɸɬɶɫɹ ɞɨ ɧɭɥɶɨɜɨɝɨ ɡɧɚɱɟɧɧɹ ɩɪɨɬɹɝɨɦ ɜɢɤɨɧɚɧɧɹ ɿɬɟɪɚɰɿɣ 
ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ. ȼ ɬɨɣ ɱɚɫ, ɹɤ ɜɢɤɨɪɢɫɬɚɧɧɹ ɬɭɪɧɿɪɧɨɝɨ ɜɿɞɛɨɪɭ 
(ɤɪɢɜɚ 1) ɬɚ ɜɿɞɛɨɪɭ ɭɫɿɤɚɧɧɹɦ (ɤɪɢɜɚ 4) ɞɨɡɜɨɥɹє ɨɬɪɢɦɚɬɢ ɧɭɥɶɨɜɿ ɡɧɚɱɟɧɧɹ 
ɡɚɡɧɚɱɟɧɨʀ ɮɭɧɤɰɿʀ. 

ɉɪɢ ɜɢɤɨɪɢɫɬɚɧɧɿ ɜɿɞɛɨɪɭ ɭɫɿɤɚɧɧɹɦ ɫɩɨɫɬɟɪɿɝɚєɬɶɫɹ ɜɢɪɨɞɠɟɧɧɹ ɩɨɩɭɥɹɰɿʀ 
ɩɪɢɛɥɢɡɧɨ ɧɚ 150-200 ɿɬɟɪɚɰɿʀ ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ, ɜ ɬɨɣ ɱɚɫ, ɹɤ ɪɨɡɜ’ɹɡɨɤ 
ɡɚɞɚɱɿ ɳɟ ɧɟ ɨɬɪɢɦɚɧɨ. ɉɪɢ ɜɢɤɨɪɢɫɬɚɧɧɿ ɬɭɪɧɿɪɧɨɝɨ ɜɿɞɛɨɪɭ ɜɢɪɨɞɠɟɧɧɹ 
ɫɩɨɫɬɟɪɿɝɚєɬɶɫɹ ɩɪɢɛɥɢɡɧɨ ɩɪɢ ɜɢɤɨɧɚɧɧɿ 550-600 ɿɬɟɪɚɰɿɣ ɝɟɧɟɬɢɱɧɨɝɨ 
ɚɥɝɨɪɢɬɦɭ. 

ɇɚ ɪɢɫ. 4 ɧɚɜɟɞɟɧɨ ɡɚɥɟɠɧɿɫɬɶ ɪɿɡɧɢɰɿ ɦɿɠ ɡɧɚɱɟɧɧɹɦɢ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿɣ 
ɞɥɹ ɤɪɚɳɨʀ ɬɚ ɝɿɪɲɨʀ ɯɪɨɦɨɫɨɦɢ ɧɚ ɿɬɟɪɚɰɿɹɯ ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ, 
ɨɬɪɢɦɚɧɢɯ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɪɿɡɧɢɯ ɦɟɬɨɞɿɜ ɫɟɥɟɤɰɿʀ. ɇɚɛɥɢɠɟɧɧɹ ɡɧɚɱɟɧɶ 
ɪɿɡɧɢɰɿ ɞɨ ɧɭɥɹ ɫɜɿɞɱɢɬɶ ɩɪɨ ɬɟ, ɳɨ ɯɪɨɦɨɫɨɦɢ ɫɬɚɸɬɶ ɛɥɢɠɱɢɦɢ ɨɞɧɚ ɞɨ 
ɨɞɧɨʀ, ɬɚ ɩɨɩɭɥɹɰɿɹ ɜɢɪɨɞɠɭєɬɶɫɹ ɞɨ ɦɨɦɟɧɬɭ ɨɬɪɢɦɚɧɧɹ ɨɩɬɢɦɚɥɶɧɨɝɨ 
ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ ɩɨɤɪɢɬɬɹ. Ɂ ɚɧɚɥɿɡɭ ɡɚɥɟɠɧɨɫɬɟɣ, ɡɨɛɪɚɠɟɧɢɯ ɧɚ ɪɢɫ. 4, 
ɦɨɠɧɚ ɛɚɱɢɬɢ, ɳɨ ɧɚɣɛɿɥɶɲ ɲɜɢɞɤɨ ɜɿɞɛɭɜɚєɬɶɫɹ ɜɢɪɨɞɠɟɧɧɹ ɩɨɩɭɥɹɰɿʀ ɩɪɢ 
ɜɢɤɨɪɢɫɬɚɧɧɿ ɨɛɨɯ ɦɨɞɢɮɿɤɚɰɿɣ ɪɭɥɟɬɨɱɧɨɝɨ ɜɿɞɛɨɪɭ (ɤɪɢɜɿ 2 ɬɚ 3 ). Ȼɿɥɶɲ 
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ɩɨɜɿɥɶɧɟ ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɩɭɥɹɰɿɣ ɞɨɫɹɝɚєɬɶɫɹ ɩɪɢ ɜɢɤɨɪɢɫɬɚɧɧɿ ɬɭɪɧɿɪɧɨɝɨ 
ɜɿɞɛɨɪɭ (ɤɪɢɜɚ 1) ɬɚ ɜɿɞɛɨɪɭ ɭɫɿɤɚɧɧɹɦ (ɤɪɢɜɚ 4). 

  
Ɋɢɫ. 3 – ɉɨɯɢɛɤɚ ɡɚ ɤɿɥɶɤɿɫɬɸ 

ɜɢɤɨɪɢɫɬɚɧɢɯ ɫɟɧɫɨɪɿɜ ɞɥɹ ɪɿɡɧɢɯ ɦɟɬɨɞɿɜ 
ɫɟɥɟɤɰɿʀ 

Ɋɢɫ. 4 – Ɋɿɡɧɢɰɹ ɦɿɠ ɡɧɚɱɟɧɧɹɦɢ 
ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿɣ ɞɥɹ ɤɪɚɳɨʀ ɬɚ ɝɿɪɲɨʀ 

ɯɪɨɦɨɫɨɦɢ ɧɚ ɿɬɟɪɚɰɿɹɯ ɝɟɧɟɬɢɱɧɨɝɨ  
ɚɥɝɨɪɢɬɦɭ 

Ⱦɥɹ ɜɢɡɧɚɱɟɧɧɹ ɨɩɬɢɦɚɥɶɧɨʀ ɤɿɥɶɤɨɫɬɿ ɿɬɟɪɚɰɿɣ, ɡɚ ɹɤɭ ɛɭɞɟ ɨɬɪɢɦɚɧɨ 
ɪɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ ɩɨɤɪɢɬɬɹ, ɛɭɥɨ ɩɪɨɚɧɚɥɿɡɨɜɚɧɨ ɡɚɥɟɠɧɨɫɬɿ, ɡɨɛɪɚɠɟɧɿ ɧɚ ɪɢɫ. 
1-4. ɋɥɿɞ ɜɿɞɡɧɚɱɢɬɢ, ɳɨ ɧɚ ɜɫɿɯ ɧɚɜɟɞɟɧɢɯ ɝɪɚɮɿɤɚɯ ɡɿ ɡɛɿɥɶɲɟɧɧɹɦ ɤɿɥɶɤɨɫɬɿ 
ɿɬɟɪɚɰɿɣ ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɩɨɯɢɛɤɚ ɫɭɬɬєɜɨ ɡɦɿɧɸєɬɶɫɹ ɞɨ ɩɟɜɧɨɝɨ 
ɦɨɦɟɧɬɭ, ɩɪɢ ɩɨɞɚɥɶɲɨɦɭ ɡɛɿɥɶɲɟɧɧɿ ɤɿɥɶɤɨɫɬɿ ɿɬɟɪɚɰɿɣ ɝɟɧɟɬɢɱɧɨɝɨ 
ɚɥɝɨɪɢɬɦɭ ɭ ɩɨɜɟɞɿɧɰɿ ɡɚɡɧɚɱɟɧɢɯ ɮɭɧɤɰɿɣ ɧɟ ɜɿɞɛɭɜɚєɬɶɫɹ ɡɧɚɱɧɨɝɨ 
ɩɨɤɪɚɳɟɧɧɹ, ɩɪɢ ɰɶɨɦɭ ɱɚɫ ɜɢɤɨɧɚɧɧɹ ɪɨɡɪɚɯɭɧɤɿɜ ɡ ɝɟɧɟɬɢɱɧɢɦ ɚɥɝɨɪɢɬɦɨɦ 
ɡɧɚɱɧɨ ɡɪɨɫɬɚє. Ɍɨɦɭ ɩɪɢ ɜɿɞɫɭɬɧɨɫɬɿ ɫɭɬɬєɜɢɯ ɡɦɿɧ ɭ ɩɨɜɟɞɿɧɰɿ ɪɨɡɜ’ɹɡɤɭ 
ɡɚɞɚɱɿ ɪɨɛɨɬɭ ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɦɨɠɧɚ ɩɪɢɩɢɧɢɬɢ.  

Ɂɚ ɞɨɩɨɦɨɝɨɸ ɨɩɟɪɚɰɿʀ ɦɭɬɚɰɿʀ ɫɬɜɨɪɸɸɬɶɫɹ ɬɚɤɿ ɥɚɧɰɸɠɤɢ ɝɟɧɿɜ, ɹɤɿ ɧɟ 
ɜɯɨɞɢɥɢ ɜ ɩɨɩɟɪɟɞɧє ɩɨɤɨɥɿɧɧɹ. ɍ ɬɨɣ ɠɟ ɱɚɫ ɰɹ ɩɪɨɰɟɞɭɪɚ ɦɨɠɟ ɫɬɜɨɪɸɜɚɬɢ 
ɞɚɪɟɦɧɿ ɬɚ «ɲɤɿɞɥɢɜɿ» ɨɫɨɛɢ, ɧɚɹɜɧɿɫɬɶ ɹɤɢɯ ɭɫɤɥɚɞɧɸє ɩɨɲɭɤ ɪɨɡɜ’ɹɡɤɭ. 
Ɍɨɦɭ ɜɢɛɿɪ ɦɟɬɨɞɭ ɦɭɬɚɰɿʀ ɬɚ ɧɚɥɚɲɬɭɜɚɧɧɹ ɩɚɪɚɦɟɬɪɿɜ ɩɪɨɰɟɞɭɪɢ, 
ɧɟɨɛɯɿɞɧɨ ɡɪɨɛɢɬɢ ɬɚɤ, ɳɨɛ ɜɨɧɚ ɫɩɪɢɹɥɚ ɩɨɲɭɤɭ ɪɨɡɜ’ɹɡɤɭ. 

ɍ ɪɨɛɨɬɿ ɣɦɨɜɿɪɧɿɫɬɶ ɦɭɬɚɰɿʀ ɭ ɯɪɨɦɨɫɨɦɿ ɩɨɩɭɥɹɰɿʀ ɜɢɡɧɚɱɚє ɿɧɬɟɧɫɢɜɧɿɫɬɶ 
ɦɭɬɚɰɿɣ ɬɚ ɫɬɚɧɨɜɢɬɶ 1%. Ɉɩɟɪɚɬɨɪ ɦɭɬɚɰɿʀ, ɜɢɤɨɧɚɧɢɣ ɞɥɹ ɯɪɨɦɨɫɨɦɢ, ɦɨɠɟ 
ɡɦɿɧɸɜɚɬɢ ɜɿɞ 0 ɞɨ 3 ɝɟɧɿɜ ɜ ɯɪɨɦɨɫɨɦɿ. əɤɳɨ ɜɿɞɫɨɬɨɤ ɣɦɨɜɿɪɧɨɫɬɿ ɦɭɬɚɰɿɣ 
ɩɪɢɣɦɚɬɢɦɟ ɜɟɥɢɤɟ ɡɧɚɱɟɧɧɹ, ɬɨ ɯɪɨɦɨɫɨɦɢ – ɩɨɬɨɦɤɢ ɭ ɩɨɩɭɥɹɰɿʀ ɧɟ 
ɭɫɩɚɞɤɨɜɭɸɬɶ ɨɡɧɚɤɢ ɛɚɬɶɤɿɜ, ɚ ɚɥɝɨɪɢɬɦ ɧɟ ɦɚɬɢɦɟ ɡɦɨɝɭ ɧɚɜɱɚɬɢɫɹ ɧɚ 
ɨɫɧɨɜɿ ɫɩɚɞɤɨɜɢɯ ɨɡɧɚɤ.  

ɍ ɪɨɛɨɬɿ ɞɨɫɥɿɞɠɭєɬɶɫɹ ɬɪɢ ɜɢɞɢ ɚɥɝɨɪɢɬɦɿɜ ɦɭɬɚɰɿɣ: ɿɧɜɟɪɫɿɹ ɝɟɧɚ (ɤɪɢɜɚ 
3); ɿɧɫɟɪɰɿɣɧɚ ɦɭɬɚɰɿɹ (ɤɪɢɜɚ 2), ɩɪɢ ɹɤɨʀ ɭ ɩɨɫɥɿɞɨɜɧɿɫɬɶ ɛɿɬɿɜ ɯɪɨɦɨɫɨɦɢ 
ɜɿɞɛɭɜɚєɬɶɫɹ ɜɫɬɚɜɤɚ ɿɧɲɨʀ ɩɨɫɥɿɞɨɜɧɨɫɬɿ; ɨɞɧɨɪɿɞɧɚ ɦɭɬɚɰɿɹ (ɤɪɢɜɚ 1). 

ɇɚ ɪɢɫ. 5 ɬɚ 6 ɧɚɜɟɞɟɧɨ ɩɨɪɿɜɧɹɧɧɹ ɪɟɡɭɥɶɬɚɬɿɜ, ɨɬɪɢɦɚɧɢɯ ɡ 
ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɬɪɶɨɯ ɪɿɡɧɢɯ ɦɟɬɨɞɿɜ ɦɭɬɚɰɿʀ. Ɂ ɚɧɚɥɿɡɭ ɪɢɫɭɧɤɿɜ ɦɨɠɧɚ 
ɩɨɦɿɬɢɬɢ, ɳɨ ɿɧɜɟɪɫɿɹ ɝɟɧɚ (ɤɪɢɜɚ 3) ɧɟ є ɤɨɪɢɫɧɨɸ ɞɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ 
ɩɪɢ ɨɛɪɚɧɨɦɭ ɫɩɨɫɨɛɿ ɤɨɞɭɜɚɧɧɹ ɯɪɨɦɨɫɨɦɢ ɭ ɜɢɝɥɹɞɿ ɩɨɫɥɿɞɨɜɧɨɫɬɿ ɛɿɬɿɜ.  

Іɞɟɹ ɿɧɜɟɪɫɿʀ ɝɟɧɭ ɫɩɢɪɚєɬɶɫɹ ɧɚ ɩɟɪɟɦɢɤɚɧɧɿ ɛɿɬɿɜ. ɍ ɩɨɱɚɬɤɨɜɨʀ ɩɨɩɭɥɹɰɿʀ 
ɦɢ ɦɚєɦɨ ɛɥɢɡɶɤɨ 90% ɩɨɪɨɠɧɿɯ ɩɭɧɤɬɿɜ, ɹɤɿ ɤɨɞɨɜɚɧɿ ɩɨɫɥɿɞɨɜɧɨɫɬɹɦɢ, 
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ɫɤɥɚɞɟɧɢɦɢ ɡ ɞɜɨɯ ɧɭɥɿɜ (00). Ɇɟɬɨɞ ɿɧɜɟɪɫɿʀ ɝɟɧɭ ɡɦɿɧɸє ʀɯ ɧɚ ɩɨɫɥɿɞɨɜɧɨɫɬɿ 
ɡ ɞɜɨɯ ɨɞɢɧɢɰɶ (11), ɹɤɿ ɜɢɡɧɚɱɚɸɬɶ ɪɨɡɬɚɲɭɜɚɧɧɹ ɪɨɭɬɟɪɭ ɡ ɜɟɥɢɤɨɸ 
ɣɦɨɜɿɪɧɿɫɬɸ. Ɂɚ ɪɟɡɭɥɶɬɚɬɚɦɢ ɜɢɤɨɧɚɧɧɹ ɬɚɤɨʀ ɦɭɬɚɰɿʀ ɤɿɥɶɤɿɫɬɶ ɪɨɭɬɟɪɿɜ 
ɡɧɚɱɧɨ ɡɪɨɫɬɚє (ɪɢɫ. 5, ɤɪɢɜɚ 3). Ɍɚɤɨɠ ɰɟɣ ɜɢɞ ɦɭɬɚɰɿʀ ɧɟ ɡɦɿɧɸє ɤɿɥɶɤɿɫɬɶ 
ɩɪɢɫɬɪɨʀɜ, ɹɤɿ ɡɚɤɨɞɨɜɚɧɿ ɹɤ 01 ɚɛɨ 10 ɬɚ ɜɢɡɧɚɱɚɸɬɶ ɪɨɡɬɚɲɭɜɚɧɧɹ ɫɟɧɫɨɪɿɜ.  

ɇɚ ɪɢɫ. 6 ɡɧɚɱɟɧɧɹ ɩɨɯɢɛɤɢ ɡɚ ɤɿɥɶɤɿɫɬɸ ɜɢɤɨɪɢɫɬɚɧɢɯ ɫɟɧɫɨɪɿɜ ɧɚ 
ɿɬɟɪɚɰɿɹɯ ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɞɥɹ ɿɧɜɟɪɫɿʀ ɝɟɧɭ ɧɟ ɡɦɟɧɲɭєɬɶɫɹ (ɤɪɢɜɚ 3). 

  
Ɋɢɫ. 5 – ɉɨɯɢɛɤɚ ɡɚ ɤɿɥɶɤɿɫɬɸ 

ɜɢɤɨɪɢɫɬɚɧɢɯ ɪɨɭɬɟɪɿɜ ɞɥɹ ɪɿɡɧɢɯ ɦɟɬɨɞɿɜ 
ɦɭɬɚɰɿʀ 

Ɋɢɫ. 6 – ɉɨɯɢɛɤɚ ɡɚ ɤɿɥɶɤɿɫɬɸ 
ɜɢɤɨɪɢɫɬɚɧɢɯ ɫɟɧɫɨɪɿɜ ɞɥɹ ɪɿɡɧɢɯ 

ɦɟɬɨɞɿɜ ɦɭɬɚɰɿʀ 
ɉɨɪɿɜɧɹɧɧɹ ɪɟɡɭɥɶɬɚɬɿɜ ɪɨɛɨɬɢ ɚɥɝɨɪɢɬɦɭ, ɨɬɪɢɦɚɧɢɯ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ 

ɿɧɫɟɪɰɿɣɧɨʀ ɦɭɬɚɰɿʀ (ɤɪɢɜɚ 2) ɬɚ ɨɞɧɨɪɿɞɧɨʀ ɦɭɬɚɰɿʀ (ɤɪɢɜɚ 3), ɫɜɿɞɱɢɬɶ, ɳɨ 
ɜɨɧɢ ɦɚɸɬɶ ɩɪɢɛɥɢɡɧɨ ɨɞɧɚɤɨɜɭ ɲɜɢɞɤɿɫɬɶ ɧɚɛɥɢɠɟɧɧɹ ɞɨ ɧɭɥɶɨɜɢɯ ɡɧɚɱɟɧɶ 
ɩɨɯɢɛɤɢ ɡɚ ɤɿɥɶɤɿɫɬɸ ɜɢɤɨɪɢɫɬɚɧɢɯ ɩɪɢɫɬɪɨʀɜ. Ⱥɥɟ, ɨɫɤɿɥɶɤɢ ɩɪɢ ɜɢɤɨɧɚɧɧɿ 
ɿɧɫɟɪɰɿɣɧɨʀ ɦɭɬɚɰɿʀ ɥɢɲɟ ɡɦɿɧɸєɬɶɫɹ ɩɨɪɹɞɨɤ ɝɟɧɿɜ ɛɟɡ ɜɜɟɞɟɧɧɹ ɚɛɨ 
ɜɢɞɚɥɟɧɧɹ ɜɢɩɚɞɤɨɜɢɯ ɩɪɢɫɬɪɨʀɜ, ɬɨ ɰɟ ɧɟ ɩɪɢɡɜɨɞɢɬɶ ɞɨ ɡɧɚɱɧɢɯ ɡɦɿɧ ɭ 
ɩɨɩɭɥɹɰɿʀ, ɚ ɥɢɲɟ ɞɨɡɜɨɥɹє ɞɨɬɪɢɦɭɜɚɬɢɫɹ ɨɩɬɢɦɚɥɶɧɨɝɨ ɱɢɫɥɚ ɩɪɢɫɬɪɨʀɜ ɿ 
ɩɨɤɪɚɳɭɜɚɬɢ ɧɚɞɿɣɧɿɫɬɶ ɩɨɤɪɢɬɬɹ ɧɚ ɿɬɟɪɚɰɿɹɯ ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ (ɪɢɫ. 
6).  ɇɚ ɪɢɫ. 7, 8 ɧɚɜɟɞɟɧɨ ɞɟɤɨɞɨɜɚɧɿ ɪɟɡɭɥɶɬɚɬɢ ɪɨɛɨɬɢ ɝɟɧɟɬɢɱɧɨɝɨ 
ɚɥɝɨɪɢɬɦɭ ɭ ɜɢɝɥɹɞɿ ɪɨɡɬɚɲɭɜɚɧɧɹ ɩɪɢɫɬɪɨʀɜ ɧɚ ɩɥɚɧɿ ɩɨɜɟɪɯɭ ɩɪɢɦɿɳɟɧɧɹ, 
ɹɤɿ ɛɭɥɨ ɨɬɪɢɦɚɧɨ ɿɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɨɞɧɨɪɿɞɧɨʀ ɦɭɬɚɰɿʀ ɬɚ ɿɧɫɟɪɰɿɣɧɨʀ 
ɦɭɬɚɰɿʀ. Ɋɟɡɭɥɶɬɚɬ, ɨɬɪɢɦɚɧɢɣ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɿɧɫɟɪɰɿɣɧɨʀ ɦɭɬɚɰɿʀ (ɪɢɫ. 8), 
ɝɿɪɲɟ, ɧɿɠ ɬɨɣ, ɹɤɢɣ ɨɬɪɢɦɚɧɨ ɿɡ ɡɚɫɬɨɫɭɜɚɧɧɹɦ ɨɞɧɨɪɿɞɧɨʀ ɦɭɬɚɰɿʀ (ɪɢɫ. 7). 
ɉɪɢ ɜɿɡɭɚɥɿɡɚɰɿʀ ɪɟɡɭɥɶɬɚɬɭ ɧɚ ɪɢɫ. 8 ɱɨɬɢɪɢ ɪɨɭɬɟɪɢ ɪɨɡɬɚɲɨɜɚɧɿ ɩɚɪɚɦɢ, ɧɚ 
ɧɟɡɧɚɱɧɨʀ ɜɿɞɫɬɚɧɿ ɞɪɭɝ ɜɿɞ ɞɪɭɝɚ.  

  
Ɋɢɫ. 7 – Ⱦɟɤɨɞɨɜɚɧɢɣ ɪɟɡɭɥɶɬɚɬ 

ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɩɨɤɪɢɬɬɹ ɿɡ 
ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɨɞɧɨɪɿɞɧɨʀ ɦɭɬɚɰɿʀ 

Ɋɢɫ. 8 – Ⱦɟɤɨɞɨɜɚɧɢɣ ɪɟɡɭɥɶɬɚɬ 
ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɩɨɤɪɢɬɬɹ ɿɡ 

ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɿɧɫɟɪɰɿɣɧɨʀ ɦɭɬɚɰɿʀ 
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ɐɟ ɜɿɞɛɭɜɚєɬɶɫɹ ɭ ɡɜ’ɹɡɤɭ ɡ ɬɢɦ, ɳɨ ɦɟɬɨɞ ɿɧɫɟɪɰɿɣɧɨʀ ɦɭɬɚɰɿʀ ɨɛ'єɞɧɭє 
ɝɪɭɩɢ ɩɪɢɫɬɪɨʀɜ ɞɥɹ ɞɨɫɹɝɧɟɧɧɹ ɤɪɚɳɢɯ ɩɨɤɚɡɧɢɤɿɜ ɫɬɿɣɤɨɫɬɿ ɦɟɪɟɠɿ. 

ȼɢɫɧɨɜɤɢ. Ɂɚɞɚɱɭ ɩɪɨɟɤɬɭɜɚɧɧɹ ɨɩɬɢɦɚɥɶɧɨʀ ɬɨɩɨɥɨɝɿʀ ɛɟɡɞɪɨɬɨɜɨʀ 
ɫɟɧɫɨɪɧɨʀ ɦɟɪɟɠɿ ɫɮɨɪɦɭɥɶɨɜɚɧɨ, ɹɤ ɡɚɞɚɱɭ ɩɨɤɪɢɬɬɹ. ɍ ɹɤɨɫɬɿ ɦɟɬɨɞɭ 
ɪɨɡɜ'ɹɡɚɧɧɹ ɨɛɪɚɧɨ ɝɟɧɟɬɢɱɧɢɣ ɚɥɝɨɪɢɬɦ. ȼɢɯɨɞɹɱɢ ɡ ɜɢɝɥɹɞɭ ɰɿɥɶɨɜɨʀ 
ɮɭɧɤɰɿʀ ɡɚɞɚɱɿ ɨɩɬɢɦɿɡɚɰɿʀ ɫɮɨɪɦɭɥɶɨɜɚɧɨ ɰɿɥɶɨɜɭ ɮɭɧɤɰɿɸ ɝɟɧɟɬɢɱɧɨɝɨ 
ɚɥɝɨɪɢɬɦɭ. Ɉɫɧɨɜɧɿ ɝɟɧɟɬɢɱɧɿ ɨɩɟɪɚɬɨɪɢ ɚɞɚɩɬɨɜɚɧɨ ɞɨ ɡɚɞɚɱɿ ɩɪɨɟɤɬɭɜɚɧɧɹ 
ɬɨɩɨɥɨɝɿʀ ɛɟɡɞɪɨɬɨɜɢɯ ɫɟɧɫɨɪɧɢɯ ɦɟɪɟɠ. ɉɪɨɜɟɞɟɧɨ ɨɛɱɢɫɥɸɜɚɥɶɧɢɣ 
ɟɤɫɩɟɪɢɦɟɧɬ, ɭ ɯɨɞɿ ɜɢɤɨɧɚɧɧɹ ɹɤɨɝɨ ɜɫɬɚɧɨɜɥɟɧɨ ɨɩɬɢɦɚɥɶɧɢɣ ɪɨɡɦɿɪ 
ɩɨɩɭɥɹɰɿʀ; ɨɛɪɚɧɨ ɩɪɨɰɟɞɭɪɭ ɨɞɧɨɪɿɞɧɨɝɨ ɫɯɪɟɳɭɜɚɧɧɹ, ɩɪɨɰɟɞɭɪɭ 
ɬɭɪɧɿɪɧɨɝɨ ɜɿɞɛɨɪɭ; ɩɪɨɰɟɞɭɪɭ ɨɞɧɨɪɿɞɧɨʀ ɦɭɬɚɰɿʀ. ɍ ɹɤɨɫɬɿ ɤɪɢɬɟɪɿɸ 
ɡɭɩɢɧɟɧɧɹ ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɨɛɪɚɧɨ ɫɬɚɝɧɚɰɿɸ ɪɟɡɭɥɶɬɚɬɿɜ ɧɚ ɿɬɟɪɚɰɿɹɯ 
ɚɥɝɨɪɢɬɦɭ. 
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Ⱦɧɿɩɪɨɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

ȺɅȽɈɊɂɌɆ ɄɅȺɋɂɎȱɄȺɐȱȲ ɇȺ ȻȺɁȱ ɇȿɑȱɌɄɈȲ ɅɈȽȱɄɂ  
Ɂ ɊɈɁɒɂɊɘȼȺɇɈɘ ɄȱɅɖɄȱɋɌɘ ȼɂȼɈȾȱȼ 

Ɋɨɡɝɥɹɞɚєɬɶɫɹ ɡɚɞɚɱɚ ɚɜɬɨɦɚɬɢɱɧɨʀ ɝɟɧɟɪɚɰɿʀ ɛɚɡɢ ɡɧɚɧɶ, ɳɨ ɫɤɥɚɞɚєɬɶɫɹ ɡ 
ɩɪɨɞɭɤɰɿɣɧɢɯ ɩɪɚɜɢɥ, ɞɥɹ ɨɛ'єɤɬɿɜ ɧɚɜɱɚɥɶɧɨʀ ɜɢɛɿɪɤɢ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɦɟɬɨɞɿɜ 
ɧɟɱɿɬɤɨʀ ɥɨɝɿɤɢ ɿ ɩɪɚɜɢɥɚ ɩɨɪɿɜɧɹɧɧɹ ɡɧɚɱɟɧɶ ɜɢɯɿɞɧɢɯ ɡɦɿɧɧɢɯ. ɉɪɨɩɨɧɭєɬɶɫɹ 
ɚɥɝɨɪɢɬɦ ɮɨɪɦɭɜɚɧɧɹ ɧɟɱɿɬɤɢɯ ɩɪɨɞɭɤɰɿɣɧɢɯ ɩɪɚɜɢɥ. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɲɬɭɱɧɢɣ ɿɧɬɟɥɟɤɬ, ɧɟɱɿɬɤɚ ɥɨɝɿɤɚ, ɜɿɞɨɛɪɚɠɟɧɧɹ, ɤɥɚɫɢɮɿɤɚɰɿɹ, 
ɛɚɡɚ ɡɧɚɧɶ, ɟɤɫɩɟɪɬɧɚ ɫɢɫɬɟɦɚ, ɦɨɜɚ ɋ/C ++, ɦɨɜɚ JavaScript, JSON. 

 

Ɋɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɡɚɞɚɱɚ ɚɜɬɨɦɚɬɢɱɟɫɤɨɣ ɝɟɧɟɪɚɰɢɢ ɛɚɡɵ ɡɧɚɧɢɣ, ɫɨɫɬɨɹɳɟɣ ɢɡ 
ɩɪɨɞɭɤɰɢɨɧɧɵɯ ɩɪɚɜɢɥ, ɞɥɹ ɨɛɴɟɤɬɨɜ ɨɛɭɱɚɸɳɟɣ ɜɵɛɨɪɤɢ ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ 
ɦɟɬɨɞɨɜ ɧɟɱɟɬɤɨɣ ɥɨɝɢɤɢ ɢ ɩɪɚɜɢɥɚ ɫɪɚɜɧɟɧɢɹ ɡɧɚɱɟɧɢɣ ɜɵɯɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ.  
ɉɪɟɞɥɚɝɚɟɬɫɹ ɚɥɝɨɪɢɬɦ ɮɨɪɦɢɪɨɜɚɧɢɹ ɧɟɱɟɬɤɢɯ ɩɪɨɞɭɤɰɢɨɧɧɵɯ ɩɪɚɜɢɥ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɢɫɤɭɫɫɬɜɟɧɧɵɣ ɢɧɬɟɥɥɟɤɬ, ɧɟɱɟɬɤɚɹ ɥɨɝɢɤɚ, ɨɬɪɚɠɟɧɢɟ, 
ɤɥɚɫɫɢɮɢɤɚɰɢɹ, ɛɚɡɚ ɡɧɚɧɢɣ, ɷɤɫɩɟɪɬɧɚɹ ɫɢɫɬɟɦɚ, ɹɡɵɤ ɋ / C ++, ɹɡɵɤ JavaScript, 

JSON. 

 

In this article the problem of automatic generation of a knowledge base which consists of 

production rules for training dataset using fuzzy logic methods and a rule for comparing 

the values of an output variable is considered. An algorithm for the formation of fuzzy 

production rules is proposed. An actual problem of development and improvement of 

artificial intelligence algorithms and fuzzy logic application for solving a wider range of 

problems is considered. With the help of such systems are possible to eliminate the 

difficulties of formalizing knowledge about technological processes; also it is possible to 

organize recognition of nonstandard and emergency situations without using precise 

mathematical models and classical decision theory based on the tool of mathematical 

equations.  The development of this area is relevant, as the number of tasks are constantly 

increasing, and the amount of knowledge becomes too large to handle them manually. The 

construction of an exact mathematical model for poorly formalized objects and processes 

are very difficult task, due to the lack of complete information. The situation becomes even 

more complicated if the properties of the object or process change dynamically. Therefore, 

the development of mathematical methods and algorithms that allow structuring the 

system of rules and determining the order of their calls to control consistency and 

completeness to optimize the number of rules, are an actual task. 

Modern approaches to the automation of these processes are considered. These 

approaches significantly improve the work of expert systems, but they allow to work only 

with static knowledge bases, limit the number of logical inferences and are not applicable 

for cases when it is necessary to add new logical rules to the existing system. In this article, 

an approach is developed that makes it possible to expand the knowledge base of the expert 

system with new rules in the process of exploitation. The developed algorithm has following  

advantages: high speed of problem solving; the ability that allows expanding the number of 

system responses without changing the scope of the rules and the program itself; expanding 

the range of application of fuzzy logic algorithms. 

________________________________________ 
  Єɝɨɲɤɿɧ Ⱦ.І., Ƚɭɤ ɇ.Ⱥ., ɋɿɪɢɤ ɋ.Ɏ.,  2018 
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The developed algorithm has following disadvantages: if the system's response database 

has objects that are similar to each other, they can have the same center of gravity, which 

in turn leads to additional checks; the minimum distance for mapping the object should be 

selected experimentally. The application of this algorithm can be seen on the website of the  

program, which classifies, maps an arbitrary user in a set of comic book characters 

database "CMD - Combat Marvel DC" [8]. The approach that was proposed has been 

successfully implemented using the C/C ++ and JavaScript languages, and JSON open-

standard file format that uses human-readable text to transmit data objects consisting of 

attribute–value pairs and array data types. Software that was used for development: 

NetBeans IDE, MinGW, GNU Compiler Collection, WhiteStarUML, GitHub, WebGL, 

Chrome, Mozilla Firefox, Opera. 

Keywords: artificial neural network, error back-propagation method, anthropological 

points, oriented gradient histogram, convolutional neural network, prediction. 

 

ȼɫɬɭɩ. Ɋɨɡɜɢɬɨɤ ɨɛɱɢɫɥɸɜɚɥɶɧɢɯ ɬɟɯɧɨɥɨɝɿɣ ɿ ɚɩɚɪɚɬɧɨʀ ɱɚɫɬɢɧɢ 
ɤɨɦɩ'ɸɬɟɪɚ ɞɨɡɜɨɥɢɜ ɲɢɪɨɤɨ ɡɚɫɬɨɫɨɜɭɜɚɬɢ ɟɤɫɩɟɪɬɧɿ ɫɢɫɬɟɦɢ ɞɥɹ ɩɿɞɬɪɢɦɤɢ 
ɩɪɢɣɧɹɬɬɹ ɪɿɲɟɧɶ ɜ ɬɚɤɢɯ ɝɚɥɭɡɹɯ ɡɧɚɧɶ, ɹɤ ɟɤɨɧɨɦɿɤɚ, ɩɪɨɦɢɫɥɨɜɿɫɬɶ, 
ɦɟɞɢɰɢɧɚ. ɋɮɨɪɦɭɥɶɨɜɚɧɿ ɛɚɡɢ ɡɧɚɧɶ ɿ ɪɨɡɪɨɛɥɟɧɿ ɚɥɝɨɪɢɬɦɢ ɥɨɝɿɱɧɨɝɨ 
ɜɢɜɟɞɟɧɧɹ ɞɨɡɜɨɥɹɸɬɶ ɚɤɭɦɭɥɸɜɚɬɢ ɜɟɥɢɤɢɣ ɨɛɫɹɝ ɡɧɚɧɶ, ɨɬɪɢɦɚɧɢɯ ɜɿɞ 
ɟɤɫɩɟɪɬɿɜ. Ɂɚ ɞɨɩɨɦɨɝɨɸ ɬɚɤɢɯ ɫɢɫɬɟɦ ɦɨɠɧɚ ɭɫɭɜɚɬɢ ɬɪɭɞɧɨɳɿ ɮɨɪɦɚɥɿɡɚɰɿʀ 
ɡɧɚɧɶ ɩɪɨ ɬɟɯɧɨɥɨɝɿɱɧɿ ɩɪɨɰɟɫɢ, ɨɪɝɚɧɿɡɭɜɚɬɢ ɪɨɡɩɿɡɧɚɜɚɧɧɹ ɧɟɫɬɚɧɞɚɪɬɧɢɯ 
ɬɚ ɚɜɚɪɿɣɧɢɯ ɫɢɬɭɚɰɿɣ ɛɟɡ ɜɢɤɨɪɢɫɬɚɧɧɹ ɬɨɱɧɢɯ ɦɚɬɟɦɚɬɢɱɧɢɯ ɦɨɞɟɥɟɣ, ɹɤɿ 
ɛɚɡɭɸɬɶɫɹ ɧɚ ɚɩɚɪɚɬɿ ɦɚɬɟɦɚɬɢɱɧɢɯ ɪɿɜɧɹɧɶ ɿ ɤɥɚɫɢɱɧɨʀ ɬɟɨɪɿʀ ɩɪɢɣɧɹɬɬɹ 
ɪɿɲɟɧɶ. 

ɉɨɛɭɞɨɜɚ ɬɨɱɧɨʀ ɦɚɬɟɦɚɬɢɱɧɨʀ ɦɨɞɟɥɿ ɞɥɹ ɩɨɝɚɧɨ ɮɨɪɦɚɥɿɡɨɜɚɧɢɯ ɨɛ'єɤɬɿɜ 
ɿ ɩɪɨɰɟɫɿɜ є ɞɨɫɢɬɶ ɫɤɥɚɞɧɨɸ ɡɚɞɚɱɟɸ ɭ ɡɜ'ɹɡɤɭ ɡ ɜɿɞɫɭɬɧɿɫɬɸ ɩɨɜɧɨʀ 
ɿɧɮɨɪɦɚɰɿʀ. ɋɢɬɭɚɰɿɹ ɳɟ ɛɿɥɶɲɟ ɭɫɤɥɚɞɧɸєɬɶɫɹ, ɹɤɳɨ ɜɥɚɫɬɢɜɨɫɬɿ ɨɛ'єɤɬɚ ɚɛɨ 
ɩɪɨɰɟɫɭ ɡɦɿɧɸɸɬɶɫɹ ɞɢɧɚɦɿɱɧɨ. Ʉɪɿɦ ɬɨɝɨ, ɡɧɚɧɧɹ є ɬɚɤɨɸ ɫɬɪɭɤɬɭɪɨɸ, ɳɨ 
ɩɨɫɬɿɣɧɨ ɡɦɿɧɸєɬɶɫɹ ɿ ɪɨɡɜɢɜɚєɬɶɫɹ, ɚ ɰɟ ɜ ɫɜɨɸ ɱɟɪɝɭ ɦɨɠɟ ɩɪɢɡɜɟɫɬɢ ɞɨ 
ɧɟɨɛɯɿɞɧɨɫɬɿ ɩɨɜɧɨʀ ɩɟɪɟɪɨɛɤɢ ɦɚɬɟɦɚɬɢɱɧɨʀ ɦɨɞɟɥɿ. 

ɋɥɿɞ ɡɚɡɧɚɱɢɬɢ, ɳɨ ɹɤɿɫɬɶ ɮɭɧɤɰɿɨɧɭɜɚɧɧɹ ɟɤɫɩɟɪɬɧɨʀ ɫɢɫɬɟɦɢ ɡɚɥɟɠɢɬɶ 
ɜɿɞ ɩɨɜɧɨɬɢ, ɧɟɫɭɩɟɪɟɱɧɨɫɬɿ, ɚ ɬɚɤɨɠ ɪɨɡɦɿɪɭ ɛɚɡɢ ɡɧɚɧɶ. ȼɟɥɢɤɚ ɤɿɥɶɤɿɫɬɶ 
ɩɪɚɜɢɥ ɩɪɢɡɜɨɞɢɬɶ ɹɤ ɞɨ ɡɧɢɠɟɧɧɹ ɲɜɢɞɤɨɫɬɿ ɜɢɤɨɧɚɧɧɹ ɥɨɝɿɱɧɨɝɨ ɜɢɜɨɞɭ, 
ɳɨ ɧɟɩɪɢɩɭɫɬɢɦɨ ɞɥɹ ɫɢɫɬɟɦ, ɹɤɿ ɩɪɚɰɸɸɬɶ ɭ ɪɟɠɢɦɿ ɪɟɚɥɶɧɨɝɨ ɱɚɫɭ, ɬɚɤ ɿ ɞɨ 
ɫɭɩɟɪɟɱɥɢɜɨɫɬɿ ɧɚɤɨɩɢɱɟɧɢɯ ɡɧɚɧɶ. 

Ɍɨɦɭ ɪɨɡɪɨɛɤɚ ɦɚɬɟɦɚɬɢɱɧɢɯ ɦɟɬɨɞɿɜ ɿ ɚɥɝɨɪɢɬɦɿɜ, ɳɨ ɞɨɡɜɨɥɹɸɬɶ 
ɫɬɪɭɤɬɭɪɭɜɚɬɢ ɫɢɫɬɟɦɭ ɩɪɚɜɢɥ ɿ ɜɢɡɧɚɱɚɬɢ ɩɨɪɹɞɨɤ ʀɯ ɜɢɤɥɢɤɿɜ, 
ɤɨɧɬɪɨɥɸɜɚɬɢ ɧɟɫɭɩɟɪɟɱɧɿɫɬɶ ɿ ɩɨɜɧɨɬɭ, ɨɩɬɢɦɿɡɭɜɚɬɢ ɤɿɥɶɤɿɫɬɶ ɩɪɚɜɢɥ, є 
ɚɤɬɭɚɥɶɧɨɸ ɡɚɞɚɱɟɸ. ɉɪɢ ɮɨɪɦɭɜɚɧɧɿ ɛɚɡ ɡɧɚɧɶ ɟɤɫɩɟɪɬɧɢɯ ɫɢɫɬɟɦ ɿɫɧɭє 2 
ɩɿɞɯɨɞɢ: ɚɧɚɥɿɡ ɡɧɚɧɶ ɟɤɫɩɟɪɬɨɦ (ɝɪɭɩɨɸ ɟɤɫɩɟɪɬɿɜ) ɧɚ ɨɫɧɨɜɿ ɞɨɫɜɿɞɭ, ɚɛɨ 
ɚɜɬɨɦɚɬɢɱɧɟ ɮɨɪɦɭɜɚɧɧɹ ɛɚɡɢ ɡɧɚɧɶ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɦɟɬɨɞɿɜ 
ɿɧɬɟɥɟɤɬɭɚɥɶɧɨɝɨ ɚɧɚɥɿɡɭ ɞɚɧɢɯ ɿ ɚɥɝɨɪɢɬɦɿɜ ɦɚɲɢɧɧɨɝɨ ɧɚɜɱɚɧɧɹ. 
ȼɢɤɨɪɢɫɬɚɧɧɹ ɞɪɭɝɨɝɨ ɩɿɞɯɨɞɭ ɞɨɡɜɨɥɹє ɜɢɤɨɧɭɜɚɬɢ ɩɪɨɰɟɞɭɪɢ ɫɬɜɨɪɟɧɧɹ ɿ 
ɤɨɧɬɪɨɥɸ ɛɚɡ ɡɧɚɧɶ ɜ ɚɜɬɨɦɚɬɢɱɧɨɦɭ ɪɟɠɢɦɿ. ȼ ɞɚɧɢɣ ɱɚɫ ɿɫɧɭє ɞɟɤɿɥɶɤɚ 
ɩɿɞɯɨɞɿɜ ɞɨ ɚɜɬɨɦɚɬɢɡɚɰɿʀ ɡɚɡɧɚɱɟɧɢɯ ɩɪɨɰɟɫɿɜ. 
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ȼ [1] ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɬɟɨɪɿʀ ɝɪɚɮɿɜ ɩɪɨɞɭɤɰɿɣɧɚ ɛɚɡɚ ɡɧɚɧɶ 
ɩɪɟɞɫɬɚɜɥɹєɬɶɫɹ ɭ ɜɢɝɥɹɞɿ ɦɭɥɶɬɢɝɪɚɮɚ, ɜ ɹɤɨɦɭ ɤɨɠɧɨɦɭ ɩɪɨɞɭɤɰɿɣɧɨɦɭ 
ɩɪɚɜɢɥɭ ɜɿɞɩɨɜɿɞɚє ɜɥɚɫɧɢɣ ɩɿɞɝɪɚɮ. ɉɨɛɭɞɨɜɚɧɚ ɬɚɤɢɦ ɱɢɧɨɦ ɛɚɡɚ ɡɧɚɧɶ 
ɫɬɪɭɤɬɭɪɭєɬɶɫɹ, ɞɥɹ ɡɛɿɥɶɲɟɧɧɹ ɲɜɢɞɤɨɞɿʀ ɦɟɯɚɧɿɡɦɭ ɥɨɝɿɱɧɨɝɨ ɜɢɜɨɞɭ ɭɦɨɜɢ 
ɩɪɚɜɢɥ ɡɜ'ɹɡɭɸɬɶɫɹ ɡɿ ɡɧɚɱɟɧɧɹɦɢ ɚɬɪɢɛɭɬɿɜ ɜ ɪɨɛɨɱɿɣ ɩɚɦ'ɹɬɿ, ɳɨ ɞɨɡɜɨɥɹє 
ɜɪɚɯɭɜɚɬɢ ɜɩɥɢɜ ɪɟɡɭɥɶɬɚɬɿɜ ɜɢɤɨɧɚɧɧɹ ɨɞɧɢɯ ɩɪɨɞɭɤɰɿɣɧɢɯ ɩɪɚɜɢɥ ɧɚ ɭɦɨɜɢ 
ɪɟɚɥɿɡɚɰɿʀ ɿɧɲɢɯ. ȼ [2] ɪɨɡɪɨɛɥɟɧɨ ɦɚɬɟɦɚɬɢɱɧɭ ɦɨɞɟɥɶ, ɹɤɚ ɩɪɟɞɫɬɚɜɥɹє 
ɫɨɛɨɸ ɝɿɩɟɪɝɪɚɮ. ȼɫɿ ɫɭɬɧɨɫɬɿ ɿ ɡɚɥɟɠɧɨɫɬɿ, ɳɨ ɩɪɟɞɫɬɚɜɥɟɧɿ ɜ ɛɚɡɿ ɡɧɚɧɶ, 
ɨɛ’єɞɧɭɸɬɶɫɹ ɭ ɝɿɩɟɪɝɪɚɮɿ. Ɇɨɞɢɮɿɤɨɜɚɧɿ ɚɥɝɨɪɢɬɦɢ ɩɪɹɦɨɝɨ ɬɚ ɡɜɨɪɨɬɧɨɝɨ 
ɜɢɜɟɞɟɧɧɹ ɡɞɿɣɫɧɸɸɬɶ ɩɨɲɭɤ ɧɚ ɨɬɪɢɦɚɧɨɦɭ ɩɿɞɝɪɚɮɿ. ȼ ɪɨɛɨɬɿ [3] 
ɡɚɩɪɨɩɨɧɨɜɚɧɨ ɩɿɞɯɿɞ ɞɨ ɫɬɪɭɤɬɭɪɭɜɚɧɧɹ ɛɚɡɢ ɡɧɚɧɶ ɲɥɹɯɨɦ ɜɢɡɧɚɱɟɧɧɹ 
ɪɟɣɬɢɧɝɿɜ ɩɪɚɜɢɥ ɡ ɩɨɞɚɥɶɲɢɦ ɜɢɞɚɥɟɧɧɹɦ ɫɭɩɟɪɟɱɥɢɜɢɯ ɩɪɚɜɢɥ ɿ ɩɪɚɜɢɥ ɡ 
ɧɚɣɦɟɧɲɢɦɢ ɪɟɣɬɢɧɝɚɦɢ. 

Ɇɟɬɨɞɢ ɿɧɬɟɥɟɤɬɭɚɥɶɧɨɝɨ ɚɧɚɥɿɡɭ ɞɚɧɢɯ ɿ ɧɟɣɪɨɧɟɱɿɬɤɢɯ ɬɟɯɧɨɥɨɝɿʀ 
ɨɫɬɚɧɧɿɦ ɱɚɫɨɦ ɡɧɚɯɨɞɹɬɶ ɡɚɫɬɨɫɭɜɚɧɧɹ ɩɪɢ ɫɬɜɨɪɟɧɧɿ ɬɚ ɚɧɚɥɿɡɿ ɛɚɡ ɡɧɚɧɶ. 
Ɍɚɤ ɜ [4] ɡɚɩɪɨɩɨɧɨɜɚɧɚ ɦɚɬɟɦɚɬɢɱɧɚ ɦɨɞɟɥɶ ɧɟɣɪɨɧɧɨʀ ɦɟɪɟɠɿ, ɹɤɚ ɞɨɩɭɫɤɚє 
ɩɪɹɦɟ ɩɟɪɟɬɜɨɪɟɧɧɹ ɛɚɡɢ ɡɧɚɧɶ ɜ ɦɟɪɟɠɭ. Ɂ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɝɟɧɟɬɢɱɧɨɝɨ 
ɚɥɝɨɪɢɬɦɭ ɜɢɤɨɧɭєɬɶɫɹ ɩɚɪɚɦɟɬɪɢɱɧɚ ɨɩɬɢɦɿɡɚɰɿɹ ɫɬɪɭɤɬɭɪɢ ɛɚɡɢ ɡɧɚɧɶ. ȼ 
ɪɨɛɨɬɿ [5] ɩɪɨɩɨɧɭєɬɶɫɹ ɩɨєɞɧɚɧɧɹ ɦɟɬɨɞɭ ɤɥɚɫɬɟɪɧɨɝɨ ɚɧɚɥɿɡɭ ɬɚ ɧɟɱɿɬɤɨʀ 
ɦɨɞɟɥɿ ɥɨɝɿɱɧɨɝɨ ɜɢɜɨɞɭ Ɍɚɤɚɝɿ-ɋɭɝɟɧɨ ɞɥɹ ɪɟɞɭɤɰɿʀ ɛɚɡɢ ɡɧɚɧɶ, ɫɯɨɠɿ 
ɩɪɚɜɢɥɚ ɥɨɝɿɱɧɨɝɨ ɜɢɜɟɞɟɧɧɹ ɨɛ'єɞɧɭɸɬɶɫɹ ɜ ɨɞɢɧ ɤɥɚɫɬɟɪ. Ⱦɥɹ ɨɰɿɧɤɢ 
ɫɯɨɠɨɫɬɿ ɩɟɪɟɞɭɦɨɜ ɩɪɚɜɢɥ ɩɪɢ ɨɞɧɚɤɨɜɢɯ ɡɧɚɱɟɧɧɹɯ ɥɨɝɿɱɧɢɯ ɜɢɫɧɨɜɤɿɜ 
ɜɢɤɨɪɢɫɬɨɜɭɸɬɶɫɹ ɫɩɟɰɿɚɥɶɧɿ ɦɟɬɪɢɤɢ. ɇɚ ɱɢɫɥɨ ɥɨɝɿɱɧɢɯ ɜɢɫɧɨɜɤɿɜ 
ɧɚɤɥɚɞɚɸɬɶɫɹ ɤɿɥɶɤɿɫɧɿ ɨɛɦɟɠɟɧɧɹ. ȼ ɪɨɛɨɬɿ [6] ɡɚɞɚɱɚ ɤɥɚɫɬɟɪɢɡɚɰɿʀ ɡɧɚɧɶ ɜ 
ɫɢɫɬɟɦɚɯ ɲɬɭɱɧɨɝɨ ɿɧɬɟɥɟɤɬɭ ɪɨɡɜ’ɹɡɭєɬɶɫɹ ɿɡ ɡɚɫɬɨɫɭɜɚɧɧɹɦ ɦɭɪɚɲɢɧɢɯ 
ɚɥɝɨɪɢɬɦɿɜ. 

Ɂɚɡɧɚɱɟɧɿ ɩɿɞɯɨɞɢ ɿɫɬɨɬɧɨ ɩɨɥɿɩɲɭɸɬɶ ɪɨɛɨɬɭ ɟɤɫɩɟɪɬɧɢɯ ɫɢɫɬɟɦ, ɨɞɧɚɤ 
ɞɨɡɜɨɥɹɸɬɶ ɩɪɚɰɸɜɚɬɢ ɬɿɥɶɤɢ ɡɿ ɫɬɚɬɢɱɧɢɦɢ ɛɚɡɚɦɢ ɡɧɚɧɶ, ɧɚɤɥɚɞɚɸɬɶ 
ɨɛɦɟɠɟɧɧɹ ɧɚ ɤɿɥɶɤɿɫɬɶ ɥɨɝɿɱɧɢɯ ɜɢɫɧɨɜɤɿɜ ɿ ɧɟ ɦɨɠɭɬɶ ɛɭɬɢ ɡɚɫɬɨɫɨɜɚɧɿ ɞɥɹ 
ɜɢɩɚɞɤɿɜ, ɤɨɥɢ ɜ ɿɫɧɭɸɱɭ ɫɢɫɬɟɦɭ ɧɟɨɛɯɿɞɧɨ ɞɨɞɚɜɚɬɢ ɧɨɜɿ ɥɨɝɿɱɧɿ ɩɪɚɜɢɥɚ. 

ɍ ɞɚɧɿɣ ɪɨɛɨɬɿ ɪɨɡɜɢɜɚєɬɶɫɹ ɩɿɞɯɿɞ, ɹɤɢɣ ɞɨɡɜɨɥɹє ɪɨɡɲɢɪɸɜɚɬɢ ɛɚɡɭ ɡɧɚɧɶ 
ɟɤɫɩɟɪɬɧɨʀ ɫɢɫɬɟɦɢ ɧɨɜɢɦɢ ɩɪɚɜɢɥɚɦɢ ɜ ɩɪɨɰɟɫɿ ɟɤɫɩɥɭɚɬɚɰɿʀ. 

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ. ɉɪɢɩɭɫɬɢɦɨ, ɳɨ ɿɫɧɭє ɫɮɨɪɦɨɜɚɧɚ ɩɪɨɞɭɤɰɿɣɧɚ ɛɚɡɚ 
ɡɧɚɧɶ  1 2 NR R ,R ,...,R= , ɞɟ iR  – ɧɟɱɿɬɤɟ ɩɪɨɞɭɤɰɿɣɧɟ ɩɪɚɜɢɥɨ; 1i ,N= ; N  – 

ɜɢɯɿɞɧɚ ɤɿɥɶɤɿɫɬɶ ɩɪɚɜɢɥ ɜ ɛɚɡɿ ɡɧɚɧɶ. ɉɪɢ ɰɶɨɦɭ ɩɟɪɟɞɛɚɱɚєɬɶɫɹ, ɳɨ ɭ 
ɦɧɨɠɟɧɿ ɩɪɚɜɢɥ ɜɢɞɿɥɟɧɿ k  ɩɿɞɦɧɨɠɢɧ ( )k N , ɭ ɹɤɢɯ ɩɪɚɜɢɥɚ ɡɝɪɭɩɨɜɚɧɿ ɡɚ 
ɪɟɡɭɥɶɬɚɬɨɦ ɥɨɝɿɱɧɨɝɨ ɜɢɫɧɨɜɤɭ. ɉɿɞɦɧɨɠɢɧɚ ɩɪɚɜɢɥ ɦɿɫɬɢɬɶ ɩɪɚɜɢɥɚ, ɡ 
ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɹɤɢɯ ɨɩɢɫɭɸɬɶɫɹ ɩɪɢɛɥɢɡɧɨ ɨɞɧɚɤɨɜɿ ɧɟɱɿɬɤɿ ɡɚɤɨɧɨɦɿɪɧɨɫɬɿ 
ɜ ɚɧɚɥɿɡɨɜɚɧɢɯ ɞɚɧɢɯ ɿ ɜɢɤɨɧɭєɬɶɫɹ ɤɥɚɫɢɮɿɤɚɰɿɹ ɨɛ'єɤɬɿɜ ɡɚ ɞɨɩɨɦɨɝɨɸ 
ɚɥɝɨɪɢɬɦɭ ɧɟɱɿɬɤɨɝɨ ɥɨɝɿɱɧɨɝɨ ɜɢɜɟɞɟɧɧɹ. ɉɟɪɟɞɛɚɱɚєɬɶɫɹ, ɳɨ ɿɫɧɭɸɱɚ 
ɫɢɫɬɟɦɚ ɩɪɚɜɢɥ ɦɨɠɟ ɛɭɬɢ ɪɨɡɲɢɪɟɧɚ, ɤɨɥɢ ɭ ɫɢɫɬɟɦɭ ɩɨɬɪɚɩɥɹє ɧɨɜɢɣ 
ɨɛ'єɤɬ.  
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ɉɪɢ ɰɶɨɦɭ ɫɬɪɭɤɬɭɪɚ ɩɪɚɜɢɥɚ ɫɢɫɬɟɦɢ ɡɚɥɢɲɚєɬɶɫɹ ɧɟɡɦɿɧɧɨɸ. ɉɨɞɿɛɧɿ 
ɜɢɦɨɝɢ ɞɨɡɜɨɥɹɸɬɶ ɭɧɢɤɚɬɢ ɞɨɞɚɬɤɨɜɢɯ ɩɟɪɟɜɿɪɨɤ ɥɨɝɿɱɧɢɯ ɩɪɚɜɢɥ ɧɚ 
ɧɚɹɜɧɿɫɬɶ ɩɪɨɬɢɪɿɱ ɩɿɫɥɹ ɞɨɞɚɜɚɧɧɹ ɧɨɜɢɯ ɩɪɚɜɢɥ ɜ ɫɢɫɬɟɦɭ. 

ɇɟɨɛɯɿɞɧɨ ɪɨɡɪɨɛɢɬɢ ɩɿɞɯɿɞ, ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɹɤɨɝɨ ɩɪɢ ɜɢɤɨɧɚɧɧɿ 
ɩɪɨɰɟɞɭɪɢ ɩɪɹɦɨɝɨ ɥɨɝɿɱɧɨɝɨ ɜɢɜɟɞɟɧɧɹ ɫɬɚє ɦɨɠɥɢɜɢɦ ɮɨɪɦɭɜɚɧɧɹ ɿ 
ɞɨɞɚɜɚɧɧɹ ɜ ɫɢɫɬɟɦɭ ɧɨɜɢɯ ɩɪɨɞɭɤɰɿɣɧɢɯ ɩɪɚɜɢɥ ɞɥɹ ɤɥɚɫɢɮɿɤɚɰɿʀ ɨɛ'єɤɬɿɜ, 
ɩɚɪɚɦɟɬɪɢ ɹɤɢɯ ɜɿɞɪɿɡɧɹɸɬɶɫɹ ɜɿɞ ɜɠɟ ɜɢɤɨɪɢɫɬɚɧɢɯ ɭ ɧɚɜɱɚɥɶɧɿɣ ɜɢɛɿɪɰɿ ɩɪɢ 
ɫɤɥɚɞɚɧɧɿ ɛɚɡɢ ɩɪɚɜɢɥ. 

ɉɪɨɞɭɤɰɿɣɧɚ ɦɨɞɟɥɶ ɩɪɟɞɫɬɚɜɥɟɧɧɹ ɡɧɚɧɶ. Ɋɨɡɝɥɹɞɚєɬɶɫɹ ɡɚɞɚɱɚ 
ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɨɛ'єɤɬɿɜ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɚɥɝɨɪɢɬɦɭ ɧɟɱɿɬɤɨɝɨ ɥɨɝɿɱɧɨɝɨ 
ɜɢɜɟɞɟɧɧɹ ɬɚ ɫɢɫɬɟɦɢ ɩɪɨɞɭɤɰɿɣɧɢɯ ɩɪɚɜɢɥ. 

Ɉɛ’єɤɬ X  ɯɚɪɚɤɬɟɪɢɡɭєɬɶɫɹ ɜɟɤɬɨɪɨɦ ɩɚɪɚɦɟɬɪɿɜ 1 2 n( x ,x ,...,x ) ,   

ɞɟ ix  - ɜɯɿɞɧɚ ɥɿɧɝɜɿɫɬɢɱɧɚ ɡɦɿɧɧɚ. Ɂ ɤɨɠɧɨɸ ɥɿɧɝɜɿɫɬɢɱɧɨɸ ɡɦɿɧɧɨɸ 
ɩɨɜ'ɹɡɚɧɨ ʀʀ ɧɟɱɿɬɤɟ ɡɧɚɱɟɧɧɹ jA . 

Ɂ ɤɨɠɧɢɦ ɨɛ'єɤɬɨɦ X , ɳɨ ɯɚɪɚɤɬɟɪɢɡɭєɬɶɫɹ ɧɚɛɨɪɨɦ ɜɯɿɞɧɢɯ ɩɚɪɚɦɟɬɪɿɜ, 
ɡɜ'ɹɡɭєɬɶɫɹ ɜɢɯɿɞɧɚ ɡɦɿɧɧɚ Y . ȼɯɿɞ ɿ ɜɢɯɿɞ ɨɛ'єɤɬɭ, ɳɨ ɞɨɫɥɿɞɠɭєɬɶɫɹ, 
ɩɨɜ'ɹɡɚɧɿ ɦɿɠ ɫɨɛɨɸ ɮɭɧɤɰɿɨɧɚɥɶɧɨɸ ɡɚɥɟɠɧɿɫɬɸ ɜɢɞɭ: 

                                        1 2 nY f ( x ,x ,...,x )=                                          (1) 

ɞɟ f – ɞɿɣɫɧɚ ɮɭɧɤɰɿɹ ɜɿɞ ɱɿɬɤɢɯ ɡɧɚɱɟɧɶ 1 2 n( x ,x ,...,x )  

Ɏɭɧɤɰɿɹ 1 2 nf ( x ,x ,...,x )  ɧɚɛɭɜɚє ɞɢɫɤɪɟɬɧɢɯ ɡɧɚɱɟɧɶ, ɨɫɤɿɥɶɤɢ ɱɢɫɥɨ ɪɿɡɧɢɯ 
ɡɚɤɥɸɱɟɧɶ ɥɨɝɿɱɧɢɯ ɩɪɚɜɢɥ ɩɪɢ ɛɭɞɶ-ɹɤɢɯ ɡɧɚɱɟɧɧɹɯ ɚɪɝɭɦɟɧɬɿɜ 1 2 nx ,x ,...,x  є 
ɫɤɿɧɱɟɧɧɢɦ. 

ɉɪɢ ɪɨɡɜ’ɹɡɚɧɧɿ ɡɚɞɚɱɿ ɤɥɚɫɢɮɿɤɚɰɿʀ ɡɧɚɱɟɧɧɹɦɢ ɮɭɧɤɰɿʀ  1 2 nf ( x ,x ,...,x )  є 
ɤɨɧɫɬɚɧɬɢ, ɳɨ ɜɤɚɡɭɸɬɶ ɧɚ ɤɥɚɫ ɞɨ ɹɤɨɝɨ ɧɚɥɟɠɢɬɶ ɨɛ'єɤɬ. 

Ⱥɩɪɿɨɪɧɭ ɿɧɮɨɪɦɚɰɿɸ ɫɬɨɫɨɜɧɨ ɡɚɥɟɠɧɨɫɬɿ (1) ɦɨɠɧɚ ɡɨɛɪɚɡɢɬɢ ɭ ɜɢɝɥɹɞɿ 
ɫɭɤɭɩɧɨɫɬɿ ɩɪɨɞɭɤɰɿɣɧɢɯ ɩɪɚɜɢɥ ɭ ɬɚɤɢɣ ɫɩɨɫɿɛ: 

Ɋɉ :Якщо
 1 1 2 2Ɋ Ɋ

n Ɋn P

x є А x є А ...
x є А ɌɈ Y Y ,

  
=

                                  (2) 

ɞɟ 1ɪ ,Ɋ= – ɧɨɦɟɪ ɩɪɚɜɢɥɚ ɜ ɛɚɡɿ ɩɪɚɜɢɥ; P  – ɡɚɝɚɥɶɧɚ ɤɿɥɶɤɿɫɬɶ ɩɪɚɜɢɥ; pjA – 

ɧɟɱɿɬɤɟ ɡɧɚɱɟɧɧɹ ɡɦɿɧɧɨʀ ix ɜ ɬɟɪɦɿ j, 1i ,N= ; pY – ɦɿɬɤɚ ɞɟɹɤɨɝɨ ɤɥɚɫɭ, ɞɨ 
ɹɤɨɝɨ ɧɚɥɟɠɢɬɶ ɨɛ'єɤɬ X. 

ɋɮɨɪɦɨɜɚɧɚ ɛɚɡɚ ɩɪɚɜɢɥ ɦɨɠɟ ɛɭɬɢ ɪɨɡɛɢɬɚ ɧɚ ɫɢɫɬɟɦɭ ɩɿɞɦɧɨɠɢɧ, ɳɨ 
ɩɟɪɟɬɢɧɚɸɬɶɫɹ, ɡɚ ɡɧɚɱɟɧɧɹɦ ɦɿɬɤɢ ɤɥɚɫɭ ɜ ɥɨɝɿɱɧɨɦɭ ɡɚɤɥɸɱɟɧɧɿ ɩɪɚɜɢɥɚ: 

1 2 1 1 2 2N k kR { R ,R ,...,R } { Rul |Y Y Rul |Y Y ... Rul |Y Y }= = =  =   =  

ɞɟ kRul – ɩɿɞɦɧɨɠɢɧɚ ɩɪɚɜɢɥ, ɜ ɹɤɢɯ kY Y= . Ⱦɥɹ ɜɿɞɨɛɪɚɠɟɧɧɹ ɱɿɬɤɢɯ 
ɜɯɿɞɧɢɯ ɡɧɚɱɟɧɶ jx – ɜ ɧɟɱɿɬɤɿ ɦɧɨɠɢɧɢ ɜɜɨɞɹɬɶɫɹ ɮɭɧɤɰɿʀ ɩɪɢɧɚɥɟɠɧɨɫɬɿ 

pjM  ɜɢɞɭ: 
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                                      (3) 

ɞɟ p p p pa ,b ,c ,d  - ɱɢɫɥɨɜɿ ɩɚɪɚɦɟɬɪɢ, ɹɤɿ ɜɢɡɧɚɱɚɸɬɶ ɝɪɚɧɢɰɿ ɬɟɪɦɿɜ, 
ɧɚɛɭɜɚɸɬɶ ɞɿɣɫɧɢɯ ɡɧɚɱɟɧɶ ɿ ɜɩɨɪɹɞɤɨɜɚɧɿ ɜɿɞɧɨɲɟɧɧɹɦ: p p p pa b c d   . 

Ƚɪɚɧɢɰɿ ɬɟɪɦɿɜ ɜɢɡɧɚɱɚɸɬɶɫɹ ɡɚ ɮɨɪɦɭɥɚɦɢ ɜɿɞɧɨɫɧɨ ɛɚɡɢ ɞɚɧɢɯ 
ɧɚɜɱɚɥɶɧɨʀ ɜɢɛɿɪɤɢ: 

( ) ( )

( ) ( )

( ) ( )
( )

( )
( )

( )
( )

1 2
1 1

2
1 1

1 1
21 1

1
1 1 1

1 11 1

1

j

x , x , j ,Jmin maxi i
i i

x , x , j J ,Jmin maxi i
i i

xavg i
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ɞɟ Jj ,1= , 2J , J  – ɤɿɥɶɤɿɫɬɶ ɟɥɟɦɟɧɬɿɜ ɬɟɪɦ-ɦɧɨɠɢɧɢ ɥɿɧɝɜɿɫɬɢɱɧɨʀ 
ɡɦɿɧɧɨʀ, ɹɤɳɨ 2J  - ɧɟɦɚє ɫɟɧɫɭ ɫɬɜɨɪɸɜɚɬɢ ɬɚɤɭ ɥɿɧɝɜɿɫɬɢɱɧɭ ɡɦɿɧɧɭ. 

Ɇɟɬɨɞ ɪɨɡɜ’ɹɡɚɧɧɹ. Ⱦɥɹ ɜɢɤɨɧɚɧɧɹ ɩɪɨɰɟɞɭɪɢ ɧɟɱɿɬɤɨɝɨ ɥɨɝɿɱɧɨɝɨ 
ɜɢɜɟɞɟɧɧɹ ɜɜɟɞɟɦɨ ɬɚɤɿ ɨɩɟɪɚɰɿʀ, ɚɧɚɥɨɝɿɱɧɨ [8]. 



 ISSN 2074-5893 ɉɢɬɚɧɧɹ ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ ɿ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ.  ȼɢɩɭɫɤ 18 
 

 71 

Ⱦɥɹ ɜɢɤɨɧɚɧɧɹ ɩɪɨɰɟɞɭɪɢ ɮɚɡɢɮɿɤɚɰɿʀ ɜɯɿɞɧɢɯ ɡɦɿɧɧɢɯ ix  ɜ ɜɟɤɬɨɪ 
ɧɟɱɿɬɤɢɯ ɦɧɨɠɢɧ pjA  ɛɭɞɟɦɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɧɚɫɬɭɩɧɭ ɨɩɟɪɚɰɿɸ: 

i

i

x

pj pj i ix
A ( M ( x ) / x )dx=                                          (5) 

ɞɟ i ix ,x – ɝɪɚɧɢɰɿ ɬɟɪɦɿɜ ɜɯɿɞɧɢɯ ɡɦɿɧɧɢɯ. 
Ⱦɥɹ ɜɢɤɨɧɚɧɧɹ ɩɪɨɰɟɞɭɪɢ ɞɟɮɚɡɢɮɿɤɚɰɿʀ ɛɭɞɟɦɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ: 

p

Y

p YY
Y ( M (Y ) /Y )dY=  , Y [Y;Y ]                         (6) 

ɞɟ Y ,Y – ɝɪɚɧɢɰɿ ɬɟɪɦɭ ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɨʀ. 
ɋɬɭɩɿɧɶ ɩɪɢɧɚɥɟɠɧɨɫɬɿ ɜɯɿɞɧɨɝɨ ɨɛ'єɤɬɚ 1 2

* * * *
nX ( x ,x ,...,x )=  ɧɟɱɿɬɤɢɦ 

ɬɟɪɦɚɦ pY  ɡ ɛɚɡɢ ɡɧɚɧɶ (2) ɨɩɢɫɭєɬɶɫɹ ɫɢɫɬɟɦɨɸ ɧɟɱɿɬɤɢɯ ɥɨɝɿɱɧɢɯ ɪɿɜɧɹɧɶ: 

1 1
p

* *
Y pj i

p ,Pi ,N

M ( x ) M ( x )
= =

 =    ,   1j ,m=                       (7) 

ɞɟ ɨɩɟɪɚɬɨɪɢ   ɬɚ   ɜɿɞɩɨɜɿɞɚɸɬɶ ɜɢɤɨɧɚɧɧɸ ɥɨɝɿɱɧɢɯ ɨɩɟɪɚɰɿɣ «ȺȻɈ» ɬɚ 
«І» ɜɿɞɩɨɜɿɞɧɨ. ȼ ɪɨɛɨɬɿ ɜɢɤɨɪɢɫɬɚɧɿ ʀɯ ɪɟɚɥɿɡɚɰɿʀ ɭ ɜɢɝɥɹɞɿ ɡɧɚɯɨɞɠɟɧɧɹ max  
ɬɚ min . 

ɇɟɱɿɬɤɚ ɦɧɨɠɢɧɚ *Y , ɳɨ ɜɿɞɩɨɜɿɞɚє ɜɯɿɞɧɨɦɭ ɜɟɤɬɨɪɭ *X  ɜɢɡɧɚɱɚєɬɶɫɹ ɭ 
ɜɢɝɥɹɞɿ: 

1
p p

Y* *
Y YY

j ,m

Y imp( M ( X ),M (Y ) /Y )dYagg
=

 =  
                       (8) 

ɞɟ imp  – ɨɩɟɪɚɰɿɹ ɿɦɩɥɿɤɚɰɿʀ, agg  – ɨɩɟɪɚɰɿɹ ɚɝɪɟɝɭɜɚɧɧɹ, ɹɤɿ ɪɟɚɥɿɡɨɜɚɧɿ 
ɨɩɟɪɚɰɿєɸ ɡɧɚɯɨɞɠɟɧɧɹ min  ɬɚ max  ɜɿɞɩɨɜɿɞɧɨ. 

ɑɿɬɤɟ ɡɧɚɱɟɧɧɹ ɜɢɯɨɞɭ *Y  ɜɢɡɧɚɱɚєɬɶɫɹ ɜ ɪɟɡɭɥɶɬɚɬɿ ɞɟɮɚɡɢɮɿɤɚɰɿʀ ɧɟɱɿɬɤɨʀ 
ɦɧɨɠɢɧɢ *Y  ɡɚ ɦɟɬɨɞɨɦ ɰɟɧɬɪɭ ɬɹɠɿɧɧɹ: 

Y Y*
Y YY Y

Y Y M (Y )dY / M (Y )dY=                                      (9) 

Ⱦɥɹ ɜɢɤɨɧɚɧɧɹ ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɨɛ'єɤɬɚ ɜɢɤɨɪɢɫɬɨɜɭєɬɶɫɹ ɚɥɝɨɪɢɬɦ ɧɟɱɿɬɤɨɝɨ 
ɥɨɝɿɱɧɨɝɨ ɜɢɜɟɞɟɧɧɹ [7], ɦɨɞɢɮɿɤɨɜɚɧɢɣ ɜɜɟɞɟɧɧɹɦ ɞɨɞɚɬɤɨɜɨɝɨ ɦɟɯɚɧɿɡɦɭ 
ɩɨɪɿɜɧɹɧɧɹ ɱɿɬɤɨɝɨ ɜɢɯɿɞɧɨɝɨ ɡɧɚɱɟɧɧɹ Y*, ɨɬɪɢɦɚɧɨɝɨ ɞɥɹ ɨɛ'єɤɬɚ 

1 2
* * * *

nX ( x ,x ,...,x )= , ɿ ɜɢɯɿɞɧɢɯ ɡɧɚɱɟɧɶ ɨɛ'єɤɬɿɜ iY  ɧɚɹɜɧɢɯ ɜ ɛɚɡɿ ɡɧɚɧɶ. ɋɯɟɦɭ  
ɦɨɞɢɮɿɤɨɜɚɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɧɟɱɿɬɤɨʀ ɥɨɝɿɤɢ ɧɚɜɟɞɟɧɨ ɧɚ ɪɢɫ. 1.ȼɿɞɫɬɚɧɶ ɦɿɠ  
ɨɛ'єɤɬɚɦɢ ɜɢɡɧɚɱɚєɬɶɫɹ ɧɚ ɨɫɧɨɜɿ ɨɛɪɚɧɨʀ ɦɟɬɪɢɤɢ ɜ ɩɪɨɫɬɨɪɿ ɯɚɪɚɤɬɟɪɢɫɬɢɤ. 
Ⱦɥɹ ɨɰɿɧɤɢ ɦɿɪɢ ɛɥɢɡɶɤɨɫɬɿ ɟɥɟɦɟɧɬɿɜ ɜɢɤɨɪɢɫɬɨɜɭєɬɶɫɹ ȿɜɤɥɿɞɨɜɚ ɜɿɞɫɬɚɧɶ: 
 

2
1

m* *
i t itt

d(Y ,Y ) (Y Y )== −                             (10) 

*
id(Y ,Y )                                             (11) 
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ɍ ɪɚɡɿ, ɤɨɥɢ ɞɥɹ ɨɛ'єɤɬɚ *X  ɭɦɨɜɚ (11) ɧɟ ɜɢɤɨɧɭєɬɶɫɹ, ɧɟɨɛɯɿɞɧɨ 
ɫɮɨɪɦɭɥɸɜɚɬɢ ɧɨɜɟ ɥɨɝɿɱɧɟ ɩɪɚɜɢɥɨ: 

1Ɋɉ :Якщо+  
1 1 2 2

1

k k

*
n kn P

x є А x є А ...

x є А ɌɈ Y X ,+

  

=
                     (12) 

ɞɟ kjA – ɧɟɱɿɬɤɿ ɡɧɚɱɟɧɧɹ ɡɦɿɧɧɢɯ jx , ɹɤɿ ɨɛɱɢɫɥɸɸɬɶɫɹ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ 

ɮɭɧɤɰɿʀ ɩɪɢɧɚɥɟɠɧɨɫɬɿ (5) ɩɪɢ ɡɧɚɱɟɧɧɹɯ 1 1 2 2
* * *

k k kn na x ,a x ,...,a x= = = . 

 

 
Ɋɢɫ. 1. Ɇɨɞɢɮɿɤɨɜɚɧɢɣ ɚɥɝɨɪɢɬɦ ɧɟɱɿɬɤɨʀ ɥɨɝɿɤɢ 

 

ɍ ɪɚɡɿ, ɤɨɥɢ ɞɥɹ ɨɛ'єɤɬɚ *X  ɭɦɨɜɚ (11) ɧɟ ɜɢɤɨɧɭєɬɶɫɹ, ɧɟɨɛɯɿɞɧɨ 
ɫɮɨɪɦɭɥɸɜɚɬɢ ɧɨɜɟ ɥɨɝɿɱɧɟ ɩɪɚɜɢɥɨ: 

1Ɋɉ :Якщо+  
1 1 2 2

1

k k

*
n kn P

x є А x є А ...

x є А ɌɈ Y X ,+

  

=
                     (12) 

ɞɟ kjA – ɧɟɱɿɬɤɿ ɡɧɚɱɟɧɧɹ ɡɦɿɧɧɢɯ jx , ɹɤɿ ɨɛɱɢɫɥɸɸɬɶɫɹ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ 

ɮɭɧɤɰɿʀ ɩɪɢɧɚɥɟɠɧɨɫɬɿ (5) ɩɪɢ ɡɧɚɱɟɧɧɹɯ 1 1 2 2
* * *

k k kn na x ,a x ,...,a x= = = . 

ɉɿɫɥɹ ɜɢɤɨɧɚɧɧɹ ɩɪɨɰɟɞɭɪɢ ɞɟɮɚɡɢɮɿɤɚɰɿʀ ɨɛɱɢɫɥɸєɬɶɫɹ ( )*d Y ,Y  ɬɚ 

ɩɟɪɟɜɿɪɹєɬɶɫɹ ɭɦɨɜɚ (11). 
ȼɤɚɡɚɧɭ ɩɨɫɥɿɞɨɜɧɿɫɬɶ ɞɿɣ ɞɥɹ ɿɫɧɭɸɱɨʀ ɛɚɡɢ ɩɪɚɜɢɥ ɦɨɠɧɚ ɨɩɢɫɚɬɢ 

ɧɚɫɬɭɩɧɢɦ ɚɥɝɨɪɢɬɦɨɦ. 
Ⱥɥɝɨɪɢɬɦ: 
Ʉɪɨɤ 1. Ɂɚɞɚɬɢ ɡɧɚɱɟɧɧɹ   – ɩɨɯɢɛɤɚ ɫɢɫɬɟɦɢ, P  – ɡɚɝɚɥɶɧɟ ɱɢɫɥɨ ɩɪɚɜɢɥ, 

ɿɧɿɰɿɚɥɿɡɭɜɚɬɢ ɜɯɿɞɧɿ ɡɦɿɧɧɿ, ɡɚɞɚɬɢ ɮɭɧɤɰɿʀ ɩɪɢɧɚɥɟɠɧɨɫɬɿ. 
Ʉɪɨɤ 2. Ⱦɥɹ ɨɛ’єɤɬɚ *X  ɧɚ ɛɚɡɿ ɫɮɨɪɦɨɜɚɧɢɯ ɩɪɨɞɭɤɰɿɣɧɢɯ ɩɪɚɜɢɥ ɡɚ 

ɞɨɩɨɦɨɝɨɸ ɨɩɟɪɚɰɿɣ ɚɥɝɨɪɢɬɦɭ ɧɟɱɿɬɤɨɝɨ ɥɨɝɿɱɧɨɝɨ ɜɢɜɟɞɟɧɧɹ (5) - (8) 

ɪɨɡɪɚɯɭɜɚɬɢ ɫɬɭɩɟɧɿ ɩɪɢɧɚɥɟɠɧɨɫɬɿ ɨɛ'єɤɬɚ ɱɿɬɤɢɦ ɦɧɨɠɢɧɚɦ pY . 

Ɂɚ ɮɨɪɦɭɥɨɸ (9) ɨɬɪɢɦɚɬɢ ɱɿɬɤɟ ɡɧɚɱɟɧɧɹ *Y ɞɥɹ ɨɛ’єɤɬɚ *X . 

Баɡɢɫ ɧɟчіɬɤɢх 
ɥɨɝічɧɢх ɩɪаɜɢɥ 

Мɟхаɧіɡɦ 
ɧɟчіɬɤɨɝɨ 
ɥɨɝічɧɨɝɨ 

ɜɢɜɨɞɭ 

Фіɡɢчɧі 
ɜɟɥɢчɢɧɢ 

Чіɬɤі ɜɢхіɞɧі 
ɞаɧі 

Фаɡɢфікатор Дефаɡɢфікатор 

Мɟхаɧіɡɦ 
ɩɨɪіɜɧяɧɧя Ȼɚɡɚ ɜɿɞɩɨɜɿɞɟɣ 
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Ⱦɥɹ ɨɛ'єɤɬɿɜ kY , ɹɤɿ є ɥɨɝɿɱɧɢɦɢ ɜɢɫɧɨɜɤɚɦɢ ɩɪɚɜɢɥ ɡ ɫɢɫɬɟɦɢ (2), ɬɚɤ ɫɚɦɨ 
ɜɢɤɨɧɚɬɢ ɩɪɨɰɟɞɭɪɭ ɧɟɱɿɬɤɨɝɨ ɥɨɝɿɱɧɨɝɨ ɜɢɜɟɞɟɧɧɹ ɬɚ ɨɬɪɢɦɚɬɢ ɜɿɞɩɨɜɿɞɧɿ 
ɡɧɚɱɟɧɧɹ 1*

kY ,k ,K= . 

Ʉɪɨɤ 3. ȼɢɡɧɚɱɢɬɢ ɜɿɞɫɬɚɧɿ ɦɿɠ ɨɛ'єɤɬɨɦ  *Y  ɿ ɿɫɧɭɸɱɢɦɢ ɨɛ'єɤɬɚɦɢ kY , 

ɩɟɪɟɜɿɪɢɬɢ ɜɢɤɨɧɚɧɧɹ ɭɦɨɜɢ (11). 
əɤɳɨ ɧɟɪɿɜɧɿɫɬɶ є ɜɿɪɧɨɸ ɩɟɪɟɣɬɢ ɞɨ ɤɪɨɤɭ 6, ɿɧɚɤɲɟ ɩɟɪɟɣɬɢ ɞɨ ɤɪɨɤɭ 4. 
Ʉɪɨɤ 4. Ⱦɨɩɨɜɧɢɬɢ ɛɚɡɭ ɡɧɚɧɶ ɩɪɚɜɢɥɨɦ (12); 1p : p= + . 

Ʉɪɨɤ 5. ɉɟɪɟɪɚɯɭɜɚɬɢ ɝɪɚɧɢɰɿ ɬɟɪɦɿɜ ɧɟɱɿɬɤɢɯ ɦɧɨɠɢɧ ɜɿɞɩɨɜɿɞɧɨ ɞɨ 
ɮɨɪɦɭɥ (4). 

Ʉɪɨɤ 6. ȼɢɞɚɬɢ ɪɟɡɭɥɶɬɚɬ ɿɞɟɧɬɢɮɿɤɚɰɿʀ. 
Ʉɪɨɤ 7. ɉɟɪɟɜɿɪɤɚ ɩɪɚɜɢɥ ɨɫɬɚɧɨɜɭ: 
ɉɟɪɟɜɿɪɢɬɢ, ɱɢ ɜɫɿ ɨɛ'єɤɬɢ ɧɚɜɱɚɥɶɧɨʀ ɜɢɛɿɪɤɢ ɩɟɪɟɝɥɹɧɭɬɿ, ɹɤɳɨ ɬɚɤ, ɬɨ 

ɡɭɩɢɧɢɬɢɫɹ, ɿɧɚɤɲɟ ɨɛɪɚɬɢ ɧɚɫɬɭɩɧɢɣ ɨɛ'єɤɬ ɿ ɩɟɪɟɣɬɢ ɞɨ ɤɪɨɤɭ 3. 
Ⱥɧɚɥɿɡ ɪɟɡɭɥɶɬɚɬɿɜ. Ɂɚɩɪɨɩɨɧɨɜɚɧɢɣ ɩɿɞɯɿɞ ɞɨ ɮɨɪɦɭɜɚɧɧɹ ɛɚɡɢ ɩɪɚɜɢɥ 

ɩɪɢ ɩɪɟɞ'ɹɜɥɟɧɧɿ ɟɥɟɦɟɧɬɿɜ ɧɚɜɱɚɥɶɧɨʀ ɜɢɛɿɪɤɢ ɛɭɜ ɩɪɨɬɟɫɬɨɜɚɧɢɣ ɞɥɹ ɡɚɞɚɱɿ 
ɤɥɚɫɢɮɿɤɚɰɿʀ ɤɨɪɢɫɬɭɜɚɱɚ ɜɿɞɧɨɫɧɨ ɩɟɪɫɨɧɚɠɚ ɛɚɡɢ ɞɚɧɢɯ «CMD - Combat 
Marvel DC»[8]. ȼ ɹɤɨɫɬɿ ɜɯɿɞɧɢɯ ɩɚɪɚɦɟɬɪɿɜ ɩɟɪɫɨɧɚɠɚ ɜɢɫɬɭɩɚɸɬɶ: ɡɪɿɫɬ 
(ɫɦ), ɜɚɝɚ (ɤɝ), ɜɿɤ (ɪɨɤɢ). Ɂɚɡɧɚɱɟɧɿ ɩɚɪɚɦɟɬɪɢ ɨɩɢɫɭɸɬɶɫɹ ɧɟɱɿɬɤɢɦɢ 
ɡɧɚɱɟɧɧɹɦɢ. 

Ɏɨɪɦɭɸɬɶɫɹ ɜɿɞɩɨɜɿɞɧɿ ɬɟɪɦɢ ɜɯɿɞɧɢɯ ɡɦɿɧɧɢɯ: 
Ɂɪɿɫɬ (ɧɢɡɶɤɢɣ, ɫɟɪɟɞɧɿɣ, ɜɢɫɨɤɢɣ); 
ȼɚɝɚ (ɧɢɡɶɤɚ, ɫɟɪɟɞɧɹ, ɜɢɫɨɤɚ); 
ȼɿɤ (ɦɨɥɨɞɢɣ, ɫɟɪɟɞɧɿɣ, ɞɨɪɨɫɥɢɣ). 
ȼɢɯɿɞɧɚ ɡɦɿɧɧɚ ɯɚɪɚɤɬɟɪɢɡɭє ɤɥɚɫɢ ɨɛ'єɤɬɿɜ: Ʉɥɚɫ (I, II, III). 
Ⱦɥɹ ɤɨɠɧɨʀ ɜɯɿɞɧɨʀ ɬɚ ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɢɯ ɜɜɨɞɹɬɶɫɹ ɮɭɧɤɰɿʀ ɩɪɢɧɚɥɟɠɧɨɫɬɿ 

ɜɢɞɭ (3), ɨɛɱɢɫɥɸɸɬɶɫɹ ɝɪɚɧɢɰɿ ɬɟɪɦɿɜ ɡɚ ɮɨɪɦɭɥɚɦɢ (4).  
Ƚɪɚɧɢɰɿ ɬɟɪɦɿɜ:  
Ɂɪɿɫɬ_ɧɢɡɶɤɢɣ = (155, 174.6);  
Ɂɪɿɫɬ_ɫɟɪɟɞɧɿɣ = (164.83, 186.33);  
Ɂɪɿɫɬ_ɜɢɫɨɤɢɣ = (174.6, 198);  
ȼɚɝɚ_ɧɢɡɤɚ = (50, 73.33);  
ȼɚɝɚ_ɫɟɪɟɞɧɹ = (61.6, 89.16);  
ȼɚɝɚ_ɜɢɫɨɤɚ = (73.33, 105);  
ȼɿɤ_ɦɨɥɨɞɢɣ = (19, 26.33);  
ȼɿɤ_ɫɟɪɟɞɧɿɣ = (22.7, 30.7);  
ȼɿɤ_ɞɨɪɨɫɥɢɣ = (26.33, 35);  
Ʉɥɚɫ_I = (0, 0.5);  
Ʉɥɚɫ_II = (0.25, 0.75);  
Ʉɥɚɫ_III = (0.5, 1); 
Ɏɨɪɦɭєɬɶɫɹ ɫɢɫɬɟɦɚ ɩɪɚɜɢɥ, ɩɟɪɟɞɭɦɨɜɢ ɹɤɢɯ ɫɤɥɚɞɟɧɿ ɡ ɭɫɿɯ ɦɨɠɥɢɜɢɯ 

ɤɨɦɛɿɧɚɰɿɣ ɡɧɚɱɟɧɶ ɧɟɱɿɬɤɢɯ ɜɯɿɞɧɢɯ ɡɦɿɧɧɢɯ (ɜɫɶɨɝɨ 27 ɩɪɚɜɢɥ). 
ɍ ɬɚɛɥɢɰɿ ɩɪɟɞɫɬɚɜɥɟɧɿ ɪɟɡɭɥɶɬɚɬɢ ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɪɿɡɧɢɯ ɨɛ'єɤɬɿɜ ɩɪɢ 

ɡɚɞɚɧɢɯ ɡɧɚɱɟɧɧɹɯ 2 5, = , 27P = , ɛɚɡɚ ɞɚɧɢɯ ɩɟɪɫɨɧɚɠɿɜ: ( )01 198 105 35X , , , 
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02 171 65 25X ( , , ), ( )03 155 50 19X , , . ȼɯɿɞɧɿ ɨɛ’єɤɬɢ: ( )1 175 70 20X , , , 

( )2 180 73 21X , , . ɍ ɬɚɛɥɢɰɿ 1 ɩɨɞɚɧɨ ɪɟɡɭɥɶɬɚɬɢ ɿɞɟɧɬɢɮɿɤɚɰɿʀ. 
Ⱦɥɹ ɨɛ'єɤɬɚ 1X  ɫɢɫɬɟɦɚ ɩɨɜɟɪɬɚє ɨɛ'єɤɬ 02X , ɹɤɢɣ ɡɧɚɯɨɞɢɬɶɫɹ ɧɚɣɛɥɢɠɱɟ. 

Ɏɚɤɬɢɱɧɨ ɦɢ ɜɿɞɨɛɪɚɡɢɥɢ ɨɛ'єɤɬ 1X  ɜ ɦɧɨɠɢɧɭ ɨɛ'єɤɬɿɜ ɛɚɡɢ ɜɿɞɩɨɜɿɞɟɣ 

01 02 03X ,X ,X . Ⱦɥɹ ɨɛ'єɤɬɚ 2X  ɜɿɞɫɬɚɧɶ 8 072d ,= , ɬɨɛɬɨ ɭɦɨɜɚ d  d <   ɧɟ 
ɜɢɤɨɧɭєɬɶɫɹ, ɨɬɠɟ, ɩɨɬɪɿɛɧɨ ɞɨɞɚɬɢ ɰɟɣ ɨɛ'єɤɬ ɿ ɪɨɡɲɢɪɢɬɢ ɫɢɫɬɟɦɭ ɩɪɚɜɢɥ 
ɩɪɚɜɢɥɨɦ ɡ ɧɨɜɢɦ ɡɚɤɥɸɱɟɧɧɹɦ.  

 
Ɍɚɛɥɢɰɹ 1 

Ɋɟɡɭɥɶɬɚɬɢ ɿɞɟɧɬɢɮɿɤɚɰɿʀ 

 
ȼɯɿɞɧɿ ɩɚɪɚɦɟɬɪɢ Ⱦɟɮɚɡɮɿɰɢɪɨɜ

ɚɧɿ ɡɧɚɱɟɧɧɹ 
*Y  

( )( )j
j 1

min X ,Xid
=

 

Ɋɟɡɭɥɶɬɚɬ 
ɤɥɚɫɢɰɮɿɤɚɰɿ

ʀ 

Ɂɚɤɥɸ-
ɱɟɧɧɹ Ɂɪɿɫɬ 

(ɫɦ) 
ȼɚɝɚ 
(ɤɝ) 

ȼɿɤ 
(ɪɨɤɢ) 

1X  175 70 20 42,857 2,179 Ʉɥɚɫ_II X02 

2X  180 73 21 48,75 8,072 Ʉɥɚɫ_II ɇɨɜɢɣ 

01X  198 105 35 75 0 Ʉɥɚɫ_I X01 

02X  171 65 25 40,678 0 Ʉɥɚɫ_II X02 

03X  155 50 19 25 0 Ʉɥɚɫ_III X03 

 
Ɂɚɩɪɨɩɨɧɨɜɚɧɢɣ ɚɥɝɨɪɢɬɦ, ɛɭɥɨ ɪɟɚɥɿɡɨɜɚɧɨ ɭ ɜɢɝɥɹɞɿ ɩɪɨɝɪɚɦɧɨɝɨ 

ɩɪɨɞɭɤɬɭ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɦɨɜ ɋ/C++ ɬɚ JavaScript, ɚ ɬɚɤɨɠ ɬɟɤɫɬɨɜɨɝɨ 
ɮɨɪɦɚɬɭ ɨɛɦɿɧɭ ɞɚɧɢɦɢ JSON. Ⱦɥɹ ɪɨɡɪɨɛɤɢ ɜɢɤɨɪɢɫɬɨɜɭɜɚɥɢɫɹ: NetBeans 
IDE, WhiteStarUML, GitHub, WebGL, Chrome, Mozilla Firefox, Opera. 

Ɋɨɡɪɨɛɥɟɧɢɣ ɚɥɝɨɪɢɬɦ ɦɚє ɧɚɫɬɭɩɧɿ ɩɟɪɟɜɚɝɢ: ɜɢɫɨɤɚ ɲɜɢɞɤɿɫɬɶ 
ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ; ɦɨɠɥɢɜɿɫɬɶ ɪɨɡɲɢɪɟɧɧɹ ɤɿɥɶɤɨɫɬɿ ɜɿɞɩɨɜɿɞɟɣ ɫɢɫɬɟɦɢ, ɛɟɡ 
ɡɦɿɧɢ ɿɫɧɭɸɱɢɯ ɩɪɚɜɢɥ ɭ ɛɚɡɿ ɡɧɚɧɶ ɿ ɚɥɝɨɪɢɬɦɭ ɥɨɝɿɱɧɨɝɨ ɜɢɜɟɞɟɧɧɹ; 
ɪɨɡɲɢɪɟɧɧɹ ɫɩɟɤɬɪɭ ɡɚɫɬɨɫɭɜɚɧɧɹ ɚɥɝɨɪɢɬɦɿɜ ɧɟɱɿɬɤɨʀ ɥɨɝɿɤɢ. 

Ɋɨɡɪɨɛɥɟɧɢɣ ɚɥɝɨɪɢɬɦ ɦɚє ɧɚɫɬɭɩɧɿ ɧɟɞɨɥɿɤɢ: ɹɤɳɨ ɜ ɛɚɡɿ ɜɿɞɩɨɜɿɞɟɣ ɫɢɫɬɟɦɢ є 
ɨɛ'єɤɬɢ ɫɯɨɠɿ ɨɞɢɧ ɧɚ ɨɞɧɨɝɨ, ɜɨɧɢ ɦɨɠɭɬɶ ɦɚɬɢ ɨɞɧɚɤɨɜɢɣ ɰɟɧɬɪ ɜɚɝɢ, ɳɨ ɜ 
ɫɜɨɸ ɱɟɪɝɭ ɩɪɢɡɜɨɞɢɬɶ ɞɨ ɞɨɞɚɬɤɨɜɢɯ ɩɟɪɟɜɿɪɨɤ; ɦɿɧɿɦɚɥɶɧɭ ɜɿɞɫɬɚɧɶ ɞɥɹ 
ɜɿɞɨɛɪɚɠɟɧɧɹ ɨɛ'єɤɬɚ ɩɨɬɪɿɛɧɨ ɩɿɞɛɢɪɚɬɢ ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɢɦ ɲɥɹɯɨɦ. 

ȼɢɫɧɨɜɤɢ. Ɂɚɩɪɨɩɨɧɨɜɚɧɨ ɩɿɞɯɿɞ ɞɨ ɚɜɬɨɦɚɬɢɱɧɨʀ ɝɟɧɟɪɚɰɿʀ ɩɪɨɞɭɤɰɿɣɧɢɯ 
ɩɪɚɜɢɥ ɛɚɡɢ ɡɧɚɧɶ ɧɚ ɨɫɧɨɜɿ ɩɨɪɿɜɧɹɧɧɹ ɧɨɜɢɯ ɨɛ’єɤɬɿɜ ɡ ɜɠɟ ɿɫɧɭɸɱɢɦɢ ɭ 
ɫɢɫɬɟɦɿ ɡɚ ɞɨɩɨɦɨɝɨɸ ɦɟɬɪɢɤɢ, ɦɨɞɢɮɿɤɨɜɚɧɨ ɚɥɝɨɪɢɬɦ ɧɟɱɿɬɤɨɝɨ ɥɨɝɿɱɧɨɝɨ 
ɜɢɜɟɞɟɧɧɹ ɲɥɹɯɨɦ ɞɨɞɚɜɚɧɧɹɦ ɛɥɨɤɭ ɩɨɪɿɜɧɹɧɧɹ ɜɢɯɿɞɧɨɝɨ ɡɧɚɱɟɧɧɹ ɞɥɹ 
ɧɨɜɨɝɨ ɨɛ’єɤɬɭ ɡ ɜɢɯɿɞɧɢɦɢ ɡɧɚɱɟɧɧɹɦɢ ɞɥɹ ɧɚɹɜɧɢɯ ɭ ɛɚɡɿ ɡɧɚɧɶ ɨɛ’єɤɬɿɜ. 

ɉɨɞɚɥɶɲɿ ɞɨɫɥɿɞɠɟɧɧɹ ɛɭɞɭɬɶ ɫɩɪɹɦɨɜɚɧɿ ɧɚ ɜɞɨɫɤɨɧɚɥɟɧɧɹ 
ɡɚɩɪɨɩɨɧɨɜɚɧɨɝɨ ɩɿɞɯɨɞɭ ɲɥɹɯɨɦ ɨɛɱɢɫɥɟɧɧɹ ɱɿɬɤɢɯ ɜɢɯɿɞɧɢɯ ɞɚɧɢɯ ɞɥɹ 
ɛɚɡɢ ɜɿɞɩɨɜɿɞɟɣ ɡɚɡɞɚɥɟɝɿɞɶ ɿ ɜɧɟɫɟɧɧɹ ɰɢɯ ɞɚɧɢɯ ɞɨ ɛɚɡɢ ɜɿɞɩɨɜɿɞɟɣ, ɚɥɟ ɞɥɹ 
ɰɶɨɝɨ ɛɭɞɟ ɩɨɬɪɿɛɧɨ ɫɬɜɨɪɢɬɢ ɦɟɯɚɧɿɡɦ ɤɨɧɬɪɨɥɸ ɞɚɧɢɯ ɞɥɹ ɩɨɫɬɿɣɧɨɝɨ ʀɯ 
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ɨɧɨɜɥɟɧɧɹ ɿ ɩɟɪɟɡɚɩɢɫɭ ɜ ɪɚɡɿ ɡɦɿɧɢ ɚɛɨ ɦɨɞɢɮɿɤɚɰɿʀ ɩɪɚɜɢɥ ɫɢɫɬɟɦɢ, ɚ ɬɚɤɨɠ 
ɜ ɪɚɡɿ ɞɨɞɚɜɚɧɧɹ ɧɨɜɢɯ ɜɿɞɩɨɜɿɞɟɣ ɫɢɫɬɟɦɢ. 

 

Ȼɿɛɥɿɨɝɪɚɮɿɱɧɿ ɩɨɫɢɥɚɧɧɹ 
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Ɋ.ȼ. Ʉɢɪɢɥɟɧɤɨ, ɇ.Ⱥ. Ƚɭɤ, Ɉ.ȼ. ȼɟɪɛɚ 
Ⱦɧɿɩɪɨɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

ɉȿɊȿȾȻȺɑȿɇɇə ɉɋɂɏɈɅɈȽȱɑɇɈȲ ɊȿȺɄɐȱȲ ɄɈɊɂɋɌɍȼȺɑȺ ɉɊɂ 
ɉȿɊȿȽɅəȾȱ ɐɂɎɊɈȼɂɏ ɁɈȻɊȺɀȿɇɖ ɁȺɋɈȻȺɆɂ   

ɆȺɒɂɇɇɈȽɈ ɇȺȼɑȺɇɇə 

ȼ ɫɬɚɬɬɿ ɪɨɡɝɥɹɞɚєɬɶɫɹ ɤɨɦɩɥɟɤɫ ɚɥɝɨɪɢɬɦɿɜ ɞɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ 
ɩɪɨɝɧɨɡɭɜɚɧɧɹ ɩɫɢɯɨɥɨɝɿɱɧɨʀ ɪɟɚɤɰɿʀ ɤɨɪɢɫɬɭɜɚɱɚ ɧɚ ɡɨɛɪɚɠɟɧɧɹ ɩɪɢ ɩɟɪɟɝɥɹɞɿ 
ɰɢɮɪɨɜɢɯ ɡɨɛɪɚɠɟɧɶ. Ⱦɥɹ ɜɢɞɿɥɟɧɧɹ ɨɛɥɢɱ ɧɚ ɡɨɛɪɚɠɟɧɧɹɯ ɜɢɤɨɪɢɫɬɨɜɭɸɬɶɫɹ 
ɞɿɚɝɪɚɦɢ ɨɪɿєɧɬɨɜɚɧɢɯ ɝɪɚɞɿєɧɬɿɜ. ɉɪɨɝɧɨɡɭɜɚɧɧɹ ɩɫɢɯɨɥɨɝɿɱɧɨʀ ɪɟɚɤɰɿʀ ɜɢɤɨɧɭєɬɶɫɹ 
ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɧɟɣɪɨɧɧɨʀ ɦɟɪɟɠɿ. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɲɬɭɱɧɚ ɧɟɣɪɨɧɧɚ ɦɟɪɟɠɚ, ɦɟɬɨɞ ɡɜɨɪɨɬɧɨɝɨ ɪɨɡɩɨɜɫɸɞɠɟɧɧɹ 
ɩɨɦɢɥɤɢ, ɚɧɬɪɨɩɨɥɨɝɿɱɧɿ ɬɨɱɤɢ, ɝɿɫɬɨɝɪɚɦɚ ɨɪɿєɧɬɨɜɚɧɢɯ ɝɪɚɞɿєɧɬɿɜ, ɡɝɨɪɬɤɨɜɚ 
ɧɟɣɪɨɧɧɚ ɦɟɪɟɠɚ, ɩɪɨɝɧɨɡɭɜɚɧɧɹ. 
 

ȼ ɫɬɚɬɶɟ ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɤɨɦɩɥɟɤɫ ɚɥɝɨɪɢɬɦɨɜ ɞɥɹ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ 
ɩɪɨɝɧɨɡɢɪɨɜɚɧɢɹ ɩɫɢɯɨɥɨɝɢɱɟɫɤɨɣ ɪɟɚɤɰɢɢ ɩɨɥɶɡɨɜɚɬɟɥɹ ɧɚ ɢɡɨɛɪɚɠɟɧɢɹ ɩɪɢ 
ɩɪɨɫɦɨɬɪɟ ɰɢɮɪɨɜɵɯ ɢɡɨɛɪɚɠɟɧɢɣ . Ⱦɥɹ ɜɵɞɟɥɟɧɢɹ ɥɢɰ ɧɚ ɢɡɨɛɪɚɠɟɧɢɹɯ 
ɢɫɩɨɥɶɡɭɸɬɫɹ ɞɢɚɝɪɚɦɦɵ ɨɪɢɟɧɬɢɪɨɜɚɧɧɵɯ ɝɪɚɞɢɟɧɬɨɜ. ɉɪɨɝɧɨɡɢɪɨɜɚɧɢɟ 
ɩɫɢɯɨɥɨɝɢɱɟɫɤɨɣ ɪɟɚɤɰɢɢ ɜɵɩɨɥɧɹɟɬɫɹ ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɧɟɣɪɨɧɧɨɣ ɫɟɬɢ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɢɫɤɭɫɫɬɜɟɧɧɚɹ ɧɟɣɪɨɧɧɚɹ ɫɟɬɶ, ɦɟɬɨɞ ɨɛɪɚɬɧɨɝɨ 
ɪɚɫɩɪɨɫɬɪɚɧɟɧɢɹ ɨɲɢɛɤɢ, ɚɧɬɪɨɩɨɥɨɝɢɱɟɫɤɢɟ ɬɨɱɤɢ, ɝɢɫɬɨɝɪɚɦɦɚ ɨɪɢɟɧɬɢɪɨɜɚɧɧɵɯ 
ɝɪɚɞɢɟɧɬɨɜ, ɫɜɟɪɬɨɱɧɚɹ ɧɟɣɪɨɧɧɚɹ ɫɟɬɶ, ɩɪɨɝɧɨɡɢɪɨɜɚɧɢɟ. 
 

In the article, a problem of prediction a user's psychological response to the presented 

image is considered. A complex algorithm that solves proposed problem with respect to 

fuzzy input data which operates in real time is proposed. 

A classification problem for each particular user based on previously generated content 

by the user using a set of algorithms including machine learning algorithm is considered. 

Due to a huge amount of variety in possible input data and it’s complexity algorithms that 
reduce fuzziness are considered. In order for a prediction system to understand and learn 

from data it has been provided, it has to be prepared in such a way that the algorithm 

could more easily find patterns and inferences. For that purpose, all incoming data passes 

two additional steps which also allows the system to neglect fuzziness.  

At the first step, the software has to definitely determine a presence of the desired object 

(face, in the article) which must be done fast enough to be made in a time of presenting the 

picture to a user and it must be stable to data fuzziness. In order to solve that problem his-

togram of oriented graphs is considered. Because of its nature, the algorithm solves a prob-

lem in comparatively fast and robust way. At the second step, the face landmark estimation 

algorithm is considered. It allows the system to reduce the number of patterns that have to 

be learned in order to predict the behavior reducing the number of such patterns by nar-

rowing down the two-dimensional transform of the object. 

The last step, prediction, is implemented with an artificial neural network that embraces 

incoming object and determines user’s resolution based on its experience. Such algorithm 

____________________________________________________ 
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allows the system to keep learning throughout its life cycle which leads to constant im-

provements in its results. The proposed algorithms complex was implemented. High speed, 

fuzziness resistance, independence of external conditions can be considered as its ad-

vantages. Slow learning cycle can be considered as its main disadvantage. Tests’ results 
provided in the article. 

Key words: artificial neural network, method of reverse error propagation, anthropo-

logical points, histogram of oriented gradients, convolutional neural network, forecasting. 

 

ȼɫɬɭɩ. Ⱥɜɬɨɦɚɬɢɡɚɰɿɹ ɩɪɨɰɟɫɿɜ ɭ ɧɚɲ ɱɚɫ ɡɞɿɣɫɧɸєɬɶɫɹ ɭ ɛɚɝɚɬɶɨɯ ɫɮɟɪɚɯ 
ɞɿɹɥɶɧɨɫɬɿ ɥɸɞɢɧɢ. ɉɨɬɪɟɛɚ ɜ ɚɜɬɨɦɚɬɢɡɚɰɿʀ ɜɢɧɢɤɥɚ ɳɟ ɜ ɝɥɢɛɨɤɭ ɞɚɜɧɢɧɭ ɿ 
ɩɨɫɬɿɣɧɨ ɡɪɨɫɬɚɥɚ ɜ ɩɪɨɰɟɫɿ ɪɨɡɜɢɬɤɭ ɥɸɞɫɶɤɢɯ ɩɨɬɪɟɛ ɿ ɡɚɫɨɛɿɜ ɜɢɪɨɛɧɢɰɬɜɚ. 
Ɂɚɞɚɱɚ, ɳɨ ɪɨɡɝɥɹɞɚєɬɶɫɹ ɭ ɞɚɧɿɣ ɪɨɛɨɬɿ, ɬɿɫɧɨ ɩɨɜ’ɹɡɚɧɚ ɿɡ ɚɜɬɨɦɚɬɢɡɚɰɿєɸ 
ɩɪɨɰɟɫɿɜ ɦɨɡɤɭ ɥɸɞɢɧɢ, ɚ ɫɚɦɟ ɩɪɨɰɟɫɭ ɪɨɡɩɿɡɧɚɜɚɧɧɹ ɨɛɥɢɱɱɹ ɧɚ ɡɨɛɪɚɠɟɧɧɿ 
ɬɚ ɩɪɨɝɧɨɡɭɜɚɧɧɹ ɩɫɢɯɨɥɨɝɿɱɧɨʀ ɪɟɚɤɰɿʀ ɥɸɞɢɧɢ  ɩɪɢ ɩɟɪɟɝɥɹɞɿ ɰɶɨɝɨ 
ɡɨɛɪɚɠɟɧɧɹ. ɉɪɨɝɧɨɡɭɜɚɧɧɹ ɜɿɞɛɭɜɚєɬɶɫɹ ɧɚ ɨɫɧɨɜɿ ɩɚɬɬɟɪɧɿɜ ɩɨɜɟɞɿɧɤɢ 
ɥɸɞɢɧɢ ɬɚ ɿɫɧɭɸɱɨʀ ɧɚɜɱɚɥɶɧɨʀ ɜɢɛɿɪɤɢ, ɨɬɪɢɦɚɧɨʀ ɩɪɢ ɩɨɩɟɪɟɞɧɶɨɦɭ 
ɩɟɪɟɝɥɹɞɿ ɡɨɛɪɚɠɟɧɶ. Ɋɟɡɭɥɶɬɚɬɢ ɩɪɨɝɧɨɡɭɜɚɧɧɹ ɦɨɠɥɢɜɟ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ 
ɩɪɢ ɜɿɞɛɨɪɿ ɨɛɥɢɱ ɞɥɹ ɪɟɤɥɚɦɧɢɯ ɡɨɛɪɚɠɟɧɶ, ɩɪɢ ɮɨɪɦɭɜɚɧɧɿ ɤɨɧɬɟɤɫɬɧɢɯ 
ɜɢɛɿɪɨɤ ɡɨɛɪɚɠɟɧɶ ɧɚ ɫɚɣɬɚɯ ɡɧɚɣɨɦɫɬɜ.  

Ⱥɧɚɥɿɡ ɩɭɛɥɿɤɚɰɿɣ ɡɚ ɬɟɦɨɸ ɞɨɫɥɿɞɠɟɧɧɹ. ȼ ɨɫɬɚɧɧɿ ɪɨɤɢ ɫɩɨɫɬɟɪɿɝɚєɬɶɫɹ  
ɪɨɡɜɢɬɨɤ ɩɿɞɯɨɞɿɜ ɳɨɞɨ ɪɨɡɩɿɡɧɚɜɚɧɧɹ ɡɨɛɪɚɠɟɧɶ ɬɚ ɨɰɿɧɸɜɚɧɧɹ 
ɩɪɢɜɚɛɥɢɜɨɫɬɿ ɨɛɥɢɱ, ɡɚɫɧɨɜɚɧɢɣ ɧɚ ɫɢɫɬɟɦɚɯ ɦɚɲɢɧɧɨɝɨ ɡɨɪɭ ɬɚ 
ɤɥɚɫɢɮɿɤɚɬɨɪɚɯ, ɞɥɹ ɹɤɢɯ ɪɨɡɪɨɛɥɹɸɬɶɫɹ ɚɥɝɨɪɢɬɦɢ ɧɚɜɱɚɧɧɹ.   Іɡ 
ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɡɚɩɪɨɩɨɧɨɜɚɧɢɯ ɦɟɬɨɞɿɜ ɬɚ ɚɥɝɨɪɢɬɦɿɜ ɦɨɠɥɢɜɨ 
ɤɥɚɫɢɮɿɤɭɜɚɬɢ ɨɛɥɢɱɱɹ. ɍ ɪɨɛɨɬɿ  [4]  ɭ ɹɤɨɫɬɿ ɨɡɧɚɤ, ɡɚ ɹɤɢɦɢ ɜɢɡɧɚɱɚєɬɶɫɹ 
ɩɪɢɜɚɛɥɢɜɿɫɬɶ, ɩɪɨɩɨɧɭєɬɶɫɹ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɩɪɨɩɨɪɰɿʀ ɪɢɫ ɨɛɥɢɱɱɹ ɩɨ 
ɤɥɸɱɨɜɢɦ ɬɨɱɤɚɦ. ɇɟɞɨɥɿɤɨɦ ɡɚɩɪɨɩɨɧɨɜɚɧɨɝɨ ɩɿɞɯɨɞɭ є ɧɟɨɛɯɿɞɧɿɫɬɶ 
ɜɢɡɧɚɱɚɬɢ ɧɟɨɛɯɿɞɧɿ ɬɨɱɤɢ ɧɚ ɨɛɥɢɱɱɿ ɜɥɚɫɧɨɪɭɱ. ȼ [6] ɞɥɹ ɜɢɞɿɥɟɧɧɹ 
ɯɚɪɚɤɬɟɪɧɢɯ ɨɡɧɚɤ, ɡɚ ɹɤɢɦɢ ɤɥɚɫɢɮɿɤɭєɬɶɫɹ ɡɨɛɪɚɠɟɧɧɹ, ɨɤɪɿɦ ɩɪɨɩɨɪɰɿɣ 
ɛɭɥɨ ɜɢɤɨɪɢɫɬɚɧɨ ɬɚɤɨɠ ɦɟɬɨɞ ɝɨɥɨɜɧɢɯ ɤɨɦɩɨɧɟɧɬ. ȼ [8] ɞɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ 
ɡɚɞɚɱɿ ɜɢɤɨɪɢɫɬɨɜɭɜɚɜɫɹ ɧɟɣɪɨɦɟɪɟɠɟɜɢɣ ɩɿɞɯɿɞ.  

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ. Ɂɚɞɚɱɚ ɩɨɥɹɝɚє ɭ ɪɨɡɪɨɛɰɿ ɤɨɦɩɥɟɤɫɧɨɝɨ ɩɿɞɯɨɞɭ, ɳɨ 
ɞɨɡɜɨɥɹє ɩɟɪɟɞɛɚɱɢɬɢ ɩɫɢɯɨɥɨɝɿɱɧɭ ɪɟɚɤɰɿɸ ɤɨɪɢɫɬɭɜɚɱɚ ɧɚ ɡɨɛɪɚɠɟɧɧɹ, ɳɨ 
ɞɟɦɨɧɫɬɪɭєɬɶɫɹ, ɛɚɡɭɸɱɢɫɶ ɧɚ ɩɨɩɟɪɟɞɧɶɨɦɭ ɞɨɫɜɿɞɿ ɫɢɫɬɟɦɢ – ɟɦɨɰɿɣɧɢɯ 
ɪɟɚɤɰɿɹɯ ɥɸɞɢɧɢ ɩɪɢ ɩɟɪɟɝɥɹɞɿ ɡɨɛɪɚɠɟɧɶ, ɳɨ ɞɟɦɨɧɫɬɪɭɜɚɥɢɫɶ ɣɨɦɭ ɪɚɧɿɲɟ. 
ȼ ɹɤɨɫɬɿ ɜɯɿɞɧɢɯ ɞɚɧɢɯ ɜɢɫɬɭɩɚє ɮɨɬɨɝɪɚɮɿɱɧɟ ɡɨɛɪɚɠɟɧɧɹ ɨɛɥɢɱɱɹ ɥɸɞɢɧɢ ɜ 
ɦɨɦɟɧɬ ɩɟɪɟɝɥɹɞɭ ɡɨɛɪɚɠɟɧɧɹ. ɇɚ ɜɢɯɨɞɿ ɩɪɨɝɪɚɦɚ ɩɨɜɢɧɧɚ ɧɚɞɚɬɢ ɨɰɿɧɤɭ 
ɟɦɨɰɿɣɧɨʀ ɪɟɚɤɰɿʀ ɤɨɪɢɫɬɭɜɚɱɚ ɧɚ ɩɟɪɟɝɥɹɧɭɬɟ ɡɨɛɪɚɠɟɧɧɹ. 

Ɇɨɞɟɥɶ ɡɚɞɚɱɿ ɩɪɨɝɧɨɡɭɜɚɧɧɹ. ɋɮɨɪɦɭɥɶɨɜɚɧɭ ɡɚɞɚɱɭ ɛɭɞɟɦɨ ɪɨɡɝɥɹɞɚɬɢ 
ɹɤ ɡɚɞɚɱɭ ɤɥɚɫɢɮɿɤɚɰɿʀ ɡɨɛɪɚɠɟɧɶ ɞɥɹ ɤɨɠɧɨɝɨ ɨɤɪɟɦɨ ɜɡɹɬɨɝɨ ɤɨɪɢɫɬɭɜɚɱɚ. 
Ɉɫɤɿɥɶɤɢ ɪɿɲɟɧɧɹ ɩɪɨ ɟɦɨɰɿɣɧɭ ɨɰɿɧɤɭ ɥɸɞɢɧɢ, ɳɨ ɩɪɢɣɦɚє ɫɢɫɬɟɦɚ, 
ɩɨɜɢɧɧɨ ґɪɭɧɬɭɜɚɬɢɫɶ ɧɚ ɩɨɩɟɪɟɞɧɶɨɦɭ ɞɨɫɜɿɞɿ, ɛɭɞɟɦɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ 
ɦɨɞɟɥɿ ɬɚ ɦɟɬɨɞɢ ɦɚɲɢɧɧɨɝɨ ɧɚɜɱɚɧɧɹ, ɹɤ ɚɥɶɬɟɪɧɚɬɢɜɭ ɫɬɜɨɪɟɧɧɸ 
ɦɚɬɟɦɚɬɢɱɧɨʀ ɦɨɞɟɥɿ. ɋɥɿɞ ɡɚɡɧɚɱɢɬɢ, ɳɨ ɦɚɬɟɦɚɬɢɱɧɿ ɚɥɝɨɪɢɬɦɢ ɦɚɲɢɧɧɨɝɨ 
ɧɚɜɱɚɧɧɹ ɩɪɚɰɸɸɬɶ ɡ ɜɟɥɢɤɢɦɢ ɨɛɫɹɝɚɦɢ ɞɚɧɢɯ ɿ ɡɞɚɬɧɿ ɡɧɚɯɨɞɢɬɶ ɩɪɢɯɨɜɚɧɿ 
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ɡɚɤɨɧɨɦɿɪɧɨɫɬɿ ɩɨɜɟɞɿɧɤɢ ɨɛ’єɤɬɭ ɫɩɨɫɬɟɪɟɠɟɧɧɹ. Ƚɨɥɨɜɧɢɦ ɩɪɢ 
ɜɢɤɨɪɢɫɬɚɧɧɿ ɬɚɤɢɯ ɦɨɞɟɥɟɣ є ɧɚɹɜɧɿɫɬɶ ɿɧɮɨɪɦɚɰɿʀ ɩɪɨ ɨɛ’єɤɬ. Ⱦɥɹ 
ɪɨɡɜ’ɹɡɚɧɧɹ ɫɮɨɪɦɭɥɶɨɜɚɧɨʀ ɡɚɞɚɱɿ ɛɭɞɟɦɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɜɢɛɿɪɤɭ, ɹɤɚ 
ɫɤɥɚɞɚєɬɶɫɹ ɡ ɫɢɬɭɚɰɿɣɧɢɯ ɩɪɢɤɥɚɞɿɜ ɬɚ ɜɿɞɨɦɢɯ ɪɟɚɤɰɿɣ ɥɸɞɢɧɢ, ɜɢɹɜɥɟɧɢɯ 
ɩɿɞ ɱɚɫ ɩɟɪɟɝɥɹɞɭ ɰɢɯ ɩɪɢɤɥɚɞɿɜ. Ɋɨɡɪɨɛɥɟɧɢɣ ɚɥɝɨɪɢɬɦ ɩɨɜɢɧɟɧ ɭɡɚɝɚɥɶɧɢɬɢ 
ɞɨɫɜɿɞ ɩɨɩɟɪɟɞɧɿɯ ɫɩɨɫɬɟɪɟɠɟɧɶ ɡɚ ɪɟɚɤɰɿɹɦɢ ɥɸɞɢɧɢ ɞɥɹ ɨɛɪɨɛɤɢ ɧɨɜɢɯ 
ɜɢɩɚɞɤɿɜ, ɹɤɿ ɧɟ ɡɭɫɬɪɿɱɚɥɢɫɹ ɪɚɧɿɲɟ, ɬɚ ɪɟɡɭɥɶɬɚɬ ɹɤɢɯ ɡɚɡɞɚɥɟɝɿɞɶ ɧɟ є 
ɜɿɞɨɦɢɦ. Ɍɚɤɚ ɫɢɫɬɟɦɚ ɩɨɜɢɧɧɚ ɜɦɿɬɢ ɧɚɥɚɝɨɞɠɭɜɚɬɢ ɫɜɿɣ ɚɥɝɨɪɢɬɦ 
ɩɪɢɣɧɹɬɬɹ ɪɿɲɟɧɶ ɚɜɬɨɦɚɬɢɱɧɨ, ɨɬɪɢɦɭɸɱɢ ɧɚɜɱɚɥɶɧɿ ɩɪɢɤɥɚɞɢ ɩɪɢ 
ɨɩɢɬɭɜɚɧɧɿ ɤɨɪɢɫɬɭɜɚɱɚ ɜ ɪɟɚɥɶɧɨɦɭ ɪɟɠɢɦɿ ɱɚɫɭ. 

ȼ ɪɚɦɤɚɯ ɝɚɥɭɡɿ ɚɧɚɥɿɡɭ ɞɚɧɢɯ ɦɚɲɢɧɧɟ ɧɚɜɱɚɧɧɹ є ɦɟɬɨɞɨɦ, ɹɤɢɣ 
ɜɢɤɨɪɢɫɬɨɜɭєɬɶɫɹ ɞɥɹ ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɫɤɥɚɞɧɢɯ ɦɨɞɟɥɟɣ. Ɇɟɬɨɞɢ ɦɚɲɢɧɧɨɝɨ 
ɧɚɜɱɚɧɧɹ ɞɨɡɜɨɥɹɸɬɶ ɩɨɛɭɞɭɜɚɬɢ ɩɪɨɰɟɫ ɧɚɜɱɚɧɧɹ ɧɚ ɿɫɧɭɸɱɢɯ ɩɪɢɤɥɚɞɚɯ ɿ 
ɜɢɤɨɧɭɜɚɬɢ ɩɟɪɟɞɛɚɱɭɜɚɧɢɣ ɚɧɚɥɿɡ ɧɚ ɧɢɯ. 

Ɇɟɬɨɞ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ. Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɫɮɨɪɦɭɥɶɨɜɚɧɨʀ ɡɚɞɚɱɿ 
ɩɪɨɝɧɨɡɭɜɚɧɧɹ ɟɦɨɰɿɣɧɨʀ ɪɟɚɤɰɿʀ ɥɸɞɢɧɢ ɧɚ ɩɟɪɟɝɥɹɧɭɬɟ ɡɨɛɪɚɠɟɧɧɹ  
ɧɟɨɛɯɿɞɧɨ ɡɪɨɛɢɬɢ ɩɨɩɟɪɟɞɧɸ ɨɛɪɨɛɤɭ ɮɨɬɨɝɪɚɮɿʀ ɥɸɞɢɧɢ ɩɿɞ ɱɚɫ ɩɟɪɟɝɥɹɞɭ 
ɡɨɛɪɚɠɟɧɧɹ, ɜɿɞɨɛɪɚɡɢɬɢ ɨɛɥɢɱɱɹ ɭ ɜɢɝɥɹɞɿ ɦɚɫɢɜɭ ɱɢɫɥɨɜɢɯ ɞɚɧɢɯ, 
ɪɨɡɪɨɛɢɬɢ ɫɢɫɬɟɦɭ ɩɿɞɬɪɢɦɤɢ ɩɪɢɣɧɹɬɬɹ ɪɿɲɟɧɶ, ɳɨ ɨɰɿɧɸє ɟɦɨɰɿɣɧɭ 
ɪɟɚɤɰɿɸ ɥɸɞɢɧɢ  ɫɬɨɫɨɜɧɨ ɩɟɪɟɝɥɹɧɭɬɨɝɨ ɡɨɛɪɚɠɟɧɧɹ, ɹɤ ɩɨɡɢɬɢɜɧɭ ɚɛɨ 
ɧɟɝɚɬɢɜɧɭ.  

ɉɟɪɲɢɦ ɤɪɨɤɨɦ ɡɚɝɚɥɶɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ є ɜɢɡɧɚɱɟɧɧɹ 
ɨɛɥɢɱɱɹ ɧɚ ɮɨɬɨɝɪɚɮɿʀ. Ɇɟɬɨɞ ɩɨɜɢɧɟɧ ɜɿɞɩɪɚɰɶɨɜɭɜɚɬɢ ɞɨɫɢɬɶ ɲɜɢɞɤɨ, 
ɨɫɤɿɥɶɤɢ ɫɢɫɬɟɦɚ ɩɨɜɢɧɧɚ ɩɪɚɰɸɜɚɬɢ ɜ ɪɟɠɢɦɿ ɪɟɚɥɶɧɨɝɨ ɱɚɫɭ ɩɪɢ ɩɟɪɟɝɥɹɞɿ 
ɡɨɛɪɚɠɟɧɶ ɤɨɪɢɫɬɭɜɚɱɟɦ. Ⱦɜɨɦɚ ɿɧɲɢɦɢ ɜɚɠɥɢɜɢɦɢ ɤɪɢɬɟɪɿɹɦɢ є ɫɬɿɣɤɿɫɬɶ 
ɞɨ ɧɚɹɜɧɨɫɬɿ ɲɭɦɭ ɭ ɜɯɿɞɧɢɯ ɞɚɧɢɯ ɬɚ ɨɫɜɿɬɥɟɧɧɹ ɮɨɬɨɝɪɚɮɿʀ. Ⱦɨɞɚɬɤɨɜɢɦ 
ɤɪɨɤɨɦ ɭ ɩɨɩɟɪɟɞɧɶɨʀ ɨɛɪɨɛɰɿ ɡɨɛɪɚɠɟɧɧɹ є ɜɢɪɿɜɧɸɜɚɧɧɹ ɨɛɥɢɱɱɹ 
(ɩɨɡɢɰɿɨɧɭɜɚɧɧɹ). ɐɟɣ ɤɪɨɤ ɞɨɡɜɨɥɹє ɫɢɫɬɟɦɿ ɨɬɪɢɦɚɬɢ ɫɬɿɣɤɿ ɞɨ ɩɨɜɨɪɨɬɿɜ 
ɝɨɥɨɜɢ ɭ ɬɪɢɜɢɦɿɪɧɨɦɭ ɩɪɨɫɬɨɪɿ  ɜɯɿɞɧɿ ɞɚɧɧɿ. ɇɚɫɬɭɩɧɢɣ ɤɪɨɤ – ɤɨɞɭɜɚɧɧɹ 
ɨɛɥɢɱɱɹ. Ƚɨɥɨɜɧɢɦ ɪɟɡɭɥɶɬɚɬɨɦ ɪɨɛɨɬɢ ɚɥɝɨɪɢɬɦɭ ɤɨɞɭɜɚɧɧɹ ɨɛɥɢɱɱɹ є 
ɩɪɟɞɫɬɚɜɥɟɧɧɹ ɜɯɿɞɧɨɝɨ ɡɨɛɪɚɠɟɧɧɹ ɭ ɜɢɝɥɹɞɿ ɦɚɫɢɜɭ ɱɢɫɥɨɜɢɯ ɞɚɧɢɯ.  

Ɏɿɧɚɥɶɧɢɣ ɤɪɨɤ – ɰɟ ɩɪɢɣɧɹɬɬɹ ɪɿɲɟɧɧɹ ɫɬɨɫɨɜɧɨ ɟɦɨɰɿɣɧɨʀ ɨɰɿɧɤɢ 
ɩɟɪɟɝɥɹɧɭɬɨɝɨ ɡɨɛɪɚɠɟɧɧɹ. ɇɚ ɰɶɨɦɭ ɟɬɚɩɿ ɫɢɫɬɟɦɚ ɩɨɜɢɧɧɚ ɩɨɛɭɞɭɜɚɬɢ 
ɪɨɡɜ’ɹɡɨɤ  ɧɚ ɛɚɡɿ ɚɥɝɨɪɢɬɦɭ ɦɚɲɢɧɧɨɝɨ ɧɚɜɱɚɧɧɹ. ɇɚɜɱɚɧɧɹ ɫɢɫɬɟɦɢ 
ɜɿɞɛɭɜɚєɬɶɫɹ ɭ ɪɟɠɢɦɿ ɪɟɚɥɶɧɨɝɨ ɱɚɫɭ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ  ɜɯɿɞɧɨɝɨ ɦɚɫɢɜɭ 
ɞɚɧɢɯ, ɩɨɯɢɛɤɚ ɧɚɜɱɚɧɧɹ ɜɢɡɧɚɱɚєɬɶɫɹ ɹɤ ɪɿɡɧɢɰɹ ɦɿɠ ɪɟɚɥɶɧɨɸ ɜɿɞɩɨɜɿɞɞɸ 
ɤɨɪɢɫɬɭɜɚɱɚ ɬɚ ɜɿɞɩɨɜɿɞɞɸ ɫɢɫɬɟɦɢ, ɨɬɪɢɦɚɧɨʀ ɭ ɪɟɡɭɥɶɬɚɬɿ ɩɪɨɝɧɨɡɭɜɚɧɧɹ. 
Ⱦɥɹ ɜɢɡɧɚɱɟɧɧɹ ɨɛɥɢɱɱɹ ɧɚ ɮɨɬɨɝɪɚɮɿʀ ɧɟɨɛɯɿɞɧɨ ɡɚɫɬɨɫɭɜɚɬɢ ɦɟɬɨɞ, ɹɤɢɣ є 
ɫɬɿɣɤɢɦ ɞɨ ɝɟɨɦɟɬɪɢɱɧɢɯ, ɮɨɬɨɦɟɬɪɢɱɧɢɯ ɩɨɯɢɛɨɤ ɬɚ ɹɫɤɪɚɜɨɫɬɿ ɨɛɥɢɱɱɹ.    

ɍ ɪɨɛɨɬɿ ɞɥɹ ɨɞɧɨɡɧɚɱɧɨɝɨ ɜɢɡɧɚɱɟɧɧɹ ɨɛɥɢɱɱɹ ɧɚ ɮɨɬɨɝɪɚɮɿʀ ɛɭɥɨ 
ɪɟɚɥɿɡɨɜɚɧɨ ɞɟɫɤɪɢɩɬɨɪ ɨɡɧɚɤ [3], ɜɿɞɨɦɢɣ ɹɤ ɝɿɫɬɨɝɪɚɦɚ ɫɩɪɹɦɨɜɚɧɢɯ 
ɝɪɚɞɿєɧɬɿɜ. ȼ ɨɫɧɨɜɿ ɰɶɨɝɨ ɦɟɬɨɞɭ ɥɟɠɢɬɶ ɩɪɢɩɭɳɟɧɧɹ, ɳɨ ɜɢɝɥɹɞ ɪɨɡɩɨɞɿɥɭ 
ɝɪɚɞɿєɧɬɿɜ ɿɧɬɟɧɫɢɜɧɨɫɬɿ ɡɨɛɪɚɠɟɧɧɹ ɞɨɡɜɨɥɹє ɞɨɫɢɬɶ ɬɨɱɧɨ ɜɢɡɧɚɱɢɬɢ 
ɧɚɹɜɧɿɫɬɶ ɿ ɮɨɪɦɭ ɪɨɡɬɚɲɨɜɚɧɢɯ ɧɚ ɧɶɨɦɭ ɨɛ'єɤɬɿɜ.  
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Ⱦɥɹ ɨɩɢɫɭ ɡɨɛɪɚɠɟɧɧɹ ɡɞɿɣɫɧɸєɬɶɫɹ ɣɨɝɨ ɞɢɫɤɪɟɬɢɡɚɰɿɹ ɧɚ ɤɿɥɶɤɚ 
ɧɟɜɟɥɢɤɢɯ ɞɿɥɹɧɨɤ, ɤɨɦɿɪɨɤ ɩɪɹɦɨɤɭɬɧɨʀ ɮɨɪɦɢ. ȼ ɤɨɦɿɪɤɚɯ ɨɛɱɢɫɥɸɸɬɶɫɹ 
ɝɿɫɬɨɝɪɚɦɢ ih  ɫɩɪɹɦɨɜɚɧɢɯ ɝɪɚɞɿєɧɬɿɜ ɜɧɭɬɪɿɲɧɿɯ ɬɨɱɨɤ. ɉɨɬɿɦ ɝɿɫɬɨɝɪɚɦɢ 
ɜɧɭɬɪɿɲɧɿɯ ɬɨɱɨɤ ɨɛ'єɞɧɭɸɬɶɫɹ ɜ єɞɢɧɭ ɝɿɫɬɨɝɪɚɦɭ ( )1 kh f h ,...,h= , ɹɤɚ 

ɧɨɪɦɚɥɿɡɭєɬɶɫɹ ɡɚ ɹɫɤɪɚɜɿɫɬɸ  ɿɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ 1L  ɚɛɨ 2L   – ɧɨɪɦɢ: 
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h = , 
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,  

ɞɟ   – ɞɟɹɤɚ ɦɚɥɚ ɤɨɧɫɬɚɧɬɚ. 
Ɍɚɤɢɦ ɱɢɧɨɦ, ɞɚɧɢɣ ɞɟɫɤɪɢɩɬɨɪ ɦɿɫɬɢɬɶ ɩɪɨɫɬɨɪɨɜɭ ɿɧɮɨɪɦɚɰɿɸ ɩɪɨ 

ɡɨɛɪɚɠɟɧɧɹ ɿ є ɿɧɜɚɪɿɚɧɬɧɢɦ ɞɨ ɜɢɫɜɿɬɥɟɧɧɹ ɡɨɛɪɚɠɟɧɧɹ. 
ɉɪɢ ɨɛɱɢɫɥɟɧɧɿ ɝɪɚɞɿєɧɬɿɜ ɩɪɨɜɨɞɢɬɶɫɹ ɡɝɨɪɬɤɚ ɡɨɛɪɚɠɟɧɧɹ ɡ ɹɞɪɚɦɢ 

 1 0 1, ,−  ɢ  1 0 1
T

, ,−  ɜ ɪɟɡɭɥɶɬɚɬɿ ɱɨɝɨ ɭɬɜɨɪɸɸɬɶɫɹ ɞɜɿ ɦɚɬɪɢɰɿ xD  ɬɚ yD  

ɩɨɯɿɞɧɢɯ ɭɡɞɨɜɠ ɨɫɟɣ x  ɬɚ y  ɜɿɞɩɨɜɿɞɧɨ. Ɉɡɧɚɱɟɧɿ ɦɚɬɪɢɰɿ 
ɜɢɤɨɪɢɫɬɨɜɭɸɬɶɫɹ ɞɥɹ ɨɛɱɢɫɥɟɧɧɹ ɤɭɬɿɜ ɿ ɜɟɥɢɱɢɧ (ɦɨɞɭɥɿɜ) ɝɪɚɞɿєɧɬɿɜ ɜ 
ɤɨɠɧɿɣ ɬɨɱɰɿ ɡɨɛɪɚɠɟɧɧɹ. ɇɟɯɚɣ ɦɧɨɠɢɧɚ ɤɭɬɿɜ ( , −  ɪɨɡɛɢɜɚєɬɶɫɹ ɧɚ n  

ɪɿɜɧɢɯ ɿɧɬɟɪɜɚɥɿɜ, ɳɨ ɦɚɸɬɶ ɜɢɝɥɹɞ 
1k k

,
n n

 − −  
, 

ɞɟ 1k ,n= . 
Ʉɨɠɧɨɦɭ ɿɧɬɟɪɜɚɥɭ ɫɬɚɜɢɬɶɫɹ ɭ ɜɿɞɩɨɜɿɞɧɿɫɬɶ ɩɪɨɦɿɧɶ ɝɿɫɬɨɝɪɚɦɢ. Ɍɨɞɿ 

ɝɿɫɬɨɝɪɚɦɚ ɤɨɦɿɪɤɢ ɡɚɩɨɜɧɸєɬɶɫɹ ɭ ɬɚɤɢɣ ɫɩɨɫɿɛ: ɜɟɥɢɱɢɧɚ ɝɪɚɞɿєɧɬɚ ɜ ɤɨɠɧɿɣ 
ɜɧɭɬɪɿɲɧɿɣ ɬɨɱɰɿ ɞɨɞɚєɬɶɫɹ ɞɨ ɜɟɥɢɱɢɧɢ ɩɪɨɦɟɧɸ, ɳɨ ɜɿɞɩɨɜɿɞɚє ɿɧɬɟɪɜɚɥɭ, 
ɹɤɢɣ ɦɿɫɬɢɬɶ ɤɭɬ ɞɚɧɨɝɨ ɝɪɚɞɿєɧɬɚ. 

Ⱦɥɹ ɨɛɱɢɫɥɟɧɧɹ ɿɧɬɟɝɪɚɥɶɧɢɯ ɝɪɚɞɿєɧɬɿɜ ɜɢɯɿɞɧɨɝɨ ɡɨɛɪɚɠɟɧɧɹ m nX R   
ɭɡɞɨɜɠ ɨɫɟɣ x  ɬɚ y , ɞɜɿ ɪɿɡɧɢɰɟɜɿ ɦɚɬɪɢɰɿ xD  ɬɚ yD  ɨɛɱɢɫɥɸɸɬɶɫɹ ɭ ɬɚɤɢɣ 
ɫɩɨɫɿɛ: 

( ) ( ) ( )    xD 1 0 1 0x,y X x,y X x ,y ,x ,...,m ,y ,...,n= − +  −  , 

( ) ( ) ( )    yD 1 0 0 1x,y X x,y X x,y ,x ,...,m ,y ,...,n= − +   − . 

Ɂ ʀɯ ɞɨɩɨɦɨɝɨɸ ɨɛɱɢɫɥɸɸɬɶɫɹ ɦɚɬɪɢɰɿ ɤɭɬɿɜ A  ɿ ɦɨɞɭɥɿɜ V  ɝɪɚɞɿєɧɬɿɜ:  

( ) x

y

D
A x,y arctan

D
= , ( ) ( ) ( )2 2

x xV x,y D x,y D x,y= +  

ɞɟ  0 1x ,...,m − ,  0 1y ,...,n −   

Ⱦɥɹ ɩɨɛɭɞɨɜɢ ɝɿɫɬɨɝɪɚɦɢ ɡ n  ɩɪɨɦɟɧɿɜ ɦɚɬɪɢɰɿ A  ɬɚ V  ɡɜɨɞɹɬɶɫɹ ɞɨ 
ɞɢɫɤɪɟɬɧɨɝɨ ɜɢɝɥɹɞɭ: 

( ) ( )
2

n
n

A x,y A x,y


 =   
, 
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( )
( ) ( )

( )0

n
i

n

V x,y ,якщо A x,y i;
V x,y

,якщо A x,y i,

== 


 

ɞɟ n  — ɤɿɥɶɤɿɫɬɶ ɩɪɨɦɟɧɿɜ,  0 1i ,...,n −  

Ɇɧɨɠɢɧɚ ɦɚɬɪɢɰɶ ( )iI V  ɛɭɞɟ ɧɚɡɢɜɚɬɢɫɶ ɩɪɨɦɟɧɹɦɢ ɿɧɬɟɝɪɚɥɶɧɢɯ 
ɝɪɚɞɿєɧɬɿɜ ɡɨɛɪɚɠɟɧɧɹ. 

ȿɤɫɩɟɪɢɦɟɧɬɚɥɶɧɨ ɛɭɥɨ ɜɢɹɜɥɟɧɨ [10], ɳɨ ɨɩɬɢɦɚɥɶɧɚ ɹɤɿɫɬɶ 
ɪɨɡɩɿɡɧɚɜɚɧɧɹ ɞɨɫɹɝɚєɬɶɫɹ ɩɪɢ ɤɿɥɶɤɨɫɬɿ ɩɪɨɦɟɧɿɜ ɩɨɪɹɞɤɭ ɜɨɫɶɦɢ. Ⱦɚɥɿ ɞɨ 
ɩɪɨɦɟɧɿɜ ɿɧɬɟɝɪɚɥɶɧɢɯ ɝɪɚɞɿєɧɬɿɜ ɡɚɫɬɨɫɨɜɭєɬɶɫɹ ɨɩɟɪɚɰɿɹ ɩɪɨɪɿɞɠɭɜɚɧɧɹ. 

Ɉɛɱɢɫɥɟɧɧɹ ɞɟɫɤɪɢɩɬɨɪɿɜ ɡɞɿɣɫɧɸєɬɶɫɹ ɜ ɩɪɨɰɟɫɿ ɫɤɚɧɭɜɚɧɧɹ ɡɨɛɪɚɠɟɧɧɹ 
ɧɚ ɪɿɡɧɢɯ ɦɚɫɲɬɚɛɚɯ ɡ ɞɟɹɤɢɦ ɤɨɜɡɚɸɱɢɦ ɜɿɤɧɨɦ U . ɇɟɯɚɣ ( )x yU U ,U=  –

ɪɨɡɦɿɪɢ ɜɿɤɧɚ, ( )x ydU dU ,dU=  – ɩɪɢɪɿɫɬ ɤɪɨɤɭ, ( )x yV V ,V=  – ɪɨɡɦɿɪ 

ɤɨɦɿɪɨɤ, ɡ ɹɤɢɯ ɫɤɥɚɞɚєɬɶɫɹ ɜɿɤɧɨ U , ɚ ( )x ydV dV ,dV=  – ɜɿɞɫɬɚɧɶ ɦɿɠ 
ɤɨɦɿɪɤɚɦɢ. 

ȼɜɟɞɟɦɨ ɬɚɤɨɠ ɩɨɧɹɬɬɹ ɨɞɢɧɢɰɿ ɞɨɜɠɢɧɢ ( )x yE E ,E= , ɹɤ ɜɟɤɬɨɪ 
ɦɚɤɫɢɦɚɥɶɧɨʀ ɞɨɜɠɢɧɢ, ɞɨ ɹɤɨɝɨ ɤɪɚɬɧɿ ɜɟɤɬɨɪɢ U , dU , V , ɢ dV  . ɉɪɢ 

( )11E , , ɧɟ ɜɩɥɢɜɚɸɱɢ ɧɚ ɨɫɬɚɬɨɱɧɢɣ ɪɟɡɭɥɶɬɚɬ, ɿɧɬɟɝɪɚɥɶɧɟ ɡɨɛɪɚɠɟɧɧɹ 
ɦɨɠɟ ɛɭɬɢ ɩɪɨɪɿɞɠɟɧɟ ɬɚɤ, ɳɨɛ ɧɨɜɚ ɨɞɢɧɢɰɹ ɞɨɜɠɢɧɢ ɫɬɚɥɚ ɞɨɪɿɜɧɸɜɚɬɢ 
ɨɞɢɧɢɱɧɨɦɭ ɜɟɤɬɨɪɭ. ɉɪɨɪɿɞɠɟɧɚ ɦɚɬɪɢɰɹ ( )T Y  ɿɧɬɟɝɪɚɥɶɧɨɝɨ ɡɨɛɪɚɠɟɧɧɹ 

( )Y IX=  ɨɛɱɢɫɥɸєɬɶɫɹ ɧɚɫɬɭɩɧɢɦ ɱɢɧɨɦ: 

( ) ( ) ( )
11

( 1) ( 1) , : , * , *yx

nm
EEm n

y yY R Z R Z T Y Z u v Y u E v E

      + +       +  +           = =    

ɉɪɢ ɩɪɨɪɿɞɠɭɜɚɧɧɿ ɜɫɿ ɩɚɪɚɦɟɬɪɢ ɤɨɜɡɚɧɧɹ ɡɛɟɪɿɝɚɸɬɶ ɫɜɨʀ ɡɧɚɱɟɧɧɹ ɩɪɢ 
ɜɫɿɯ ɦɚɫɲɬɚɛɚɯ ɤɨɜɡɧɨɝɨ ɜɿɤɧɚ, ɡɦɿɧɸєɬɶɫɹ ɬɿɥɶɤɢ ɨɞɢɧɢɰɹ ɞɨɜɠɢɧɢ E . ɉɪɢ 
ɰɶɨɦɭ ɜɿɞɧɨɲɟɧɧɹ x xdU U  ɬɚ y ydU U  ɦɚɸɬɶ ɩɨɫɬɿɣɧɿ ɡɧɚɱɟɧɧɹ, ɬɨɦɭ ɹɤɿɫɬɶ 
ɪɨɡɩɿɡɧɚɜɚɧɧɹ є ɿɧɜɚɪɿɚɧɬɧɨɸ ɞɨ ɪɨɡɦɿɪɭ ɤɨɜɡɧɨɝɨ ɜɿɤɧɚ. Ɉɬɪɢɦɚɜɲɢ 
ɞɟɫɤɪɢɩɬɨɪ ɡɨɛɪɚɠɟɧɧɹ, ɫɢɫɬɟɦɚ ɩɨɟɬɚɩɧɨ ɩɨɪɿɜɧɸє ɣɨɝɨ ɡ ɲɚɛɥɨɧɨɦ 
ɨɛɥɢɱɱɹ, ɨɞɧɨɡɧɚɱɧɨ ɜɢɡɧɚɱɚє ɩɨɥɨɠɟɧɧɹ ɨɛɥɢɱɱɹ ɧɚ ɡɨɛɪɚɠɟɧɧɿ ɬɚ 
ɬɪɚɧɫɮɨɪɦɭє ɜɯɿɞɧɟ ɡɨɛɪɚɠɟɧɧɹ ɬɚɤɢɦ ɱɢɧɨɦ, ɳɨɛ ɧɚ ɧɶɨɦɭ ɡɚɥɢɲɢɥɨɫɶ 
ɥɢɲɟ ɨɛɥɢɱɱɹ. 

Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɩɨɡɢɰɿɨɧɭɜɚɧɧɹ ɛɭɥɨ ɪɟɚɥɿɡɨɜɚɧɨ ɚɥɝɨɪɢɬɦ, 
ɜɿɞɨɦɢɣ ɩɿɞ ɧɚɡɜɨɸ ɨɰɿɧɤɚ ɨɪɿєɧɬɢɪɿɜ ɨɛɥɢɱɱɹ (face landmark estimation). 
Ɉɫɧɨɜɧɚ ɿɞɟɹ ɩɨɥɹɝɚє ɜ ɬɨɦɭ, ɳɨ ɧɚ ɨɛɥɢɱɱɿ ɥɸɞɢɧɢ ɜɢɡɧɚɱɚɸɬɶɫɹ 68 
ɨɫɨɛɥɢɜɢɯ ɬɨɱɨɤ (ɡɜɚɧɢɯ ɨɪɿєɧɬɢɪɚɦɢ), ɹɤɿ ɿɫɧɭɸɬɶ ɧɚ ɤɨɠɧɨɦɭ ɨɛɥɢɱɱɿ 
ɯɚɪɚɤɬɟɪɧɢɦɢ ɫɟɪɟɞ ɧɢɯ є: ɜɟɪɯɧɹ ɱɚɫɬɢɧɚ ɩɿɞɛɨɪɿɞɞɹ, ɡɨɜɧɿɲɧɹ ɬɨɱɤɚ 
ɤɨɠɧɨɝɨ ɨɤɚ, ɜɧɭɬɪɿɲɧɹ ɬɨɱɤɚ ɤɨɠɧɨʀ ɛɪɨɜɢ ɬɚ ɿɧɲɿ. ɉɨɥɨɠɟɧɧɹ ɨɫɨɛɥɢɜɢɯ 
ɬɨɱɨɤ ɧɚ ɛɭɞɶ-ɹɤɨɦɭ ɨɛɥɢɱɱɿ ɜɢɡɧɚɱɚєɬɶɫɹ ɡɚ ɞɨɩɨɦɨɝɨɸ ɚɥɝɨɪɢɬɦɭ 
ɦɚɲɢɧɧɨɝɨ ɧɚɜɱɚɧɧɹ. 
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ȼ ɪɨɛɨɬɿ [9] ɩɨɤɚɡɚɧɨ, ɳɨ ɜɢɪɿɜɧɸɜɚɧɧɹ ɨɛɥɢɱɱɹ ɦɨɠɧɚ ɡɪɨɛɢɬɢ ɡɚ 
ɞɨɩɨɦɨɝɨɸ ɤɚɫɤɚɞɭ ɮɭɧɤɰɿɣ ɪɟɝɪɟɫɿʀ. ȼ ɞɚɧɨɦɭ ɜɢɩɚɞɤɭ ɤɨɠɧɚ ɮɭɧɤɰɿɹ 
ɪɟɝɪɟɫɿʀ ɜ ɤɚɫɤɚɞɿ ɡɞɚɬɧɚ ɟɮɟɤɬɢɜɧɨ ɨɰɿɧɸɜɚɬɢ ɮɨɪɦɭ ɜɿɞ ɩɨɱɚɬɤɨɜɨʀ ɨɰɿɧɤɢ ɿ 
ɿɧɬɟɧɫɢɜɧɨɫɬɿ ɪɨɡɪɿɞɠɟɧɨɝɨ ɧɚɛɨɪɭ ɩɿɤɫɟɥɿɜ, ɩɪɨɿɧɞɟɤɫɨɜɚɧɢɯ ɳɨɞɨ ɰɿєʀ 

ɩɨɱɚɬɤɨɜɨʀ ɨɰɿɧɤɢ. Ɏɨɪɦɚ ɨɛɥɢɱɱɹ  1 1 fp fp

T

N NS x ,y ,...,x ,y =     ɫɤɥɚɞɚєɬɶɫɹ ɡ 

fpN  ɨɪɿєɧɬɢɪɿɜ ɨɛɥɢɱɱɹ. Ɇɟɬɚ ɜɢɪɿɜɧɸɜɚɧɧɹ ɨɛɥɢɱɱɹ ɩɨɥɹɝɚє ɜ ɬɨɦɭ, ɳɨɛ 
ɨɰɿɧɢɬɢ ɮɨɪɦɭ S , ɹɤɚ ɦɚɤɫɢɦɚɥɶɧɨ ɧɚɛɥɢɠɟɧɚ ɞɨ ɿɫɬɢɧɧɨʀ ɮɨɪɦɿ ɨɛɥɢɱɱɹ tS , 

ɬɨɛɬɨ ɦɿɧɿɦɿɡɭɜɚɬɢ ɜɢɪɚɡ tS S− . ɍ ɪɨɛɨɬɿ ɛɭɥɨ ɜɢɤɨɪɢɫɬɚɧɨ ɩɨɫɢɥɟɧɭ 

ɪɟɝɪɟɫɿɸ, ɳɨɛ ɨɛ'єɞɧɚɬɢ T  ɫɥɚɛɤɢɯ ɪɟɝɪɟɫɿɜ ( )1 t TR ,..R ,...,R  ɚɞɢɬɢɜɧɢɦ ɱɢɧɨɦ. 

ȼɢɤɨɪɢɫɬɨɜɭɸɱɢ ɡɨɛɪɚɠɟɧɧɹ ɨɛɥɢɱɱɹ I  ɿ ɩɨɱɚɬɤɨɜɭ ɮɨɪɦɭ ɨɛɥɢɱɱɹ 0S , 

ɤɨɠɟɧ ɡ ɪɟɝɪɟɫɨɪɿɜ ɨɛɱɢɫɥɸє ɩɪɢɪɿɫɬ ɮɨɪɦɢ S , ɚ ɩɨɬɿɦ ɨɧɨɜɥɸє ɮɨɪɦɭ 
ɨɛɥɢɱɱɹ ɤɚɫɤɚɞɧɢɦ ɱɢɧɨɦ: 

( )1 1t t t tS S R I ,S− −= + , 1t ,...,T=  

ɞɟ t -ɢɣ ɫɥɚɛɤɢɣ ɪɟɝɪɟɫɨɪ tR  ɨɧɨɜɥɸє ɩɨɩɟɪɟɞɧɸ ɮɨɪɦɭ 1tS −  ɞɨ ɧɨɜɨɝɨ ɜɢɞɭ 
tS . 

Ɇɚɸɱɢ N  ɧɚɜɱɚɥɶɧɢɯ ɩɪɢɤɥɚɞɿɜ, ɪɟɝɪɟɫɨɪɢ ( )1 t TR ,..R ,...,R  ɩɨɫɥɿɞɨɜɧɨ 

ɧɚɜɱɚɸɬɶɫɹ ɞɨ ɬɢɯ ɩɿɪ, ɩɨɤɢ ɡɧɚɱɟɧɧɹ ɩɨɦɢɥɤɢ ɧɚɜɱɚɧɧɹ ɧɟ ɫɬɚɛɿɥɿɡɭєɬɶɫɹ. 
Ʉɨɠɟɧ ɡ ɪɟɝɪɟɫɨɪɿɜ tR  ɧɚɜɱɚєɬɶɫɹ ɲɥɹɯɨɦ ɹɜɧɨʀ ɦɿɧɿɦɿɡɚɰɿʀ ɫɭɦɢ ɩɨɦɢɥɨɤ 
ɜɢɪɿɜɧɸɜɚɧɧɹ: 

( )( )1 1

1

N
t t t

i i i i
R i

R arg min S S R I ,S− −

=
= − +  

ɞɟ  1t
iS −  – ɮɨɪɦɚ, ɹɤɚ ɨɛɱɢɫɥɸєɬɶɫɹ ɧɚ ɩɨɩɟɪɟɞɧɶɨɦɭ ɤɪɨɰɿ. 

Ɋɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɤɨɞɭɜɚɧɧɹ ɨɛɥɢɱɱɹ ɡɞɿɣɫɧɸєɬɶɫɹ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ  
ɡɝɨɪɬɤɨɜɨʀ ɧɟɣɪɨɧɧɨʀ ɦɟɪɟɠɿ ɝɥɢɛɨɤɨɝɨ ɧɚɜɱɚɧɧɹ. Ɇɟɬɨɸ ɧɚɜɱɚɧɧɹ ɦɟɪɟɠɿ є 
ɜɢɡɧɚɱɟɧɧɹ ɯɚɪɚɤɬɟɪɧɢɯ ɬɨɱɨɤ ɞɥɹ ɤɨɠɧɨɝɨ ɨɛɥɢɱɱɹ. ɉɿɞ ɱɚɫ ɧɚɜɱɚɧɧɹ 
ɦɟɪɟɠɿ ɜɨɞɧɨɱɚɫ ɡɞɿɣɫɧɸєɬɶɫɹ ɚɧɚɥɿɡ ɬɪɶɨɯ ɡɨɛɪɚɠɟɧɶ: #1 – ɡɨɛɪɚɠɟɧɧɹ 
ɜɿɞɨɦɨɸ ɥɸɞɢɧɢ, ɨɛɪɚɧɟ ɞɥɹ ɧɚɜɱɚɧɧɹ ɦɟɪɟɠɿ; #2 – ɿɧɲɟ ɡɨɛɪɚɠɟɧɧɹ ɬɿєʀ ɠ 
ɥɸɞɢɧɢ; #3 – ɡɨɛɪɚɠɟɧɧɹ ɡɨɜɫɿɦ ɿɧɲɨʀ ɥɸɞɢɧɢ. ɇɚɜɱɚɧɧɹ ɧɟɣɪɨɧɧɨʀ ɦɟɪɟɠɿ 
ɜɿɞɛɭɜɚєɬɶɫɹ ɞɨ ɬɢɯ ɩɿɪ, ɩɨɤɢ ɜɢɦɿɪɸɜɚɧɧɹ, ɨɬɪɢɦɚɧɿ ɞɥɹ ɡɨɛɪɚɠɟɧɶ #1 ɿ #2, 
ɛɭɞɭɬɶ ɛɿɥɶɲ ɫɯɨɠɿ, ɚ ɜɢɦɿɪɸɜɚɧɧɹ ɞɥɹ ɡɨɛɪɚɠɟɧɶ #2 ɿ #3 – ɦɟɧɲ ɫɯɨɠɿ. 
ɉɪɨɰɟɫ ɧɚɜɱɚɧɧɹ ɡɝɨɪɬɤɨɜɨʀ ɧɟɣɪɨɧɧɨʀ ɦɟɪɟɠɿ ɞɥɹ ɨɬɪɢɦɚɧɧɹ ɤɚɪɬɢ ɨɫɿɛ 
ɜɢɦɚɝɚє ɜɟɥɢɤɨʀ ɤɿɥɶɤɨɫɬɿ ɞɚɧɢɯ ɿ ɩɨɬɭɠɧɨɝɨ ɤɨɦɩ'ɸɬɟɪɚ. ɍ ɪɨɛɨɬɿ 
ɜɢɤɨɪɢɫɬɨɜɭєɬɶɫɹ ɿɫɧɭɸɱɚ ɭ ɜɿɞɤɪɢɬɨɦɭ ɞɨɫɬɭɩɿ ɧɟɣɪɨɧɧɚ ɦɟɪɟɠɚ [7]. 

ɇɚ ɨɫɬɚɧɧɶɨɦɭ ɤɪɨɰɿ ɜɿɞɛɭɜɚєɬɶɫɹ ɩɪɢɣɧɹɬɬɹ ɪɿɲɟɧɧɹ ɪɟɚɤɰɿʀ ɥɸɞɢɧɢ ɧɚ 
ɩɟɪɟɝɥɹɧɭɬɟ ɡɨɛɪɚɠɟɧɧɹ. Ⱦɥɹ ɰɶɨɝɨ ɜɢɤɨɪɢɫɬɨɜɭєɬɶɫɹ ɲɬɭɱɧɚ ɧɟɣɪɨɧɧɚ 
ɦɟɪɟɠɚ ɬɢɩɭ ɩɟɪɫɟɩɬɪɨɧ. Ɍɨɩɨɥɨɝɿɹ ɦɟɪɟɠɿ ɫɤɥɚɞɚєɬɶɫɹ ɡ ɱɨɬɢɪɶɨɯ ɲɚɪɿɜ: 
ɜɯɿɞɧɨɝɨ, ɞɜɨɯ ɩɪɢɯɨɜɚɧɢɯ ɬɚ ɜɢɯɿɞɧɨɝɨ. ɇɚ ɜɯɿɞɧɨɦɭ ɲɚɪɿ ɛɭɥɨ ɪɨɡɬɚɲɨɜɚɧɨ 
128 ɧɟɣɪɨɧɿɜ; ɩɪɢɯɨɜɚɧɿ ɲɚɪɢ ɦɚɸɬɶ 64 ɬɚ 32 ɧɟɣɪɨɧɚ ɜɿɞɩɨɜɿɞɧɨ; ɜɢɯɿɞɧɢɣ 



 ISSN 2074-5893 ɉɢɬɚɧɧɹ ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ ɿ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ.  ȼɢɩɭɫɤ 18 
 

 82 

ɲɚɪ ɫɤɥɚɞɚєɬɶɫɹ ɡ ɞɜɨɯ ɧɟɣɪɨɧɿɜ. Ⱦɥɹ ɧɚɜɱɚɧɧɹ ɬɚɤɨʀ ɦɟɪɟɠɿ ɛɭɥɨ 
ɪɟɚɥɿɡɨɜɚɧɨ ɚɥɝɨɪɢɬɦ ɡɜɨɪɨɬɧɨɝɨ ɩɨɲɢɪɟɧɧɹ ɩɨɦɢɥɤɢ, ɹɤɢɣ ɧɚɥɟɠɢɬɶ ɞɨ 
ɤɥɚɫɭ ɚɥɝɨɪɢɬɦɿɜ ɧɚɜɱɚɧɧɹ ɡ ɜɱɢɬɟɥɟɦ. Ɉɫɤɿɥɶɤɢ ɦɟɪɟɠɚ ɧɚɜɱɚєɬɶɫɹ ɭ ɪɟɠɢɦɿ 
ɪɟɚɥɶɧɨɝɨ ɱɚɫɭ ɭ ɩɪɨɰɟɫɿ ɪɨɛɨɬɢ ɡ ɤɨɪɢɫɬɭɜɚɱɟɦ, ɭ ɫɢɫɬɟɦɿ ɛɭɥɨ ɪɟɚɥɿɡɨɜɚɧɨ 
ɚɥɝɨɪɢɬɦ ɛɟɡɩɟɪɟɪɜɧɨɝɨ ɧɚɜɱɚɧɧɹ. Ɋɟɞɚɝɭɜɚɧɧɹ ɜɚɝ ɡɚɜ’ɹɡɤɿɜ ɦɟɪɟɠɿ, 
ɜɿɞɛɭɜɚєɬɶɫɹ ɧɚ ɤɨɠɧɨɦɭ ɤɪɨɰɿ ɧɚɜɱɚɧɧɹ, ɳɨ ɞɨɡɜɨɥɹє ɩɨɤɪɚɳɭɜɚɬɢ 
ɪɟɡɭɥɶɬɚɬ ɩɟɪɟɞɛɚɱɟɧɧɹ ɡ ɤɨɠɧɢɦ ɧɚɫɬɭɩɧɢɦ ɤɪɨɤɨɦ. Ɂɚɩɪɨɩɨɧɨɜɚɧɢɣ ɩɿɞɯɿɞ 
ɛɭɥɨ ɪɟɚɥɿɡɨɜɚɧɨ ɭ ɜɢɝɥɹɞɿ ɩɚɤɟɬɭ ɩɪɢɤɥɚɞɧɢɯ ɩɪɨɝɪɚɦ. 

Ɋɟɡɭɥɶɬɚɬɢ. ɉɪɢ ɪɨɡɪɨɛɰɿ ɤɨɠɧɨɝɨ ɡ ɟɬɚɩɿɜ ɪɨɛɨɬɢ ɩɪɨɝɪɚɦɢ (ɚɥɝɨɪɢɬɦɿɜ) 
ɩɪɨɜɨɞɢɥɢɫɶ ɬɟɫɬɭɜɚɧɧɹ ɬɚ ɚɧɚɥɿɡ ɹɤɨɫɬɿ ɪɨɛɨɬɢ. Ⱥɧɚɥɿɡ ɹɤɨɫɬɿ ɜɢɡɧɚɱɟɧɧɹ 
ɨɛɥɢɱɱɹ ɥɸɞɢɧɢ ɧɚ ɡɨɛɪɚɠɟɧɧɿ ɜɢɤɨɧɚɧɨ ɭ ɨɛɱɢɫɥɸɜɚɥɶɧɨɦɭ ɟɤɫɩɟɪɢɦɟɧɬɿ. 
Ⱦɥɹ ɟɤɫɩɟɪɢɦɟɧɬɭ ɛɭɥɨ ɜɿɞɿɛɪɚɧɨ 2103 ɞɨɜɿɥɶɧɢɯ ɡɨɛɪɚɠɟɧɶ ɛɟɡ ɨɛɥɢɱɱɹ ɬɚ 
1698 ɞɨɜɿɥɶɧɢɯ ɡɨɛɪɚɠɟɧɶ ɡ ɨɛɥɢɱɱɹɦ ɡ ɜɿɞɤɪɢɬɨʀ ɛɚɡɢ ɡɨɛɪɚɠɟɧɶ Open 
Images Dataset V4. ɍ ɹɤɨɫɬɿ ɜɯɨɞɭ ɩɪɨɝɪɚɦɿ ɧɚɞɚɜɚɥɨɫɶ ɡɨɛɪɚɠɟɧɧɹ, ɧɚ ɜɢɯɿɞ 
ɩɪɨɝɪɚɦɚ ɞɚɜɚɥɚ ɜɿɞɩɨɜɿɞɶ ɭ ɜɢɝɥɹɞɿ ɛɭɥɟɜɨʀ ɡɦɿɧɧɨʀ – true, ɚɛɨ false, ɳɨ 
ɜɢɪɚɠɚє ɩɪɢɫɭɬɧɿɫɬɶ ɨɛɥɢɱɱɹ ɧɚ ɩɨɞɚɧɨɦɭ ɡɨɛɪɚɠɟɧɧɿ. ɍ ɬɚɛɥ. 1 ɩɨɞɚɧɨ 
ɩɨɪɿɜɧɹɧɧɹ ɪɟɡɭɥɶɬɚɬɿɜ ɪɨɡɩɿɡɧɚɜɚɧɧɹ ɨɛɥɢɱ ɧɚ ɡɨɛɪɚɠɟɧɧɹɯ ɡ ɨɛɥɢɱɱɹɦɢ ɬɚ 
ɛɟɡ ɧɢɯ. ɋɥɿɞ ɡɚɡɧɚɱɢɬɢ, ɳɨ ɜɿɞɧɨɫɧɚ ɩɨɯɢɛɤɚ ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɦɟɧɲɚ ɭ ɜɢɩɚɞɤɭ 
ɜɢɤɨɪɢɫɬɚɧɧɹ ɡɨɛɪɚɠɟɧɶ ɛɟɡ ɨɛɥɢɱ, ɨɫɤɿɥɶɤɢ ɬɚɤɿ ɡɨɛɪɚɠɟɧɧɹ ɦɨɠɭɬɶ ɦɿɫɬɢɬɢ 
ɜɟɥɢɤɭ ɤɿɥɶɤɿɫɬɶ ɡɚɣɜɨʀ ɿɧɮɨɪɦɚɰɿʀ, ɳɨ ɦɢɬɬєɜɨ ɜɿɞɤɢɞɚєɬɶɫɹ. əɤ ɜɢɞɧɨ ɡ 
ɬɚɛɥɢɰɿ, ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɡɚɩɪɨɩɨɧɨɜɚɧɨɝɨ ɩɿɞɯɨɞɭ ɜɿɞɧɨɫɧɚ ɩɨɯɢɛɤɚ ɧɟ 
ɩɟɪɟɜɢɳɭє 1%  ɩɪɢ ɜɿɞɧɨɫɧɨ ɜɟɥɢɤɿɣ ɲɜɢɞɤɨɫɬɿ ɪɨɛɨɬɢ ɚɥɝɨɪɢɬɦɭ.  

 
Ɍɚɛɥɢɰɹ 1.  

Ɋɟɡɭɥɶɬɚɬ ɬɟɫɬɭɜɚɧɧɹ ɞɟɫɤɪɢɩɬɨɪɭ ɨɡɧɚɤ ɞɥɹ ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɨɛɥɢɱ ɧɚ ɡɨɛɪɚɠɟɧɧɿ 
Ɍɢɩɢ  

ɡɨɛɪɚɠɟɧɶ 
Ɋɟɡɭɥɶɬɚɬ 

ɿɞɟɧɬɢɮɿɤɚɰɿʀ 
Ⱦɿɣɫɧɟ 

ɡɧɚɱɟɧɧɹ 
ȼɿɞɧɨɫɧɚ 

ɩɨɯɢɛɤɚ, % 
Ɂɨɛɪɚɠɟɧɶ ɡ ɨɛɥɢɱɱɹɦ 1711 1698 0.7 
Ɂɨɛɪɚɠɟɧɶ ɛɟɡ ɨɛɥɢɱɱɹ 2109 2103 0.2 
 
ɍ ɬɚɛɥɢɰɿ 2  ɧɚɜɟɞɟɧɨ ɪɟɡɭɥɶɬɚɬɢ ɩɪɨɝɧɨɡɭɜɚɧɧɹ ɩɨɡɢɬɢɜɧɨʀ ɪɟɚɤɰɿʀ 

ɥɸɞɢɧɢ ɧɚ ɩɟɪɟɝɥɹɧɭɬɟ ɡɨɛɪɚɠɟɧɧɹ ɧɚ ɿɬɟɪɚɰɿɹɯ ɚɥɝɨɪɢɬɦɭ.  
ɍ ɨɛɱɢɫɥɸɜɚɥɶɧɨɦɭ ɟɤɫɩɟɪɢɦɟɧɬɿ ɤɨɪɢɫɬɭɜɚɱɟɜɿ ɞɟɦɨɧɫɬɪɭɜɚɥɨɫɶ 

ɡɨɛɪɚɠɟɧɧɹ ɡ ɨɛɥɢɱɱɹɦ, ɩɿɞ ɱɚɫ ɩɟɪɟɝɥɹɞɭ ɜɿɞɛɭɜɚɜɫɹ ɚɧɚɥɿɡ ɫɬɚɧɭ ɨɛɥɢɱɱɹ 
ɝɥɹɞɚɱɚ ɿɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɤɨɧɬɪɨɥɶɧɢɯ ɬɨɱɨɤ ɨɛɥɢɱɱɹ. Ɋɨɡɪɨɛɥɟɧɚ ɫɢɫɬɟɦɚ 
ɧɚɞɚɜɚɥɚ ɩɪɨɝɧɨɡ ɭ ɜɢɝɥɹɞɿ ɜɿɞɫɨɬɤɭ ɿɦɨɜɿɪɧɨɫɬɿ ɩɨɡɢɬɢɜɧɨʀ ɪɟɚɤɰɿʀ ɝɥɹɞɚɱɚ 
ɧɚ ɡɨɛɪɚɠɟɧɧɹ, ɳɨ ɞɟɦɨɧɫɬɪɭɜɚɥɨɫɶ. ɉɿɞ ɿɬɟɪɚɰɿєɸ ɦɚєɬɶɫɹ ɧɚ ɭɜɚɡɿ 
ɩɨɪɹɞɤɨɜɢɣ ɧɨɦɟɪ ɡɨɛɪɚɠɟɧɧɹ, ɳɨ ɞɟɦɨɧɫɬɪɭєɬɶɫɹ; ɩɿɞ ɩɪɨɝɧɨɡɨɦ ɦɚєɬɶɫɹ ɧɚ 
ɭɜɚɡɿ ɿɦɨɜɿɪɧɿɫɬɶ ɩɨɡɢɬɢɜɧɨʀ ɜɿɞɩɨɜɿɞɿ ɤɨɪɢɫɬɭɜɚɱɚ, ɜɢɡɧɚɱɟɧɚ ɧɚ ɿɧɬɟɪɜɚɥɿ 
[0;1], ɳɨ ɨɬɪɢɦɚɧɨ ɿɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɩɨɛɭɞɨɜɚɧɨʀ ɫɢɫɬɟɦɢ; ɩɿɞ ɞɿɣɫɧɨɸ 
ɜɿɞɩɨɜɿɞɞɸ ɪɨɡɭɦɿєɬɶɫɹ ɨɛɪɚɧɢɣ ɤɨɪɢɫɬɭɜɚɱɟɦ ɜɚɪɿɚɧɬ ɪɟɚɤɰɿʀ (1 – ɩɨɡɢɬɢɜɧɚ, 
0 – ɧɟɝɚɬɢɜɧɚ). ɉɿɞ ɱɚɫ ɟɤɫɩɟɪɢɦɟɧɬɭ ɪɟɡɭɥɶɬɚɬ ɩɪɨɝɧɨɡɭ ɧɟ ɞɟɦɨɧɫɬɪɭɜɚɜɫɹ 
ɤɨɪɢɫɬɭɜɚɱɟɜɿ ɚɛɢ ɧɟ ɜɩɥɢɜɚɬɢ ɧɚ ɩɨɞɚɥɶɲɿ ɣɨɝɨ ɜɿɞɩɨɜɿɞɿ. 

 



 ISSN 2074-5893 ɉɢɬɚɧɧɹ ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ ɿ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ.  ȼɢɩɭɫɤ 18 
 

 83 

 
Ɍɚɛɥɢɰɹ 2  

Ɋɟɡɭɥɶɬɚɬ ɬɟɫɬɭɜɚɧɧɹ ɦɨɞɟɥɿ ɩɪɢɣɧɹɬɬɹ ɪɿɲɟɧɶ 

Іɬɟɪɚɰɿɹ ɉɪɨɝɧɨɡ (ɩɨɡɢɬɢɜɧɚ 
ɪɟɚɤɰɿɹ) 

Ⱦɿɣɫɧɚ ɜɿɞɩɨɜɿɞɶ 

1 0.781 1 
10 0.677 0 
25 0.602 0 
50 0.364 0 
75 0.79 1 
100 0.891 1 
150 0.155 0 
200 0.923 1 
250 0.931 1 
300 0.939 1 
350 0.921 1 
400 0.95 1 
450 0.045 0 
500 0.943 1 

 

ȼɢɫɧɨɜɤɢ. Ɂɚɩɪɨɩɨɧɨɜɚɧɢɣ ɭ ɞɚɧɿɣ ɪɨɛɨɬɿ ɤɨɦɩɥɟɤɫ ɚɥɝɨɪɢɬɦɿɜ ɭɫɩɿɲɧɨ 
ɪɟɚɥɿɡɨɜɚɧɨ ɬɚ ɩɟɪɟɜɿɪɟɧɨ ɭ ɩɪɚɤɬɢɱɧɢɯ ɭɦɨɜɚɯ. Ⱦɚɧɢɣ ɩɿɞɯɿɞ є ɫɬɿɣɤɢɦ ɞɨ 
ɜɯɿɞɧɢɯ ɞɚɧɢɯ ɡɚ ɧɚɹɜɧɨɫɬɿ ɲɭɦɭ ɬɚ ɡɞɚɬɟɧ ɞɨ ɫɚɦɨɜɞɨɫɤɨɧɚɥɟɧɧɹ ɡ ɩɥɢɧɨɦ 
ɱɚɫɭ.  
 

Ȼɿɛɥɿɨɝɪɚɮɿɱɧɿ ɩɨɫɢɥɚɧɧɹ 
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Ɂɚɩɪɨɩɨɧɨɜɚɧɨ ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɧɟɩɟɪɟɪɜɧɨʀ ɥɿɧɿɣɧɨʀ ɨɞɧɨɩɪɨɞɭɤɬɨɜɨʀ ɡɚɞɚɱɿ 
ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧɢ ɡ n-ɜɢɦɿɪɧɨɝɨ ɟɜɤɥɿɞɨɜɨɝɨ ɩɪɨɫɬɨɪɭ Еn ɧɚ 
ɩɿɞɦɧɨɠɢɧɢ ɡ ɜɿɞɲɭɤɭɜɚɧɧɹɦ ɤɨɨɪɞɢɧɚɬ ɰɟɧɬɪɿɜ ɰɢɯ ɩɿɞɦɧɨɠɢɧ ɩɪɢ ɨɛɦɟɠɟɧɧɹɯ ɭ 
ɮɨɪɦɿ ɪɿɜɧɨɫɬɟɣ ɬɚ ɧɟɪɿɜɧɨɫɬɟɣ, ɰɿɥɶɨɜɢɣ ɮɭɧɤɰɿɨɧɚɥ ɹɤɨʀ ɦɚє ɧɟɱɿɬɤɿ ɩɚɪɚɦɟɬɪɢ. 
Ⱥɥɝɨɪɢɬɦ ɡɚɫɧɨɜɚɧɢɣ ɧɚ ɡɚɫɬɨɫɭɜɚɧɧɿ ɧɟɣɪɨɧɟɱɿɬɤɢɯ ɬɟɯɧɨɥɨɝɿɣ ɬɚ r-ɚɥɝɨɪɢɬɦɭ 
ɇ.Ɂ. ɒɨɪɚ. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɨɩɬɢɦɚɥɶɧɟ ɪɨɡɛɢɬɬɹ, ɧɟɞɢɮɟɪɟɧɰɿɣɨɜɧɚ ɨɩɬɢɦɿɡɚɰɿɹ, ɧɟɱɿɬɤɢɣ 
ɩɚɪɚɦɟɬɪ, ɧɟɣɪɨɧɟɱɿɬɤɿ ɬɟɯɧɨɥɨɝɿʀ, r-ɚɥɝɨɪɢɬɦ. 
 

ɉɪɟɞɥɨɠɟɧ ɚɥɝɨɪɢɬɦ ɪɟɲɟɧɢɹ ɧɟɩɪɟɪɵɜɧɨɣ ɥɢɧɟɣɧɨɣ ɨɞɧɨɩɪɨɞɭɤɬɨɜɨɣ ɡɚɞɚɱɢ 
ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɚɡɛɢɟɧɢɹ ɦɧɨɠɟɫɬɜɚ ɢɡ n-ɦɟɪɧɨɝɨ ɟɜɤɥɢɞɨɜɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ Еn ɧɚ 
ɩɨɞɦɧɨɠɟɫɬɜɚ ɫ ɨɬɵɫɤɚɧɢɟɦ ɤɨɨɪɞɢɧɚɬ ɰɟɧɬɪɨɜ ɷɬɢɯ ɩɨɞɦɧɨɠɟɫɬɜ ɩɪɢ 
ɨɝɪɚɧɢɱɟɧɢɹɯ ɜ ɮɨɪɦɟ ɪɚɜɟɧɫɬɜ ɢ ɧɟɪɚɜɟɧɫɬɜ, ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɨɧɚɥ ɤɨɬɨɪɨɣ ɢɦɟɟɬ 

ɧɟɱɟɬɤɢɟ ɩɚɪɚɦɟɬɪɵ. Ⱥɥɝɨɪɢɬɦ ɨɫɧɨɜɚɧ ɧɚ ɩɪɢɦɟɧɟɧɢɢ ɧɟɣɪɨɧɟɱɟɬɤɢɯ ɬɟɯɧɨɥɨɝɢɣ ɢ 
r-ɚɥɝɨɪɢɬɦɚ ɇ.Ɂ. ɒɨɪɚ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɨɩɬɢɦɚɥɶɧɨɟ ɪɚɡɛɢɟɧɢɟ, ɧɟɞɢɮɮɟɪɟɧɰɢɪɭɟɦɚɹ ɨɩɬɢɦɢɡɚɰɢɹ, 
ɧɟɱɟɬɤɢɣ ɩɚɪɚɦɟɬɪ, ɧɟɣɪɨɧɟɱɟɬɤɢɟ ɬɟɯɧɨɥɨɝɢɢ, r-ɚɥɝɨɪɢɬɦ. 

 

The mathematical theory of optimal set partitioning (OSP) of the n-dimensional Euclid-

ean space, which has been formed for todays, is the field of the modern theory of optimiza-

tion, namely, the new section of non-classical infinite-dimensional mathematical program-

ming. The theory is built based on a single, theoretically defined approach that sum up ini-

tial infinite-dimensional optimization problems in a certain way (with the function of La-

grange) to non-smooth, usually, finite-dimensional optimization problems, where latest 

numerical non-differentiated optimization methods may be used - various variants r-

algorithm of N.Shor, that was developed in V. Glushkov Institute of Cybernetics of the Na-

tional Academy of Sciences of Ukraine. 

For now, the number of directions have been formed in the theory of continuous tasks of 

OSP, which are defined with different types of mathematical statements of partitioning 

problems, as well as various spheres of its application. For example, linear and nonlinear, 

single-product and multiproduct, deterministic and stochastic, in the conditions of com-

plete and incomplete information about the initial data, static and dynamic tasks of the 

OSP without limitations and with limitations, both with the given position of the centers of 

subsets, and with definition the optimal variant of their location. Optimal set partitioning  

problems in uncertainty are the least developed for today is the direction of this theory, in 

particular, tasks where a number of parameters are fuzzy, inaccurate, or there are insuffi-

cient mathematical description of some dependencies in the model. Such models refer to  

the fuzzy OSP problems, and special solutions and methods are needed to solve them. 

_______________________________________________________________ 
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In this paper, we propose an algorithm for solving a continuous linear single-product 

problem of optimal set partitioning of n-dimensional Euclidean spaces Еn into a subset with 

searching of coordinates of the centers of these subsets with restrictions in the form of 

equalities and inequalities where target function has fuzzy parameters.  The algorithm is 

built based on the application of neuro-fuzzy technologies and N.Shor r-algorithm.  

Keywords: optimal partitioning, non-differentiable optimization, fuzzy parameter, neu-

ro-fuzzy technologies, r-algorithm. 

 

ȼɫɬɭɩ. Ɉɫɧɨɜɢ ɦɚɬɟɦɚɬɢɱɧɨʀ ɬɟɨɪɿʀ ɧɟɩɟɪɟɪɜɧɢɯ ɡɚɞɚɱ ɈɊɆ n-ɜɢɦɿɪɧɨɝɨ 
ɟɜɤɥɿɞɨɜɨɝɨ ɩɪɨɫɬɨɪɭ ɧɚ ɩɿɞɦɧɨɠɢɧɢ, ɹɤɿ є ɧɟɤɥɚɫɢɱɧɢɦɢ ɡɚɞɚɱɚɦɢ 
ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɨɝɨ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɩɪɨɝɪɚɦɭɜɚɧɧɹ ɡ ɛɭɥɟɜɢɦɢ ɡɦɿɧɧɢɦɢ, 
ɡɚɤɥɚɞɟɧɿ ɜ ɪɨɛɨɬɿ [1], ɜ ɹɤɿɣ ɧɚɜɟɞɟɧɚ ɱɢɫɥɟɧɧɚ ɛɿɛɥɿɨɝɪɚɮɿɹ, ɚ ɬɚɤɨɠ 
ɲɢɪɨɤɢɣ ɫɩɟɤɬɪ ɩɪɚɤɬɢɱɧɢɯ ɡɚɫɬɨɫɭɜɚɧɶ ɧɟɩɟɪɟɪɜɧɢɯ ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ 
ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ ɬɚ ɫɩɨɪɿɞɧɟɧɢɯ ɡ ɧɢɦɢ ɡɚɞɚɱ. ɐɟ ɥɿɧɿɣɧɿ ɿ ɧɟɥɿɧɿɣɧɿ, 
ɨɞɧɨɩɪɨɞɭɤɬɨɜɿ ɣ ɛɚɝɚɬɨɩɪɨɞɭɤɬɨɜɿ, ɞɟɬɟɪɦɿɧɨɜɚɧɿ ɣ ɫɬɨɯɚɫɬɢɱɧɿ, ɜ ɭɦɨɜɚɯ 
ɩɨɜɧɨʀ ɬɚ ɧɟɩɨɜɧɨʀ ɿɧɮɨɪɦɚɰɿʀ ɩɪɨ ɜɢɯɿɞɧɿ ɞɚɧɿ, ɫɬɚɬɢɱɧɿ ɬɚ ɞɢɧɚɦɿɱɧɿ ɡɚɞɚɱɿ 
ɈɊɆ ɛɟɡ ɨɛɦɟɠɟɧɶ ɿ ɡ ɨɛɦɟɠɟɧɧɹɦɢ, ɹɤ ɿɡ ɡɚɞɚɧɢɦ ɩɨɥɨɠɟɧɧɹɦ ɰɟɧɬɪɿɜ 
ɩɿɞɦɧɨɠɢɧ, ɬɚɤ ɿ ɡ ɜɿɞɲɭɤɚɧɧɹ ɨɩɬɢɦɚɥɶɧɨɝɨ ɜɚɪɿɚɧɬɭ ʀɯ ɪɨɡɬɚɲɭɜɚɧɧɹ.  

Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɧɚɜɟɞɟɧɢɯ ɤɥɚɫɿɜ ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ 
ɡɚɩɪɨɩɨɧɨɜɚɧɢɣ єɞɢɧɢɣ, ɬɟɨɪɟɬɢɱɧɨ ɨɛґɪɭɧɬɨɜɚɧɢɣ ɩɿɞɯɿɞ, ɧɚ ɨɫɧɨɜɿ ɹɤɨɝɨ 
ɪɨɡɪɨɛɥɟɧɨ ɚɥɝɨɪɢɬɦɢ, ɫɤɥɚɞɨɜɨɸ ɱɚɫɬɢɧɨɸ ɹɤɢɯ, ɹɤ ɩɪɚɜɢɥɨ, є r-ɚɥɝɨɪɢɬɦ 
ɇ. Ɂ. ɒɨɪɚ ɚɛɨ ɣɨɝɨ ɦɨɞɢɮɿɤɚɰɿʀ. 

ɇɚɣɦɟɧɲ ɜɢɜɱɟɧɢɦɢ ɧɚ ɫɶɨɝɨɞɧɿɲɧɿɣ ɞɟɧɶ є ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ 
ɦɧɨɠɢɧ ɜ ɭɦɨɜɚɯ ɧɟɜɢɡɧɚɱɟɧɨɫɬɿ, ɡɨɤɪɟɦɚ, ɡɚɞɚɱɿ, ɜ ɹɤɢɯ ɪɹɞ ɩɚɪɚɦɟɬɪɿɜ є 
ɧɟɱɿɬɤɢɦɢ, ɧɟɬɨɱɧɢɦɢ, ɚɛɨ є ɧɟɞɨɫɬɨɜɿɪɧɢɦ ɦɚɬɟɦɚɬɢɱɧɢɣ ɨɩɢɫ ɞɟɹɤɢɯ 
ɡɚɥɟɠɧɨɫɬɟɣ ɜ ɦɨɞɟɥɿ. Ɍɚɤɿ ɦɨɞɟɥɿ ɜɿɞɧɨɫɹɬɶ ɞɨ ɧɟɱɿɬɤɢɯ ɡɚɞɚɱ ɈɊɆ, ɞɥɹ ʀɯ 
ɪɨɡɜ’ɹɡɚɧɧɹ ɩɨɬɪɿɛɧɚ ɪɨɡɪɨɛɤɚ ɫɩɟɰɿɚɥɶɧɢɯ ɩɿɞɯɨɞɿɜ ɿ ɦɟɬɨɞɿɜ. 

ɍ ɞɚɧɿɣ ɪɨɛɨɬɿ ɡɚɩɪɨɩɨɧɨɜɚɧɨ ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɧɟɩɟɪɟɪɜɧɨʀ ɥɿɧɿɣɧɨʀ 
ɨɞɧɨɩɪɨɞɭɤɬɨɜɨʀ ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧɢ   ɡ n-ɜɢɦɿɪɧɨɝɨ 
ɟɜɤɥɿɞɨɜɨɝɨ ɩɪɨɫɬɨɪɭ nE  ɧɚ ʀʀ ɩɿɞɦɧɨɠɢɧɢ 1,..., N  , ɳɨ ɧɟ ɩɟɪɟɬɢɧɚɸɬɶɫɹ 

(ɫɟɪɟɞ ɹɤɢɯ ɦɨɠɭɬɶ ɛɭɬɢ ɿ ɩɨɪɨɠɧɿ), ɡ ɜɿɞɲɭɤɭɜɚɧɧɹɦ ɤɨɨɪɞɢɧɚɬ ɰɟɧɬɪɿɜ 
1,...,  N   ɰɢɯ ɩɿɞɦɧɨɠɢɧ, ɩɪɢ ɨɛɦɟɠɟɧɧɹɯ ɭ ɮɨɪɦɿ ɪɿɜɧɨɫɬɟɣ ɬɚ ɧɟɪɿɜɧɨɫɬɟɣ, 

ɰɿɥɶɨɜɢɣ ɮɭɧɤɰɿɨɧɚɥ ɹɤɨʀ ɦɚє ɧɟɱɿɬɤɿ ɩɚɪɚɦɟɬɪɢ. Ⱥɥɝɨɪɢɬɦ ɡɚɫɧɨɜɚɧɢɣ ɧɚ 
ɡɚɫɬɨɫɭɜɚɧɧɿ ɧɟɣɪɨɧɟɱɿɬɤɢɯ ɬɟɯɧɨɥɨɝɿɣ ɬɚ r-ɚɥɝɨɪɢɬɦɭ ɇ.Ɂ. ɒɨɪɚ. 

ɇɚɜɟɞɟɦɨ ɫɩɨɱɚɬɤɭ ɦɚɬɟɦɚɬɢɱɧɭ ɩɨɫɬɚɧɨɜɤɭ ɰɿєʀ ɡɚɞɚɱɿ ɡ [1] ɡ ɱɿɬɤɢɦɢ 
ɩɚɪɚɦɟɬɪɚɦɢ ɭ ɰɿɥɶɨɜɨɦɭ ɮɭɧɤɰɿɨɧɚɥɿ. 

Ɂɚɞɚɱɚ Ⱥ. Ɂɧɚɣɬɢ 
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( )
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, 0, , , 1,...,
N

i i j
i

mes i j i j N
=
 =   =  =

, 

( )1 ,..., ... N
N

N

  =   = , 

(3) 

ɞɟ 1( ,..., )n nx x x E=  ; (1) ( )( ,..., )n
i i i  =  ; ɮɭɧɤɰɿʀ ( ,  )ic x   − ɨɛɦɟɠɟɧɿ, 

ɜɢɡɧɚɱɟɧɿ ɧɚ , ɜɢɦɿɪɧɿ ɡɚ ɚɪɝɭɦɟɧɬɨɦ x  ɩɪɢ ɛɭɞɶ-ɹɤɨɦɭ ɮɿɤɫɨɜɚɧɨɦɭ 
(1) ( )( ,..., )n

i i i  =  ɡ   ɞɥɹ ɜɫɿɯ 1,..,i N= ; ɤɨɨɪɞɢɧɚɬɢ (1) ( ),..., n
i i   ɰɟɧɬɪɭ i , 

1,..,i N= , ɡɚɡɞɚɥɟɝɿɞɶ ɧɟɜɿɞɨɦɿ (ɹɤɿ ɩɨɬɪɿɛɧɨ ɜɢɡɧɚɱɢɬɢ); ( )x  − ɨɛɦɟɠɟɧɿ, 
ɜɢɦɿɪɧɿ, ɧɟɜɿɞ'єɦɧɿ ɧɚ   ɮɭɧɤɰɿʀ; 1,... Na a , 1,..., Nb b  − ɡɚɞɚɧɿ ɧɟɜɿɞ'єɦɧɿ ɱɢɫɥɚ, 
ɩɪɢɱɨɦɭ 

1

( ) , ,0 , 1,...,
N

i i
i

S x dx b b S i N
=

=    = . 
 

Ɍɭɬ ɿ ɧɚɞɚɥɿ ɿɧɬɟɝɪɚɥɢ ɪɨɡɭɦɿɸɬɶɫɹ ɜ ɫɟɧɫɿ Ʌɟɛɟɝɚ. Ȼɭɞɟɦɨ ɜɜɚɠɚɬɢ, ɳɨ ɦɿɪɚ 
ɦɧɨɠɢɧɢ ɝɪɚɧɢɱɧɢɯ ɬɨɱɨɤ i , 1,..,i N= , ɞɨɪɿɜɧɸє ɧɭɥɸ. 

ɍ ɪɨɛɨɬɚɯ [2],[3] ɩɟɪɟɞɛɚɱɚɥɨɫɹ, ɳɨ ɞɥɹ ɮɭɧɤɰɿɣ ( )x , ( ,  )ic x  , 1,...,i N= , 

ɜɿɞɨɦɚ ɹɜɧɚ ɚɧɚɥɿɬɢɱɧɚ ɡɚɥɟɠɧɿɫɬɶ ɜɿɞ ʀɯ ɚɪɝɭɦɟɧɬɿɜ. Ɉɞɧɚɤ ɧɚ ɩɪɚɤɬɢɰɿ ɰɹ 
ɡɚɥɟɠɧɿɫɬɶ (ɹɤ ɩɪɚɜɢɥɨ, ɫɤɥɚɞɧɚ ɧɟɥɿɧɿɣɧɚ) ɧɟ ɜɿɞɨɦɚ. ȼ ɪɨɛɨɬɿ [3] ɛɭɥɨ 
ɡɚɩɪɨɩɨɧɨɜɚɧɨ ɚɥɝɨɪɢɬɦ ɪɨɡɜ'ɹɡɚɧɧɹ ɡɚɞɚɱɿ (1), (3) ɡ ɧɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɨɸ 
ɿɞɟɧɬɢɮɿɤɚɰɿєɸ ɮɭɧɤɰɿʀ ɩɨɩɢɬɭ ( )x . ɍ ɞɚɧɿɣ ɪɨɛɨɬɿ ɪɨɡɝɥɹɧɟɦɨ ɜɢɩɚɞɨɤ, 
ɤɨɥɢ ɩɚɪɚɦɟɬɪɢ , 1,...,ia i N= , ɭ ɮɭɧɤɰɿɨɧɚɥɿ (1) ɦɨɠɭɬɶ ɛɭɬɢ ɧɟɱɿɬɤɢɦɢ, 
ɧɟɬɨɱɧɢɦɢ, ɧɟɞɨɫɬɨɜɿɪɧɢɦɢ. Ⱦɥɹ ɡɧɹɬɬɹ ɧɟɱɿɬɤɨɫɬɿ ɜ ɩɨɞɚɥɶɲɨɦɭ ɛɭɞɟɦɨ 
ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɧɟɣɪɨɧɟɱɿɬɤɿ ɬɟɯɧɨɥɨɝɿʀ, ɨɩɢɫɚɧɿ ɜ ɪɨɛɨɬɚɯ [3]-[4].  

Ⱦɥɹ ɰɶɨɝɨ ɩɚɪɚɦɟɬɪɢ , 1,...,ia i N= , ɩɪɟɞɫɬɚɜɢɦɨ ɹɤ ɩɚɪɚɦɟɬɪɢ, ɳɨ 
ɡɚɥɟɠɚɬɶ ɜɿɞ ɧɟɱɿɬɤɢɯ ɮɚɤɬɨɪɿɜ , 1,..., ,j j n =  ɭ ɜɢɞɿ 

1( ,..., )i i na a  = . (4) 

Ɍɨɞɿ ɡɚɞɚɱɭ (1)-(3) ɦɨɠɧɚ ɡɚɩɢɫɚɬɢ ɡ ɧɟɱɿɬɤɢɦɢ ɩɚɪɚɦɟɬɪɚɦɢ ɭ ɬɚɤɨɦɭ 
ɜɢɞɿ: 

 1( ,..., , )1

( ( ,  ) ) ( ) min
Ni

N

i i
i

c x a x dx


 
 = 

+ → 
 

 
(5) 

ɡɚ ɭɦɨɜ 

( ) , 1,..., ,

i

ix dx b i p


= = ( ) , 1,...,

i

ix dx b i p N


 = + , 
 

(6) 

( )
1

, 0, , , 1,...,
N

i i j
i

mes i j i j N
=
 =   =  = . (7) 
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ɇɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɚ ɿɞɟɧɬɢɮɿɤɚɰɿɹ ɧɟɱɿɬɤɢɯ ɩɚɪɚɦɟɬɪɿɜ ia . 

ɉɨɡɧɚɱɢɦɨ, ɞɥɹ ɫɩɪɨɳɟɧɧɹ ɨɩɢɫɭ ɦɟɬɨɞɭ ɧɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɨʀ 
ɿɞɟɧɬɢɮɿɤɚɰɿʀ, ɤɨɠɧɢɣ ɩɚɪɚɦɟɬɪ ia , 1,...,i N= , ɹɤ a  ɬɚ ɪɨɡɝɥɹɧɟɦɨ 
ɮɭɧɤɰɿɨɧɚɥɶɧɭ ɡɚɥɟɠɧɿɫɬɶ ɜɢɯɨɞɭ a  ɜɿɞ ɜɯɨɞɿɜ 1,..., n   ɭ ɜɢɞɿ: 

( )a a = , ɞɟ 1( ,..., )n  = . 
(8) 

Ⱦɥɹ ɡɚɞɚɱɿ ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɩɟɪɟɞɛɚɱɚɸɬɶɫɹ ɜɿɞɨɦɢɦɢ:  
1) ɨɛɥɚɫɬɿ ɜɢɡɧɚɱɟɧɧɹ ɜɯɨɞɿɜ ɿ ɨɛɥɚɫɬɶ ɡɦɿɧɢ ɜɢɯɨɞɭ ɞɥɹ (8): 

max,    
i ii min   =    - ɨɛɥɚɫɬɿ ɜɢɡɧɚɱɟɧɧɹ ɜɯɿɞɧɢɯ ɡɦɿɧɧɢɯ i , 

  1,...,i n= ,  
(9) 

   , min maxA a a=  - ɨɛɥɚɫɬɶ ɡɦɿɧɢ ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɨʀ a ; (10) 

2) ɟɤɫɩɟɪɬɧɨ-ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɚ ɿɧɮɨɪɦɚɰɿɹ ɩɪɨ ɡɚɥɟɠɧɿɫɬɶ (8) ɭ ɜɢɝɥɹɞɿ 
ɜɢɛɿɪɤɢ ɡ M  ɩɚɪ ɞɚɧɢɯ ɩɪɨ ɜɯɨɞɢ ɬɚ ɜɢɯɿɞ ɨɛ'єɤɬɚ ( ) ( )

exp exp{ , }m ma , ɞɟ 

exp exp exp

( ) ( ) ( ) ( )
exp 1 2{ , ,..., }m m m m

n   =  - ɜɯɿɞɧɢɣ ɜɟɤɬɨɪ ɜ m-ɿɣ ɩɚɪɿ, 1,m M= . 

ɇɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɚ ɿɞɟɧɬɢɮɿɤɚɰɿɹ ɫɤɥɚɞɧɨʀ, ɹɤ ɩɪɚɜɢɥɨ ɧɟɥɿɧɿɣɧɨʀ, 
ɮɭɧɤɰɿɨɧɚɥɶɧɨʀ ɡɚɥɟɠɧɨɫɬɿ (8) ɫɤɥɚɞɚєɬɶɫɹ ɡ ɞɜɨɯ ɟɬɚɩɿɜ: 

ɩɟɪɲɢɣ ɟɬаɩ - ɩɨɛɭɞɨɜɚ ɧɟɱɿɬɤɨʀ ɦɨɞɟɥɿ ɨɛ'єɤɬɚ (8) ɭ ɜɢɝɥɹɞɿ ɧɟɱɿɬɤɨʀ 
ɩɪɨɞɭɤɰɿɣɧɨʀ ɦɨɞɟɥɿ ɡɚ ɟɤɫɩɟɪɬɧɨ-ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɢɦɢ ɞɚɧɢɦɢ ɩɪɨ 
ɜɡɚєɦɨɡɜ'ɹɡɨɤ ɜɢɯɨɞɭ a  ɬɚ ɜɯɨɞɿɜ 1,..., n  , ɹɤ ɭɡɝɨɞɠɟɧɨʀ ɦɧɨɠɢɧɢ ɨɤɪɟɦɢɯ 
ɧɟɱɿɬɤɢɯ ɩɪɨɞɭɤɰɿɣɧɢɯ ɩɪɚɜɢɥ ɜɢɞɭ «əɄɓɈ - ɌɈ»; 

ɞɪɭɝɢɣ ɟɬаɩ - ɧɚɫɬɪɨɣɤɚ ɩɚɪɚɦɟɬɪɿɜ ɧɟɱɿɬɤɨʀ ɦɨɞɟɥɿ ɡ ɦɟɬɨɸ ɦɿɧɿɦɿɡɚɰɿʀ 
ɜɿɞɯɢɥɟɧɧɹ ɪɟɡɭɥɶɬɚɬɿɜ ɦɨɞɟɥɸɜɚɧɧɹ ɜɿɞ ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɢɯ ɞɚɧɢɯ. 

Ⱦɚɥɿ ɤɨɪɨɬɤɨ ɨɩɢɲɟɦɨ ɩɟɪɲɢɣ ɟɬɚɩ ɦɟɬɨɞɭ ɧɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɨʀ 
ɿɞɟɧɬɢɮɿɤɚɰɿʀ - ɩɨɛɭɞɨɜɭ ɧɟɱɿɬɤɨʀ ɩɪɨɞɭɤɰɿɣɧɨʀ ɦɨɞɟɥɿ, ɜɢɤɨɪɢɫɬɨɜɭɸɱɢ ɞɟɹɤɿ 
ɧɟɨɛɯɿɞɧɿ ɞɥɹ ɰɶɨɝɨ ɩɨɧɹɬɬɹ ɬɟɨɪɿʀ ɧɟɱɿɬɤɢɯ ɦɧɨɠɢɧ ɿ ɧɟɱɿɬɤɨʀ ɥɨɝɿɤɢ ɡ [4]. 

Ɍɢɩɨɜɚ ɫɬɪɭɤɬɭɪɚ ɩɪɨɰɟɫɭ ɩɨɛɭɞɨɜɢ ɧɟɱɿɬɤɨʀ ɩɪɨɞɭɤɰɿɣɧɨʀ ɦɨɞɟɥɿ ɨɛ’єɤɬɚ 
(8) ɡ ɞɟɤɿɥɶɤɨɦɚ ɜɯɨɞɚɦɢ ɿ ɨɞɧɢɦ ɜɢɯɨɞɨɦ ɫɤɥɚɞɚєɬɶɫɹ ɡ ɬɚɤɢɯ ɛɥɨɤɿɜ: 
ɮɚɡɢɮɿɤɚɰɿɹ, ɧɟɱɿɬɤɟ ɥɨɝɿɱɧɟ ɜɢɜɟɞɟɧɧɹ, ɞɟɮɚɡɢɮɿɤɚɰɿɹ. Ɉɩɢɲɟɦɨ ɰɿ ɛɥɨɤɢ. 

Ȼɥɨɤ ɮɚɡɢɮɿɤɚɰɿʀ. Ⱦɥɹ ɡɧɚɯɨɞɠɟɧɧɹ ɡɚɥɟɠɧɨɫɬɿ (8) ɜ ɹɜɧɨɦɭ ɜɢɝɥɹɞɿ 
ɛɭɞɟɦɨ ɪɨɡɝɥɹɞɚɬɢ ɜɯɿɞɧɿ ɡɦɿɧɧɿ ɿ ɜɢɯɿɞɧɭ ɡɦɿɧɧɭ ɹɤ ɥɿɧɝɜɿɫɬɢɱɧɿ ɡɦɿɧɧɿ, 
ɡɚɞɚɧɿ ɧɚ ɭɧɿɜɟɪɫɚɥɶɧɢɯ ɦɧɨɠɢɧɚɯ (9) - (10). 

ɍ ɤɨɧɬɟɤɫɬɿ ɧɟɱɿɬɤɨʀ ɥɨɝɿɤɢ ɩɿɞ ɮɚɡɢɮɿɤɚɰɿєɸ ɪɨɡɭɦɿєɬɶɫɹ ɩɪɨɰɟɞɭɪɚ 
ɜɢɡɧɚɱɟɧɧɹ ɬɟɪɦ-ɦɧɨɠɢɧ ɜɯɿɞɧɢɯ ɬɚ ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɢɯ ɡ ɜɿɞɩɨɜɿɞɧɢɦɢ 
ɮɭɧɤɰɿɹɦɢ ɧɚɥɟɠɧɨɫɬɿ ɞɥɹ ɤɨɠɧɨɝɨ ɬɟɪɦɭ. 

ɍ ɞɚɧɨʀ ɡɚɥɟɠɧɨɫɬɿ (8) ɞɥɹ ɨɰɿɧɤɢ ɥɿɧɝɜɿɫɬɢɱɧɢɯ ɡɦɿɧɧɢɯ a  ɬɚ 
,   1, ,  i i n =  , ɛɭɞɟɦɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɬɟɪɦɢ ɡ ɬɚɤɢɯ ɬɟɪɦ-ɦɧɨɠɢɧ: 

 { }kD D=  - ɬɟɪɦ-ɦɧɨɠɢɧɚ ɡɦɿɧɧɨʀ a , ɞɟ kD  – k-ɣ ɥɿɧɝɜɿɫɬɢɱɧɢɣ ɬɟɪɦ 
ɡɦɿɧɧɨʀ a ,    1,2, ,k L=  , L – ɱɢɫɥɨ ɪɿɡɧɢɯ ɤɥɚɫɿɜ ɜɢɯɨɞɭ a . Ⱦɥɹ ɤɨɠɧɨɝɨ ɤɥɚɫɭ 

kD  ɞɨɛɟɪɟɦɨ «ɧɚɣɯɚɪɚɤɬɟɪɧɿɲɨɝɨ ɩɪɟɞɫɬɚɜɧɢɤɚ» k kd D  ɿ ɧɚɡɜɟɦɨ ɣɨɝɨ 
ɰɟɧɬɪɨɦ ɤɥɚɫɭ; 
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 { }i ir =   - ɬɟɪɦ-ɦɧɨɠɢɧɚ ɡɦɿɧɧɨʀ i , ɞɟ ir  – r-ɣ ɥɿɧɝɜɿɫɬɢɱɧɢɣ ɬɟɪɦ 
ɡɦɿɧɧɨʀ i , 1,2, , ,   1,2, , ii n r p=  =  , ip  - ɤɿɥɶɤɿɫɬɶ ɬɟɪɦɿɜ ɜ ɬɟɪɦ-ɦɧɨɠɢɧɿ i  

ɡɦɿɧɧɨʀ i . ɉɪɢɱɨɦɭ, ɭ ɡɚɝɚɥɶɧɨɦɭ ɜɢɩɚɞɤɭ, 1 2 np p p  . 

Ɂɧɚɱɟɧɧɹ ɥɿɧɝɜɿɫɬɢɱɧɢɯ ɬɟɪɦɿɜ kD  ɢ ir  ɨɬɪɢɦɚєɦɨ ɧɚ ɨɫɧɨɜɿ ɟɤɫɩɟɪɬɧɨ-

ɥɿɧɝɜɿɫɬɢɱɧɨʀ ɿɧɮɨɪɦɚɰɿʀ ɩɪɨ ɨɛ’єɤɬ, ɳɨ ɦɨɞɟɥɸєɬɶɫɹ. 
Ʌɿɧɝɜɿɫɬɢɱɧɿ ɬɟɪɦɢ ir i   ɢ kD D  ɪɨɡɝɥɹɞɚɸɬɶɫɹ ɹɤ ɧɟɱɿɬɤɿ ɦɧɨɠɢɧɢ, 

ɡɚɞɚɧɿ ɧɚ ɭɧɿɜɟɪɫɚɥɶɧɢɯ ɦɧɨɠɢɧɚɯ ,  1,2, ,i i n =  , ɬɚ A , ɜɿɞɩɨɜɿɞɧɨ, 
ɜɢɡɧɚɱɟɧɢɯ ɭ (9)-(10). Ʉɨɠɧɢɣ ɡ ɧɟɱɿɬɤɢɯ ɬɟɪɦɿɜ ir i   ɩɪɟɞɫɬɚɜɥɹє 
ɜɿɞɩɨɜɿɞɧɭ ɧɟɱɿɬɤɭ ɩɿɞɦɧɨɠɢɧɭ ɧɚ ɦɧɨɠɢɧɿ ɡɧɚɱɟɧɶ i . Ⱥ ɤɨɠɧɭ ɧɟɱɿɬɤɭ 
ɦɧɨɠɢɧɭ, ɭ ɫɜɨɸ ɱɟɪɝɭ, ɡɚɞɚɦɨ ʀʀ ɞɡɜɨɧɨɩɨɞɿɛɧɨɸ ɮɭɧɤɰɿєɸ ɧɚɥɟɠɧɨɫɬɿ 

( )ir i  , ɹɤɭ ɩɪɟɞɫɬɚɜɢɦɨ ɭ ɜɢɞɿ 

2

1
( ) ,

1

ir i

i ir

ir

b

c

 


=
 −

+  
 

 1,2, , ,   1,2, , ii n r p=  =  , 
(11) 

ɞɟ ( )ir i   – ɱɢɫɥɨ ɭ ɞɿɚɩɚɡɨɧɿ [0,1], ɹɤɟ ɯɚɪɚɤɬɟɪɢɡɭє ɫɭɛ’єɤɬɢɜɧɭ ɦɿɪɭ 
ɜɿɞɩɨɜɿɞɧɨɫɬɿ ɡɧɚɱɟɧɧɹ i  ɧɟɱɿɬɤɨɦɭ ɬɟɪɦɭ ir ; irb  ɿ irс  – ɩɚɪɚɦɟɬɪɢ, ɹɤɿ 
ɫɩɨɱɚɬɤɭ ɨɛɢɪɚɸɬɶɫɹ ɟɤɫɩɟɪɬɨɦ, ɚ ɩɨɬɿɦ (2-ɣ ɟɬɚɩ ɩɨɛɭɞɨɜɢ ɧɟɱɿɬɤɨʀ ɦɨɞɟɥɿ) 
ɧɚɫɬɪɨɸɸɬɶɫɹ ɧɚ ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɿ ɞɚɧɿ: irb  – ɤɨɨɪɞɢɧɚɬɚ ɦɚɤɫɢɦɭɦɭ 
ɮɭɧɤɰɿʀ ( )ir i  , ɩɪɢɱɨɦɭ ( ) 1ir irb = , irс  – ɤɨɟɮɿɰɿєɧɬ ɤɨɧɰɟɧɬɪɚɰɿʀ-
ɪɨɡɬɹɝɭɜɚɧɧɹ ɮɭɧɤɰɿʀ ( )ir i  . 

Ɍɚɤɢɦ ɱɢɧɨɦ, ɧɚ ɜɢɯɨɞɿ ɛɥɨɤɭ ɮɚɡɢɮɿɤɚɰɿʀ є ɡɚɞɚɧɢɦɢ ɮɭɧɤɰɿʀ ɧɚɥɟɠɧɨɫɬɿ 
( )ir i   ɞɥɹ ɤɨɠɧɨɝɨ ɥɿɧɝɜɿɫɬɢɱɧɨɝɨ ɬɟɪɦɭ ir  ɡ ɬɟɪɦ-ɦɧɨɠɢɧɢ i  ɜɿɞɩɨɜɿɞɧɨʀ 

ɜɯɿɞɧɨʀ ɡɦɿɧɧɨʀ i . 

Ȼɥɨɤ ɧɟɱɿɬɤɨɝɨ ɥɨɝɿɱɧɨɝɨ ɜɢɜɟɞɟɧɧɹ. ɇɚ ɜɯɨɞɿ ɰɟɣ ɛɥɨɤ ɨɬɪɢɦɭє ɡ 
ɩɨɩɟɪɟɞɧɶɨɝɨ ɛɥɨɤɭ ɫɬɭɩɿɧɶ ɧɚɥɟɠɧɨɫɬɿ ɡɧɚɱɟɧɶ ɜɯɿɞɧɢɯ ɡɦɿɧɧɢɯ ɤɨɧɤɪɟɬɧɢɦ 
ɧɟɱɿɬɤɢɦ ɦɧɨɠɢɧɚɦ (ɬɟɪɦɚɦ), ɬɨɛɬɨ ɡɧɚɱɟɧɧɹ ( )ir i  , ɬɚ ɧɚ ɣɨɝɨ ɜɢɯɨɞɿ 
ɨɛɱɢɫɥɸєɬɶɫɹ ɪɟɡɭɥɶɬɭɸɱɚ ɮɭɧɤɰɿɹ ɧɚɥɟɠɧɨɫɬɿ ɜɢɯɿɞɧɨɝɨ ɡɧɚɱɟɧɧɹ ɦɨɞɟɥɿ 

( )res a . ɐɹ ɮɭɧɤɰɿɹ ɦɚє ɫɤɥɚɞɧɭ ɮɨɪɦɭ ɿ ɜɢɡɧɚɱɚєɬɶɫɹ ɡɚ ɞɨɩɨɦɨɝɨɸ 
ɚɥɝɨɪɢɬɦɭ ɧɟɱɿɬɤɨɝɨ ɥɨɝɿɱɧɨɝɨ ɜɢɜɟɞɟɧɧɹ. Ⱦɥɹ ɜɢɤɨɧɚɧɧɹ ɨɛɱɢɫɥɟɧɶ ɛɥɨɤ 
ɜɢɜɟɞɟɧɧɹ ɩɨɜɢɧɟɧ ɜɤɥɸɱɚɬɢ ɧɚɫɬɭɩɧɿ ɤɨɦɩɨɧɟɧɬɢ: ɛɚɡɭ ɧɟɱɿɬɤɢɯ 
ɩɪɨɞɭɤɰɿɣɧɢɯ ɥɨɝɿɱɧɢɯ ɩɪɚɜɢɥ, ɚɥɝɨɪɢɬɦ ɧɟɱɿɬɤɨɝɨ ɥɨɝɿɱɧɨɝɨ ɜɢɜɟɞɟɧɧɹ, 
ɮɭɧɤɰɿʀ ɧɚɥɟɠɧɨɫɬɿ ( )

kD a  ɞɥɹ ɤɨɠɧɨɝɨ ɬɟɪɦɭ kD  ɡ ɬɟɪɦ-ɦɧɨɠɢɧɢ D  

ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɨʀ a . 
Ⱦɚɥɿ ɩɪɟɞɫɬɚɜɢɦɨ ɜɿɞɨɦɭ ɟɤɫɩɟɪɬɧɨ-ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɭ ɿɧɮɨɪɦɚɰɿɸ ɩɪɨ 

ɨɛ’єɤɬ (8) ɭ ɜɢɝɥɹɞɿ ɫɢɫɬɟɦɢ ɧɟɱɿɬɤɢɯ ɩɪɨɞɭɤɰɿɣɧɢɯ ɥɨɝɿɱɧɢɯ ɩɪɚɜɢɥ ɜɢɞɭ 
«əɄɓɈ - ɌɈ».  

Ɍɨɞɿ ɮɭɧɤɰɿɸ ɧɚɥɟɠɧɨɫɬɿ ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɨʀ a  ɤɥɚɫɭ kD  ɩɨɛɭɞɭєɦɨ ɧɚ 
ɩɿɞɫɬɚɜɿ ɧɚɹɜɧɨɫɬɿ ɡɚɥɟɠɧɨɫɬɿ (8) ɿ ɡɚɫɬɨɫɭɜɚɧɧɹ ɩɪɢɧɰɢɩɭ ɭɡɚɝɚɥɶɧɟɧɧɹ Ɂɚɞɟ 
ɬɟɨɪɿʀ ɧɟɱɿɬɤɢɯ ɦɧɨɠɢɧ ɭ ɜɢɝɥɹɞɿ: 
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11 1 21 2 1( ) ( ( ) ( ) .... ( ))
k

k k k
D n na      =     

……. 

1 1 2 2( ( ) ( ) .... ( ))k k k
j j nj n          

……. 

1 21 2
( ( ) ( ) .... ( )), 1,2,...,

k k k

k k k
ns s ns

k L         = . 

(12) 

Ɂɚɦɿɧɢɦɨ ɜ (12) ɨɩɟɪɚɰɿɸ ɧɟɱɿɬɤɨɝɨ «ɌȺ» () ɜ ɤɨɠɧɨɦɭ j-ɨɦɭ, 
1,2, , kj s=  , ɩɪɚɜɢɥɿ ɞɨɛɭɬɤɨɦ ɿ ɨɬɪɢɦɚєɦɨ: 

1 1 2 2 1 1 2 2
1

( ) ( ) .... ( ) ( ) ( ) .... ( ) ( ),
n

k k k k k k k
j j nj n j j nj n ij i

i

             
=

   =    =
1,2, , kj s=  , k = 1, 2, …, L, 

(13) 

ɬɨɞɿ ɜɢɪɚɡ ɞɥɹ ( )
kD a  ɡ (12), ɿɡ ɭɪɚɯɭɜɚɧɧɹɦ (13), ɩɟɪɟɩɢɲɟɦɨ ɭ ɜɢɞɿ 

( )
kD a = 1

1 1 1

( ) ... ( ) ... ( )
k

n n n
k k k
i i ij i iis

i i i

     
= = =

      , (14) 

ɞɟ     
2

1
( ) ,

1

k
ij i

k
i ij

k
ij

b

c

 


=
 −
 +
 
 

 1,2, , ,  i n=  1,2, , kj s=  , k = 1, 2, …, L. 

(15) 

Ʉɪɿɦ ɬɨɝɨ, ɞɥɹ ɞɨɫɹɝɧɟɧɧɹ ɛɿɥɶɲɨʀ ɝɧɭɱɤɨɫɬɿ ɦɨɞɟɥɿ, ɩɨɫɬɚɜɢɦɨ ɭ 
ɜɿɞɩɨɜɿɞɧɿɫɬɶ ɤɨɠɧɨɦɭ ɩɪɚɜɢɥɭ ɱɢɫɥɨ [0,1]k

jw  , ɹɤɟ ɨɡɧɚɱɚє ɫɬɭɩɿɧɶ 
ɞɨɫɬɨɜɿɪɧɨɫɬɿ j-ɝɨ ɩɪɚɜɢɥɚ ɞɥɹ k-ɝɨ ɤɥɚɫɭ. Ɍɨɞɿ, ɩɪɢ ɭɪɚɯɭɜɚɧɧɿ (13), ɜɢɯɿɞ j-
ɝɨ ɩɪɚɜɢɥɚ ɛɭɞɟɦɨ ɜɢɡɧɚɱɚɬɢ ɡɚ ɮɨɪɦɭɥɚɦɢ:  

1 2
1

( , ,..., ) ( ),
n

k k k
j n j ij i

i

p w    
=

=   1,2, , kj s=  , k = 1, 2, …, L. (16) 

Ɂɚɦɿɧɢɦɨ ɜ (14) ɨɩɟɪɚɰɿɸ ɧɟɱɿɬɤɨɝɨ «ȺȻɈ» () ɫɭɦɨɸ ɡ ɭɪɿɡɚɧɧɹɦ 
ɡɧɚɱɟɧɧɹ ɞɨ ɨɞɢɧɢɰɿ ɿ, ɜɪɚɯɨɜɭɸɱɢ (16), ɜɢɯɿɞ ɤɥɚɫɭ ɩɪɚɜɢɥ ɛɭɞɟɦɨ 
ɨɛɱɢɫɥɸɜɚɬɢ ɡɚ ɮɨɪɦɭɥɚɦɢ: 

1 2 1 2
1 1

( , ,..., ), ɹɤɳɨ ( , ,..., ) 1,
( )

1 іɧаɤɲɟ,

k k

Dk

s s
k k
j n j n

j j

p p
a

     
 = =




= 



 
 

k = 1, 2, …, L. 

 
(17) 

Ȼɥɨɤ ɞɟɮɚɡɢɮɿɤɚɰɿʀ. Ⱦɥɹ ɨɬɪɢɦɚɧɧɹ ɬɨɱɧɨɝɨ (ɱɿɬɤɨɝɨ) ɡɧɚɱɟɧɧɹ ɜɢɯɿɞɧɨʀ 
ɡɦɿɧɧɨʀ ɛɭɞɟɦɨ ɡɚɫɬɨɫɨɜɭɜɚɬɢ ɞɢɫɤɪɟɬɧɢɣ ɚɧɚɥɨɝ ɦɟɬɨɞɭ ɰɟɧɬɪɭ ɬɹɠɿɧɧɹ [4]: 
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1

1

( )

        

( )

k

k

L

k D
k

L

D
k

d a

a

a





=

=

=



. (18) 

Ɍɚɤɢɦ ɱɢɧɨɦ, ɦɢ ɩɨɛɭɞɭɜɚɥɢ ɧɟɱɿɬɤɭ ɦɨɞɟɥɶ ɨɛ'єɤɬɚ (8) ɭ ɜɢɝɥɹɞɿ 
ɫɩɿɜɜɿɞɧɨɲɟɧɶ (15) - (18), ɫɬɪɭɤɬɭɪɚ ɹɤɨʀ ɜɿɞɩɨɜɿɞɚє ɟɤɫɩɟɪɬɧɿɣ ɧɟɱɿɬɤɿɣ ɛɚɡɿ 
ɡɧɚɧɶ ɿ ɝɪɭɛɨ ɨɩɢɫɭє ɲɭɤɚɧɭ ɡɚɥɟɠɧɿɫɬɶ (8).  

ɇɚɩɢɲɟɦɨ ɩɨɛɭɞɨɜɚɧɭ ɧɟɱɿɬɤɭ ɦɨɞɟɥɶ ɭ ɜɢɝɥɹɞɿ 
( , , , ),a F B C W=  (19) 

ɬɭɬ 1( ,..., )n  =  – ɜɯɿɞɧɢɣ ɜɟɤɬɨɪ, { }k
jW w= ,  0;1jw  , 1, , kj s=  , ɧɚɛɿɪ 

ɜɚɝɨɜɢɯ ɤɨɟɮɿɰɿєɧɬɿɜ ɩɪɚɜɢɥ, { }k
ijB b= , min max; 

i i

k
ijb b b   , 

expm n
(

i
)min( )

i

m
i

m
b = , 

expm x
(

a
)max( )

i

m
i

m
b = , { }k

ijC c= ,  0;ijc  +  – ɧɚɛɨɪɢ 

ɩɚɪɚɦɟɬɪɿɜ ɧɚɫɬɪɨɣɤɢ ɮɭɧɤɰɿɣ ɧɚɥɟɠɧɨɫɬɿ (17), 1,...,i n= , 1,2, , kj s=  , k = 1, 

2, …, L; F – ɮɭɧɤɰɿɹ ɡɜ’ɹɡɤɭ ɜɯɨɞɢ-ɜɢɯɿɞ, ɹɤɚ ɜɤɥɸɱɚє ɧɚɜɟɞɟɧɿ ɜɢɳɟ 
ɩɟɪɟɬɜɨɪɟɧɧɹ. 

əɤɳɨ ɩɨɛɭɞɨɜɚɧɚ ɦɨɞɟɥɶ (19) ɧɟɞɨɫɬɚɬɧɶɨ ɬɨɱɧɨ ɨɩɢɫɭє ɦɨɞɟɥɶɨɜɚɧɢɣ 
ɨɛ'єɤɬ (8), ɬɨ ɧɟɨɛɯɿɞɧɨ ɧɚɫɬɪɨʀɬɢ ʀʀ, ɬɨɛɬɨ ɡɧɚɣɬɢ ɬɚɤɿ ɩɚɪɚɦɟɬɪɢ B, C, W, ɹɤɿ 
ɦɿɧɿɦɿɡɭɸɬɶ ɜɿɞɯɢɥɟɧɧɹ ɦɨɞɟɥɶɧɢɯ (ɬɟɨɪɟɬɢɱɧɢɯ, ɨɬɪɢɦɚɧɢɯ ɡɚ ɦɨɞɟɥɥɸ 
(19)) ɜɿɞ ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɢɯ ɞɚɧɢɯ. 

ɉɟɪɟɣɞɟɦɨ ɞɨ ɞɪɭɝɨɝɨ ɟɬɚɩɭ - ɧɚɫɬɪɨɣɤɢ ɧɟɱɿɬɤɨʀ ɦɨɞɟɥɿ (19). Ɍɨɞɿ ɜ 
ɬɟɪɦɿɧɚɯ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɩɪɨɝɪɚɦɭɜɚɧɧɹ ɡɚɞɚɱɚ ɧɚɫɬɪɨɣɤɢ ɧɟɱɿɬɤɨʀ ɦɨɞɟɥɿ 
ɦɨɠɟ ɛɭɬɢ ɫɮɨɪɦɭɥɶɨɜɚɧɚ ɬɚɤɢɦ ɱɢɧɨɦ: 

ɡɧɚɣɬɢ ɜɟɤɬɨɪ (B,C,W), ɹɤɢɣ ɡɚɛɟɡɩɟɱɭє  

exp exp
, ,

( , , , ) min
B C W

F B C W a − → . (20) 

ɉɨɡɧɚɱɢɦɨ ɜɟɤɬɨɪ ( , , )B C W = , 1{ ... ... }i nQ Q Q Q  =     , ɞɟ 

   min max; 0; 0;1
i iiQ b b =  +   , 1,...,i n= , ɬɚ ɩɟɪɟɩɢɲɟɦɨ ɡɚɞɚɱɭ ɨɩɬɢɦɿɡɚɰɿʀ 

(20) ɭ ɜɢɞɿ 
( ) min

Q
f





→ , 

(21) 

ɞɟ exp( )f a a = − , a  – ɪɟɡɭɥɶɬɚɬɢ, ɹɤɿ ɪɨɡɪɚɯɨɜɚɧɿ ɡɚ ɦɨɞɟɥɥɸ (19), expa  – 

ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɿ ɞɚɧɿ. 
Ɍɭɬ ɧɨɪɦɚ   ɜɢɡɧɚɱɚєɬɶɫɹ ɹɤ ɟɜɤɥɿɞɨɜɚ ɦɟɬɪɢɤɚ 

( )2( ) ( )
exp exp

1

1 M
m m

m

a a a a
M =

− = − , (22) 
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ɞɟ ( )
exp

ma  – ɡɧɚɱɟɧɧɹ ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɨʀ a  ɡ m -ɨʀ ɩɚɪɢ ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɨʀ 

ɜɢɛɿɪɤɢ ( ) ( )
exp exp{ , }m ma , 1,...,m M= ; ( )ma  – ɪɟɡɭɥɶɬɚɬɢ, ɪɨɡɪɚɯɨɜɚɧɿ ɡɚ 

ɦɨɞɟɥɥɸ (15)-(18) ɞɥɹ ɡɧɚɱɟɧɶ ɜɯɿɞɧɢɯ ɡɦɿɧɧɢɯ   ɡ m -ɨʀ ɩɚɪɢ 
ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɨʀ ɜɢɛɿɪɤɢ. 

Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɨɩɬɢɦɿɡɚɰɿʀ (21) ɛɭɞɟɦɨ ɡɚɫɬɨɫɨɜɭɜɚɬɢ r-ɚɥɝɨɪɢɬɦ 
ɇ.Ɂ.ɒɨɪɚ ɜ ɇ-ɮɨɪɦɿ [1], ɡ ɿɬɟɪɚɰɿɣɧɨɸ ɮɨɪɦɭɥɨɸ ɭ ɜɢɞɿ 
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k fk k

Q k
k k

k f f

H g
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H g g
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, 0,1,2,...k =  (23) 

ɞɟ PQ  - ɨɩɟɪɚɬɨɪ ɩɪɨɟɤɬɭɜɚɧɧɹ ɧɚ Q , 0kh   - ɤɪɨɤɨɜɢɣ ɦɧɨɠɧɢɤ; ( )( )k
fg   - 

ɫɭɛɝɪɚɞɿєɧɬ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ ( )f   ɡ (21) ɭ ɬɨɱɰɿ ( )k = , ɹɤɢɣ 
ɪɨɡɪɚɯɨɜɭєɬɶɫɹ ɞɥɹ , , ,k i j m : 1,...,k L= , 1,...,i n= , 1,..., kj s= , 1,...,m M= , ɡɚ 
ɬɚɤɢɦɢ ɮɨɪɦɭɥɚɦɢ:  
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Ɂɚɭɜɚɠɢɦɨ, ɳɨ r-ɚɥɝɨɪɢɬɦ є ɦɟɬɨɞɨɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱ ɛɟɡɭɦɨɜɧɨʀ 
ɨɩɬɢɦɿɡɚɰɿʀ. ȼ ɡɚɥɟɠɧɨɫɬɿ ɜɿɞ ɜɢɝɥɹɞɭ ɮɭɧɤɰɿɣ ɧɚɥɟɠɧɨɫɬɿ ɬɟɪɦɿɜ ɞɥɹ 
ɧɟɱɿɬɤɢɯ ɡɦɿɧɧɢɯ ɦɨɞɟɥɿ ɩɪɢ ɜɢɤɨɪɢɫɬɚɧɧɿ r-ɚɥɝɨɪɢɬɦɭ ɧɟɨɛɯɿɞɧɨ ɜɜɟɫɬɢ ɞɨ 
ɰɿɥɶɨɜɨɝɨ ɮɭɧɤɰɿɨɧɚɥɭ ɧɟɝɥɚɞɤɿ ɲɬɪɚɮɢ ɬɚ ɜɪɚɯɭɜɚɬɢ ʀɯ ɩɪɢ ɪɨɡɪɚɯɭɧɤɭ ɣɨɝɨ 
ɝɪɚɞɿєɧɬɭ. 

ɍ ɞɚɧɿɣ ɡɚɞɚɱɿ ɨɛɦɟɠɟɧɧɹ ɞɥɹ ɩɚɪɚɦɟɬɪɚ B, ɳɨ ɧɚɜɟɞɟɧɿ ɜɢɳɟ, ɞɨɞɚɸɬɶɫɹ 
ɞɨ ɰɿɥɶɨɜɨɝɨ ɮɭɧɤɰɿɨɧɚɥɭ ɭ ɜɢɝɥɹɞɿ ɧɟɝɥɚɞɤɨʀ ɲɬɪɚɮɧɨʀ ɮɭɧɤɰɿʀ 

( ) ( )( )min max
11 1

max 0, max 0,
i i

kL
k k
i

sn

j ij
ki j

S b b b b
== =

− + − −  , ɨɛɦɟɠɟɧɧɹ ɞɥɹ 

ɩɚɪɚɦɟɬɪɚ C - ɭ ɜɢɝɥɹɞɿ ɧɟɝɥɚɞɤɨʀ ɲɬɪɚɮɧɨʀ ɮɭɧɤɰɿʀ 

( )
11 1

max 0,
kL

k
ij

ki j

sn
S c

== =
−  −  , ɚ ɞɥɹ ɩɚɪɚɦɟɬɪɚ W – ɭ ɜɢɝɥɹɞɿ ɧɟɝɥɚɞɤɨʀ ɲɬɪɚɮɧɨʀ 

ɮɭɧɤɰɿʀ ( )( )
1 1

max 0, x 1)ma (0,
k k k

j

s

k j

L

jS w w
= =

−  − + −  , ɞɟ S – ɜɟɥɢɤɟ ɞɨɞɚɬɧɟ ɱɢɫɥɨ 
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(ɡɧɚɱɧɨ ɛiɥɶɲɟ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɡ ɦɧɨɠɧɢɤiɜ Ʌɚɝɪɚɧɠɚ ɞɥɹ ɰiɥɶɨɜɨɝɨ 
ɮɭɧɤɰiɨɧɚɥɭ). 
 ɍ ɪɟɡɭɥɶɬɚɬɿ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɨɩɬɢɦɿɡɚɰɿʀ (21) ɨɬɪɢɦɭєɦɨ ɜɟɤɬɨɪ 

* * * *( , , )B C W = , ɹɤɢɣ ɞɨɫɬɚɜɥɹє ɦɿɧɿɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ ɰɿɥɶɨɜɿɣ ɮɭɧɤɰɿʀ 
( )f  . Ɍɨɛɬɨ ɨɬɪɢɦɭєɦɨ ɬɚɤɿ ɡɧɚɱɟɧɧɹ * *{ }k

jW w=  – ɞɥɹ ɧɚɛɨɪɭ ɜɚɝɨɜɢɯ 
ɤɨɟɮɿɰɿєɧɬɿɜ ɩɪɚɜɢɥ ɿ ɧɚɛɨɪɿɜ ɩɚɪɚɦɟɬɪɿɜ * * * *{ },  { }k k

ij ijB b C c= =  ɮɭɧɤɰɿɣ 
ɧɚɥɟɠɧɨɫɬɿ (15), ɞɥɹ ɹɤɢɯ ɜɿɞɯɢɥɟɧɧɹ ɜɢɞɭ (22) ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɢɯ ɞɚɧɢɯ ɜɿɞ 
ɦɨɞɟɥɶɧɢɯ, ɨɬɪɢɦɚɧɢɯ ɩɿɫɥɹ ɧɚɫɬɪɨɣɤɢ ɧɟɱɿɬɤɨʀ ɦɨɞɟɥɿ, ɞɨɫɹɝɚє ɦɿɧɿɦɚɥɶɧɨɝɨ 
ɡɧɚɱɟɧɧɹ. 
 ɇɚɜɟɞɟɦɨ ɪɟɡɭɥɶɬɭɸɱɭ ɧɟɣɪɨɧɟɱɿɬɤɭ ɿɞɟɧɬɢɮɿɤɚɰɿɸ ɡɚɥɟɠɧɨɫɬɿ (8) ɭ 
ɜɢɝɥɹɞɿ ɧɚɫɬɭɩɧɢɯ ɫɩɿɜɜɿɞɧɨɲɟɧɶ: 

*

1

*

1

( )

( )  

( )

k

k

L

k D
k

L

D
k

d a

a

a






=

=


=



,    1 ... ...i n  =        , (24) 

ɞɟ  

* *
1 2 1 2*

1 1

( , ,..., ), ɹɤɳɨ ( , ,..., ) 1,
( )

1 іɧаɤɲɟ,

k k

Dk

s s
k k
j n j n

j j

p p
a

     
 = =


 = 



 

 

(25) 

* * *
1 2

1

( , ,..., ) ( ),
n

k k k
j n j ij i

i

p w    
=

=   (26) 

*
2*

*

1
( )

1

k
ij i

k
i ij

k
ij

b

c

 


=
 −
 +
 
 

,     1,...,i n= , 1,..., kj s= , k = 1, 2, …, L. 

(27) 

 ɍ ɫɩɿɜɜɿɞɧɨɲɟɧɧɹɯ (24)-(27) ɡɧɚɱɟɧɧɹ *( )k
ij i  , *

1 2( , ,..., )k
j np    , * ( )

Dk
a  

ɪɨɡɪɚɯɨɜɭɸɬɶɫɹ ɩɪɢ ɨɩɬɢɦɚɥɶɧɢɯ ɡɧɚɱɟɧɧɹɯ ɩɚɪɚɦɟɬɪɿɜ 
* *{ }k

jW w= , * * * *{ },  { }k k
ij ijB b C c= = , ɨɬɪɢɦɚɧɢɯ ɩɿɫɥɹ ɧɚɫɬɪɨɣɤɢ. 

Ⱥɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɡ ɧɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɨɸ ɿɞɟɧɬɢɮɿɤɚɰɿєɸ 

ɧɟɱɿɬɤɢɯ ɩɚɪɚɦɟɬɪɿɜ ia .  

Ⱦɥɹ ɮɨɪɦɭɥɸɜɚɧɧɹ ɚɥɝɨɪɢɬɦɭ ɪɨɡɜ'ɹɡɚɧɧɹ ɡɚɞɚɱɿ (5)-(7) ɡ ɧɟɱɿɬɤɢɦɢ 
ɩɚɪɚɦɟɬɪɚɦɢ , 1,...,ia i N= , ɩɟɪɟɩɢɲɟɦɨ ɡɚɞɚɱɭ Ⱥ (ɡ ɱɿɬɤɢɦɢ ɩɚɪɚɦɟɬɪɚɦɢ), 
ɜɜɨɞɹɱɢ ɯɚɪɚɤɬɟɪɢɫɬɢɱɧɭ ɮɭɧɤɰɿɸ  

1,  ,
( )

0, \ , 1,...,  ,

i
i

i

x
x

x i N



=    =
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ɩɿɞɦɧɨɠɢɧɢ i , 1,...,  i N= , ɭ ɜɢɞɿ ɡɚɞɚɱɿ B. 

 

Ɂɚɞɚɱɚ ȼ. Ɂɧɚɣɬɢ 

2( ( ), )
min ( ( ), )

N
I

 
 

  
   

ɞɟ  
2 1( ) : ( ) ɦаɣɠɟ вɫɸɞɢ (ɦ.в.) ɞɥɹ ;x x x  =     

( ) ( ) , 1,...,i ix x dx b i p 


= = ,    ( ) ( ) , 1,..., }i ix x dx b i p N 


 = + ,  

1 1( ) ( ( ),..., ( )) : ( ) 0 1ɦ.в. ɞɥɹ , 1,..., ,N ix x x x x i N    = = =   =   

1
( ) 1ɦ.в. ɞɥɹ };

N

i
i

x x
=
 =     ( )1 ,..., N  = ... N

N

  = . 

 

 

Ɍɭɬ 

( ) ( )
1

( ( ), ) ( ( ,  ) )
N

i i i
i

I c x a x x dx    
=

 = + . 
 

Ɉɩɬɢɦɚɥɶɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ B ɦɚє ɧɚɫɬɭɩɧɢɣ ɜɢɝɥɹɞ ɞɥɹ 1,...,i N=  ɬɚ 
ɦɚɣɠɟ ɜɫɿɯ x  [1]: 

* *
* *

* *

1,  ɹɤɳɨ ( , ) ( , ) ,

( )  ɦ.в. ɞɥɹ , 1,..., ,  ɬɨɞі ,
0  в іɧɲɢх вɢɩаɞɤах,

ii i j j j

i i

c x a c x a

x i j x j N x

   



 + +  + +
=   = 



 

 

  

ɜ ɹɤɨɫɬɿ *1 *,...,  N  , * *
1 ,...,  N   ɨɛɢɪɚєɬɶɫɹ ɨɩɬɢɦɚɥɶɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ 

( )1
1,..., 1

( ) min ( , ) min min [ ( , ) ] max
N N

N

i i i i i
i N i

G G c x a x dx b
 

      
=  =

 
= == + + − → 


  (28) 

ɡɚ ɭɦɨɜ 
0, 1,..., ,i i p N  = +  (29) 

ɞɟ 

1
1,..., 1

( , ) min [ ( , ) ] ( ) .
N

i i i i i
i N i

G c x a x dx b     
= =

= + + −   (30) 

Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɨʀ ɡɚɞɚɱɿ (28) - (30) ɡ ɧɟɞɢɮɟɪɟɧɰɿɣɨɜɧɨɸ 
ɮɭɧɤɰɿєɸ (30) ɡɚɫɬɨɫɭєɦɨ ɟɜɪɢɫɬɢɱɧɢɣ ɚɥɝɨɪɢɬɦ ɩɫɟɜɞɨɝɪɚɞɿєɧɬɿɜ ɡ 
ɪɨɡɬɹɝɭɜɚɧɧɹɦ ɩɪɨɫɬɨɪɭ ɜ ɧɚɩɪɹɦɭ ɪɿɡɧɢɰɿ ɞɜɨɯ ɩɨɫɥɿɞɨɜɧɢɯ ɝɪɚɞɿєɧɬɿɜ, 
ɛɥɢɡɶɤɢɣ ɞɨ r-ɚɥɝɨɪɢɬɦɭ ɇ.Ɂ. ɒɨɪɚ [5].  

Ⱦɥɹ ɰɶɨɝɨ ɜɿɞ ɡɚɞɚɱɿ (28),(29) ɩɟɪɟɣɞɟɦɨ ɞɨ ɡɚɞɚɱɿ ɛɟɡɭɦɨɜɧɨʀ ɦɚɤɫɢɦɿɡɚɰɿʀ 
ɩɨ   ɡɚ ɞɨɩɨɦɨɝɨɸ ɜɜɟɞɟɧɧɹ ɜ ɰɿɥɶɨɜɭ ɮɭɧɤɰɿɸ (30) ɧɟɝɥɚɞɤɨʀ ɲɬɪɚɮɧɨʀ 
ɮɭɧɤɰɿʀ ɦɧɨɠɢɧɢ  0, 1,...,i i p N  = + . Ɂɧɚɣɬɢ  
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max min ( , )
N

N

P
 

 
 

,  

1
1

( , ) ( , ) max(0, )
N

i
i p

P G S    
= +

= − − , 
 

ɞɟ S  − ɞɨɫɢɬɶ ɜɟɥɢɤɟ ɞɨɞɚɬɧɟ ɱɢɫɥɨ (ɡɧɚɱɧɨ ɛɿɥɶɲɟ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɡ 
ɦɧɨɠɧɢɤɿɜ Ʌɚɝɪɚɧɠɚ ɞɥɹ ɮɭɧɤɰɿʀ (30)). 

ȼɢɡɧɚɱɢɦɨ i-ɬɭ, 1,...,i N= , ɤɨɦɩɨɧɟɧɬɭ 2N-ɜɢɦɿɪɧɨɝɨ ɜɟɤɬɨɪɚ 
ɭɡɚɝɚɥɶɧɟɧɨɝɨ ɩɫɟɜɞɨɝɪɚɞɿєɧɬɚ  

( ) ( )1 1( , ) ( , ), ( , ) ( , ),..., ( , ), ( , ),..., ( , )N N
P P P P P P Pg g g g g g g

               = − = − −  

ɮɭɧɤɰɿʀ ( , )P    ɜ ɬɨɱɰɿ ( )1 1( , ) ,..., , ,...,N N     =  ɬɚɤɢɦ ɱɢɧɨɦ: 

( )

( ) ( ) , 1,..., ,

( , )
( ) ( ) max 0,sign( ) , 1,..., ,

i

i i

P
i i i

x x dx b i p

g
x x dx b S i p N


 

 
  





 − =
= 

− + − = +





 (31) 

( , ) ( ) ( , ) ( ) , 1,..., ,i i
c iPg x g x x dx i N

     


= =  (32) 

ɞɟ ( , )i
Pg x
  − i-ɚ ɤɨɦɩɨɧɟɧɬɚ N-ɜɢɦɿɪɧɨɝɨ ɜɟɤɬɨɪɚ ɭɡɚɝɚɥɶɧɟɧɨɝɨ ɝɪɚɞɿєɧɬɚ 

( , )Pg x
   ɮɭɧɤɰɿʀ ( , )ic x   ɜ ɬɨɱɰɿ ( )1,..., ,...,i N   =  ɩɪɢ ɮɿɤɫɢɜɚɧɨɦɭ ɯ, ɹɤɚ 

ɦɚє ɜɢɞ 
(1)

( )

( , )

( , ) ...............

( , )

i

i

n
i

c

c

c

g x

g x

g x












 
 
 =
 
 
 

. 

 

ɍ ɮɨɪɦɭɥɚɯ (31), (32) ( )i x , 1,...,i N= , ɜɢɡɧɚɱɚєɬɶɫɹ ɧɚɫɬɭɩɧɢɦ ɱɢɧɨɦ: 

( )
( ) ( )1, ɩɪɢ , , ,

ɩ. в. ɞɥɹ , 1,..., ,
0 в іɧɲɢх вɢɩаɞɤах.

i i i j j j

i

c x a c x a

x i j x j N

   



 + +  + +

=   =



 (33) 

Ɉɩɢɲɟɦɨ ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ (5)-(7). 
Ⱥɥɝɨɪɢɬɦ. 
Ɉɛɥɚɫɬɶ  ɭɤɥɚɞɚєɦɨ ɜ n-ɜɢɦɿɪɧɢɣ ɩɚɪɚɥɟɥɟɩɿɩɟɞ ɉ, ɫɬɨɪɨɧɢ ɹɤɨɝɨ 

ɩɚɪɚɥɟɥɶɧɿ ɜɿɫɹɦ ɞɟɤɚɪɬɨɜɨʀ ɫɢɫɬɟɦɢ ɤɨɨɪɞɢɧɚɬ, ɜɜɚɠɚєɦɨ ( ) 0x =  ɞɥɹ 
\x  . ɉɚɪɚɥɟɥɟɩɿɩɟɞ ɉ ɩɨɤɪɢɜɚєɦɨ ɩɪɹɦɨɤɭɬɧɨʀ ɫɿɬɤɨɸ ɿ ɡɚɞɚєɦɨ 

ɩɨɱɚɬɤɨɜɟ ɧɚɛɥɢɠɟɧɧɹ (0) (0)( , ) ( , )   = . Ɉɛɱɢɫɥɸєɦɨ ɡɧɚɱɟɧɧɹ (0) ( )x  ɭ 
ɜɭɡɥɚɯ ɫɿɬɤɢ ɡɚ ɮɨɪɦɭɥɚɦɢ (33) ɩɪɢ (0) (0),   = =  ɬɚ , 1,...,ia i N= , ɹɤɿ 
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ɨɛɱɢɫɥɟɧɿ ɡɚ ɮɨɪɦɭɥɚɦɢ (24)-(27), ɞɟ ɜ ɹɤɨɫɬɿ a  ɜɡɹɬɿ ɜɿɞɩɨɜɿɞɧɿ , 1,...,ia i N= . 

Ɉɛɱɢɫɥɸєɦɨ ɡɧɚɱɟɧɧɹ (0) (0)( , )Pg   , (0) (0)( , )Pg    ɭ ɜɭɡɥɚɯ ɫɿɬɤɢ ɡɚ 

ɮɨɪɦɭɥɚɦɢ (31) ɬɚ (32) ɩɪɢ (0)( ) ( )x x = , (0) (0),   = = , ɬɚ , 1,...,ia i N= , 

ɹɤɿ ɨɛɱɢɫɥɟɧɿ ɡɚ ɮɨɪɦɭɥɚɦɢ (24)-(27), ɜɢɛɢɪɚєɦɨ ɩɨɱɚɬɤɨɜɢɣ ɩɪɨɛɧɢɣ ɤɪɨɤ 

0 0h   r-ɚɥɝɨɪɢɬɦɭ ɬɚ ɡɧɚɯɨɞɢɦɨ 

( )( )(1) (0) (0) (0)
0 ,Ph g   =  − ,  

( )(1) (0) (0) (0)
0 ,Ph g   = − ,  

ɞɟ P  − ɨɩɟɪɚɬɨɪ ɩɪɨɟɤɬɭɜɚɧɧɹ ɧɚ ɉ. 
ɉɟɪɟɯɨɞɢɦɨ ɞɨ ɞɪɭɝɨɝɨ ɤɪɨɤɭ. 
ɇɟɯɚɣ ɜ ɪɟɡɭɥɶɬɚɬɿ ɨɛɱɢɫɥɟɧɶ ɩɿɫɥɹ k , 1,2,...k = , ɤɪɨɤɿɜ ɚɥɝɨɪɢɬɦɭ ɨɬɪɢɦɚɧɿ 

ɩɟɜɧɿ ɡɧɚɱɟɧɧɹ ( ) ( ),k k  , ( 1) ( )k x − , ɭ ɜɭɡɥɚɯ ɫɿɬɤɢ.  
Ɉɩɢɲɟɦɨ ( 1k + )-ɣ ɤɪɨɤ. 

1. Ɉɛɱɢɫɥɸєɦɨ ɡɧɚɱɟɧɧɹ ( ) ( )k x  ɭ ɜɭɡɥɚɯ ɫɿɬɤɢ ɡɚ ɮɨɪɦɭɥɚɦɢ (33) ɩɪɢ 
( ) ( ),k k   = =  ɬɚ , 1,...,ia i N= , ɹɤɿ ɨɛɱɢɫɥɟɧɿ ɡɚ ɮɨɪɦɭɥɚɦɢ (24)-(27). 

2. Ɉɛɱɢɫɥɸєɦɨ ɡɧɚɱɟɧɧɹ ( )( ) ( ),k k
Pg    ɡɚ ɮɨɪɦɭɥɚɦɢ (31), (32) ɩɪɢ 

( ) ( ),k k   = = , ( )( ) ( )kx x =  ɬɚ , 1,...,ia i N= , ɹɤɿ ɨɛɱɢɫɥɟɧɿ ɡɚ ɮɨɪɦɭɥɚɦɢ 

(24)-(27). 
3. ɉɪɨɜɨɞɢɦɨ ( 1k + )-ɣ ɤɪɨɤ ɚɥɝɨɪɢɬɦɭ ɭɡɚɝɚɥɶɧɟɧɢɯ ɩɫɟɜɞɨɝɪɚɞɿєɧɬɿɜ ɡ 

ɪɨɡɬɹɝɭɜɚɧɧɹɦ ɩɪɨɫɬɨɪɭ, ɛɥɢɡɶɤɨɝɨ ɞɨ r-ɚɥɝɨɪɢɬɦɭ 5, ɤɨɪɨɬɤɚ ɫɯɟɦɚ ɹɤɨɝɨ 
ɦɚє ɜɢɝɥɹɞ  

( )( 1) ( )
1

k k
k k Ph B g  +

 +=  − ,  

( 1) ( )
1

k k
k Pkh B g  +

+= − ,  

ɞɟ 1 1,k kB B
+ +  − ɨɩɟɪɚɬɨɪɢ ɜɿɞɨɛɪɚɠɟɧɧɹ ɩɟɪɟɬɜɨɪɟɧɨɝɨ ɩɪɨɫɬɨɪɭ ɜ ɨɫɧɨɜɧɢɣ 

ɩɪɨɫɬɿɪ nE , ɩɪɢɱɟɦɭ 0 NB I = , 0 NB I =  ( NI  − ɨɞɢɧɢɱɧɚ ɦɚɬɪɢɰɹ); 

* ( ) ( )
1 ( , )k k

P k Pg B g  += ; kh  – ɤɪɨɤɨɜɢɣ ɦɧɨɠɧɢɤ, ɜɢɛɿɪ ɹɤɨɝɨ ɡɞɿɣɫɧɸєɬɶɫɹ ɡ 
ɭɦɨɜɢ ɦɿɧɿɦɭɦɭ ɪɿɡɧɢɰɿ 

( 1) ( ) ( ) ( 1)
1 1( , ) ( , )k k k kG G   − − −    

ɭ ɧɚɩɪɹɦɭ ɚɧɬɢɩɫɟɜɞɨɝɪɚɞɿєɧɬɚ ( , )g  −  ɭ ɩɟɪɟɬɜɨɪɟɧɨɦɭ ɩɪɨɫɬɨɪɿ. 
4. əɤɳɨ ɭɦɨɜɚ 

( ) ( )( 1) ( 1) ( ) ( ), , , 0k k k k     + + −   , (34) 

ɧɟ ɜɢɤɨɧɭєɬɶɫɹ, ɩɟɪɟɯɨɞɢɦɨ ɞɨ ( 2k + )-ɝɨ ɤɪɨɤɭ ɚɥɝɨɪɢɬɦɭ, ɹɤɳɨ 
ɜɢɤɨɧɭєɬɶɫɹ - ɬɨ ɞɨ ɩ. 5. 

5. ȼɜɚɠɚєɦɨ ( ) * ( )
* ,l l   = = , ( )

*( ) ( )lx x = , ɞɟ l  − ɧɨɦɟɪ ɿɬɟɪɚɰɿʀ, ɧɚ 
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ɹɤɿɣ ɜɢɤɨɧɚɥɚɫɹ ɭɦɨɜɚ (34). 
6. Ɉɛɱɢɫɥɸєɦɨ ɨɩɬɢɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ ɰɿɥɶɨɜɨɝɨ ɮɭɧɤɰɿɨɧɚɥɭ ɡɚ ɮɨɪɦɭɥɨɸ 

(30) ɩɪɢ *
*,   = =  ɬɚ , 1,...,ia i N= , ɹɤɿ ɨɛɱɢɫɥɟɧɿ ɡɚ ɮɨɪɦɭɥɚɦɢ (24)-(27), 

ɣ, ɞɥɹ ɤɨɧɬɪɨɥɸ ɩɪɚɜɢɥɶɧɨɫɬɿ ɪɨɡɪɚɯɭɧɤɿɜ, ɡɚ ɮɨɪɦɭɥɨɸ 

( )  * * * *
1

( ), ( , ) ( ) ( )
N

i i i
i

I c x a x x dx    
=

 = + . 
(35) 

Ⱥɥɝɨɪɢɬɦ ɨɩɢɫɚɧɢɣ. 
ȼɢɫɧɨɜɤɢ. ɍ ɪɨɛɨɬɿ ɪɨɡɪɨɛɥɟɧɨ ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɧɟɩɟɪɟɪɜɧɨʀ ɥɿɧɿɣɧɨʀ 

ɨɞɧɨɩɪɨɞɭɤɬɨɜɨʀ ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧɢ   ɡ n-ɜɢɦɿɪɧɨɝɨ 
ɟɜɤɥɿɞɨɜɨɝɨ ɩɪɨɫɬɨɪɭ ȿn ɧɚ ɩɿɞɦɧɨɠɢɧɢ 1,..., N   ɡ ɜɿɞɲɭɤɭɜɚɧɧɹɦ ɤɨɨɪɞɢɧɚɬ 
ɰɟɧɬɪɿɜ (ɡ ɪɨɡɬɚɲɭɜɚɧɧɹɦ ɰɟɧɬɪɿɜ) 1,...,  N   ɰɢɯ ɩɿɞɦɧɨɠɢɧ ɩɪɢ ɨɛɦɟɠɟɧɧɹɯ 

ɭ ɮɨɪɦɿ ɪɿɜɧɨɫɬɟɣ ɬɚ ɧɟɪɿɜɧɨɫɬɟɣ, ɰɿɥɶɨɜɢɣ ɮɭɧɤɰɿɨɧɚɥ ɹɤɨʀ ɦɚє ɧɟɱɿɬɤɿ 
ɩɚɪɚɦɟɬɪɢ. Ⱥɥɝɨɪɢɬɦ ɡɚɫɧɨɜɚɧɢɣ ɧɚ ɡɚɫɬɨɫɭɜɚɧɧɿ ɧɟɣɪɨɧɟɱɿɬɤɢɯ ɬɟɯɧɨɥɨɝɿɣ 
ɬɚ r-ɚɥɝɨɪɢɬɦɭ ɇ.Ɂ.ɒɨɪɚ. Ɋɨɡɪɨɛɥɟɧɢɣ ɚɥɝɨɪɢɬɦ ɞɨɡɜɨɥɹє ɪɨɡɜ’ɹɡɭɜɚɬɢ 
ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ ɜ ɭɦɨɜɚɯ ɧɟɜɢɡɧɚɱɟɧɨɫɬɿ, ɡɨɤɪɟɦɚ, 
ɡɚɞɚɱɿ, ɜ ɹɤɢɯ ɪɹɞ ɩɚɪɚɦɟɬɪɿɜ є ɧɟɱɿɬɤɢɦɢ, ɧɟɬɨɱɧɢɦɢ, ɚɛɨ є ɧɟɞɨɫɬɨɜɿɪɧɢɦ 
ɦɚɬɟɦɚɬɢɱɧɢɣ ɨɩɢɫ ɞɟɹɤɢɯ ɡɚɥɟɠɧɨɫɬɟɣ ɜ ɦɨɞɟɥɿ. 

 

Ȼɿɛɥɿɨɝɪɚɮɿɱɧɿ ɩɨɫɢɥɚɧɧɹ 
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Ⱦɧɿɩɪɨɜɫьɤɢɣ ɧɚɰɿɨɧɚɥьɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

 

ɊɈɁȼ’əɁȺɇɇə ɈȾɇȱЄȲ ɇȿɋɄȱɇɑȿɇɇɈȼɂɆȱɊɇɈȲ ɁȺȾȺɑȱ  

LOCATION-ALLOCATION ȱɁ ɇȿɑȱɌɄɂɆɂ ɉȺɊȺɆȿɌɊȺɆɂ 
 

ɋɮɨɪɦɭɥɶɨɜɚɧɨ ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɭ ɡɚɞɚɱɭ location-allocation ɡ ɧɟɱɿɬɤɢɦɢ 
ɩɚɪɚɦɟɬɪɚɦɢ. Ɋɨɡɪɨɛɥɟɧɨ ɩɪɨɝɪɚɦɧɟ ɡɚɛɟɡɩɟɱɟɧɧɹ, ɳɨ ɪɟɚɥɿɡɭє ɚɥɝɨɪɢɬɦ ʀʀ 
ɪɨɡɜ’ɹɡɚɧɧɹ ɧɚ ɨɫɧɨɜɿ ɧɟɣɪɨɧɟɱɿɬɤɢɯ ɬɟɯɧɨɥɨɝɿɣ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ r-ɚɥɝɨɪɢɬɦɭ ɒɨɪɚ. 
ȼɢɤɥɚɞɟɧɨ ɪɟɡɭɥɶɬɚɬɢ ɪɨɡɪɚɯɭɧɤɿɜ ɞɥɹ ɦɨɞɟɥɶɧɨʀ ɡɚɞɚɱɿ location-allocation ɡ 
ɧɟɱɿɬɤɢɦɢ ɩɚɪɚɦɟɬɪɚɦɢ, ɹɤɿ ɨɬɪɢɦɚɧɨ ɡɚ ɞɨɩɨɦɨɝɨɸ ɪɨɡɪɨɛɥɟɧɨɝɨ ɩɪɨɝɪɚɦɧɨɝɨ 

ɡɚɛɟɡɩɟɱɟɧɧɹ. 
Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɡɚɞɚɱɚ location-allocation, ɨɩɬɢɦɿɡɚɰɿɹ, ɧɟɱɿɬɤɢɣ ɩɚɪɚɦɟɬɪ, 

ɧɟɣɪɨɧɟɱɿɬɤɿ ɬɟɯɧɨɥɨɝɿʀ, r-ɚɥɝɨɪɢɬɦ. 

 

ɋɮɨɪɦɭɥɢɪɨɜɚɧɚ ɛɟɫɤɨɧɟɱɧɨɦɟɪɧɚɹ ɡɚɞɚɱɚ location-allocation ɫ ɧɟɱɟɬɤɢɦɢ 
ɩɚɪɚɦɟɬɪɚɦɢ. Ɋɚɡɪɚɛɨɬɚɧɨ ɩɪɨɝɪɚɦɦɧɨɟ ɨɛɟɫɩɟɱɟɧɢɟ, ɤɨɬɨɪɨɟ ɪɟɚɥɢɡɭɟɬ ɟɟ ɪɟɲɟɧɢɟ 
ɧɚ ɨɫɧɨɜɟ ɧɟɣɪɨɧɟɱɟɬɤɢɯ ɬɟɯɧɨɥɨɝɢɣ ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ r-ɚɥɝɨɪɢɬɦɚ ɒɨɪɚ. 
ɉɪɢɜɟɞɟɧɵ ɪɟɡɭɥɶɬɚɬɵ ɞɥɹ ɦɨɞɟɥɶɧɨɣ ɡɚɞɚɱɢ location-allocation ɫ ɧɟɱɟɬɤɢɦɢ 
ɩɚɪɚɦɟɬɪɚɦɢ, ɤɨɬɨɪɵɟ ɩɨɥɭɱɟɧɵ ɫ ɩɨɦɨɳɶɸ ɪɚɡɪɚɛɨɬɚɧɧɨɝɨ ɩɪɨɝɪɚɦɦɧɨɝɨ 
ɨɛɟɫɩɟɱɟɧɢɹ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɡɚɞɚɱɚ location-allocation, ɨɩɬɢɦɢɡɚɰɢɹ, ɧɟɱɟɬɤɢɣ ɩɚɪɚɦɟɬɪ, 
ɧɟɣɪɨɧɟɱɟɬɤɢɟ ɬɟɯɧɨɥɨɝɢɢ, r-ɚɥɝɨɪɢɬɦ. 

 

The problem of enterprises location with the simultaneous allocation of this region, contin-

uously filled by consumers, into consumer areas, where each of them is served by one en-

terprise, in order to minimize transportation and production costs, in the mathematical 

definition, are illustrated as infinite-dimensional optimal set partitioning problems (OSP) 

in non-intersecting subsets with the placement of centers of these subsets. A wide range of 

methods and algorithms have been developed to solve practical tasks of location-allocation, 

both finite-dimensional and infinite-dimensional. However, infinite-dimensional location-

allocation problems are significantly complicated in uncertainty, in particular case when a 

number of their parameters are fuzzy, inaccurate, or an unreliable mathematical descrip-

tion of some dependencies in the model is false. Such models refer to the fuzzy OSP tasks, 

and special solutions and methods are needed to solve them. This paper is devoted to the 

solution of an infinite-dimensional problem of location-allocation with fuzzy parameters, 

which in mathematical formulation are defined as continuous linear single-product prob-

lem of n-dimensional Euclidean space ȿn optimal set partitioning into a subset with the 

search for the coordinates of the centers of these subsets with constraints in the form of 

equalities and inequalities whose target functionality has fuzzy parameters. The software to 

solve the illustrated problem was developed. It works on the basis of neuron-fuzzy technol-

ogies with r-algorithm of Shore application. The object-oriented programming language 

C# and the Microsoft Visual Studio development environment were used. The results for a 

model-based problem of location-allocation with fuzzy parameters obtained in developed 

software are presented. The results comparison for the solution to solve the infinite-

dimensional problem of location-allocation with defined parameters and for the case where 

_______________________________________________________________ 
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some parameters of the problem are inaccurate, fuzzy or their mathematical description is 

false. 
Keywords: location-allocation problem, optimization, fuzzy parameter, neuro-fuzzy 

technologies, r-algorithm. 

 

ȼɫɬɭɩ. Ɂɚɞɚɱɿ ɪɨɡɦɿɳɟɧɧɹ (location) ɩɿɞɩɪɢєɦɫɬɜ ɡ ɨɞɧɨɱɚɫɧɢɦ ɪɨɡɛɢɬɬɹɦ 
(allocation) ɞɚɧɨɝɨ ɪɟɝɿɨɧɭ, ɧɟɩɟɪɟɪɜɧɨ ɡɚɩɨɜɧɟɧɨɝɨ ɫɩɨɠɢɜɚɱɚɦɢ, ɧɚ ɨɛɥɚɫɬɿ 
ɫɩɨɠɢɜɚɱɿɜ, ɤɨɠɧɚ ɡ ɹɤɢɯ ɨɛɫɥɭɝɨɜɭєɬɶɫɹ ɨɞɧɢɦ ɩɿɞɩɪɢєɦɫɬɜɨɦ, ɡ ɦɟɬɨɸ 
ɦɿɧɿɦɿɡɚɰɿʀ ɬɪɚɧɫɩɨɪɬɧɢɯ ɿ ɜɢɪɨɛɧɢɱɢɯ ɜɢɬɪɚɬ ɭ ɦɚɬɟɦɚɬɢɱɧɿɣ ɩɨɫɬɚɧɨɜɰɿ 
ɡɜɨɞɹɬɶɫɹ ɞɨ ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɢɯ ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ 
(ɈɊɆ) ɧɚ ɧɟɩɟɪɟɬɢɧɧɿ ɩɿɞɦɧɨɠɢɧɢ ɡ ɪɨɡɦɿɳɟɧɧɹɦ ɰɟɧɬɪɿɜ ɰɢɯ ɩɿɞɦɧɨɠɢɧ 
[1,2]. 

ɇɟɨɛɯɿɞɧɿɫɬɶ ɜ ɪɨɡɝɥɹɞɿ ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɢɯ ɡɚɞɚɱ ɪɨɡɦɿɳɟɧɧɹ ɜɢɧɢɤɚє 
ɬɨɞɿ, ɤɨɥɢ ɫɩɨɠɢɜɚɱɿɜ «ɞɭɠɟ ɛɚɝɚɬɨ», ɧɚɩɪɢɤɥɚɞ, ɜ ɡɚɞɚɱɚɯ ɩɪɨ ɬɟɥɟɮɨɧɧɢɯ, 
ɪɚɞɿɨ-, ɬɟɥɟɚɛɨɧɟɧɬɿɜ, ɩɪɨ ɲɤɿɥɶɧɿ ɪɟɝɿɨɧɢ, ɩɪɨ ɜɢɛɨɪɱɿ ɨɤɪɭɝɢ ɿ ɬɨɦɭ 
ɩɨɞɿɛɧɟ, ɿ ɮɨɪɦɭɥɸɜɚɧɧɹ ɡɚɞɚɱɿ ɪɨɡɦɿɳɟɧɧɹ ɹɤ ɞɢɫɤɪɟɬɧɨʀ ɦɚɬɟɦɚɬɢɱɧɨʀ 
ɦɨɞɟɥɿ ɫɬɚє ɧɟɞɨɰɿɥɶɧɨɸ ɱɟɪɟɡ ɬɪɭɞɧɨɳɿ, ɩɨɜ'ɹɡɚɧɿ ɡ ɪɨɡɜ’ɹɡɚɧɧɹɦ ɡɚɞɚɱ 
ɧɚɞɦɿɪɧɨ ɜɟɥɢɤɨʀ ɪɨɡɦɿɪɧɨɫɬɿ. 

Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɩɪɚɤɬɢɱɧɢɯ ɡɚɞɚɱ location-allocation, ɹɤ 
ɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɢɯ, ɬɚɤ ɿ ɧɟɤɿɧɱɟɧɧɨɜɢɦɿɪɧɢɯ, ɪɨɡɪɨɛɥɟɧɨ ɡɧɚɱɧɭ ɤɿɥɶɤɿɫɬɶ 
ɦɟɬɨɞɿɜ ɿ ɚɥɝɨɪɢɬɦɿɜ, ɫɟɪɟɞ ɹɤɢɯ ɜɤɚɠɟɦɨ ɧɚ ɩɿɞɯɿɞ, ɡɚɩɪɨɩɨɧɨɜɚɧɢɣ ɜ ɪɨɛɨɬɿ 
[3], ɞɟ ɚɜɬɨɪ ɧɚɞɚɜ ɬɚɤɨɠ ɿ ɨɝɥɹɞ ɥɿɬɟɪɚɬɭɪɢ ɡ ɩɿɞɯɨɞɿɜ, ɦɟɬɨɞɿɜ ɿ ɚɥɝɨɪɢɬɦɿɜ 
ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱ location-allocation ɭ ɱɿɬɤɢɯ ɭɦɨɜɚɯ. Ɉɞɧɚɤ, 
ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɿ ɡɚɞɚɱɿ location-allocation ɫɭɬɬєɜɨ ɭɫɤɥɚɞɧɸɸɬɶɫɹ ɜ 
ɭɦɨɜɚɯ ɧɟɜɢɡɧɚɱɟɧɨɫɬɿ, ɡɨɤɪɟɦɚ, ɤɨɥɢ ɪɹɞ ʀɯ ɩɚɪɚɦɟɬɪɿɜ є ɧɟɱɿɬɤɢɦɢ, 
ɧɟɬɨɱɧɢɦɢ, ɚɛɨ є ɧɟɞɨɫɬɨɜɿɪɧɢɦ ɦɚɬɟɦɚɬɢɱɧɢɣ ɨɩɢɫ ɞɟɹɤɢɯ ɡɚɥɟɠɧɨɫɬɟɣ ɜ 
ɦɨɞɟɥɿ. Ɍɚɤɿ ɦɨɞɟɥɿ ɜɿɞɧɨɫɹɬɶ ɞɨ ɧɟɱɿɬɤɢɯ ɡɚɞɚɱ ɈɊɆ, ɞɥɹ ʀɯ ɪɨɡɜ’ɹɡɚɧɧɹ 
ɩɨɬɪɿɛɧɚ ɪɨɡɪɨɛɤɚ ɫɩɟɰɿɚɥɶɧɢɯ ɩɿɞɯɨɞɿɜ ɿ ɦɟɬɨɞɿɜ. 

Ⱦɚɧɚ ɪɨɛɨɬɚ ɩɪɢɫɜɹɱɟɧɚ ɪɨɡɜ’ɹɡɚɧɧɸ ɨɞɧɿєʀ ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɨʀ ɡɚɞɚɱɿ 
location-allocation ɡ ɧɟɱɿɬɤɢɦɢ ɩɚɪɚɦɟɬɪɚɦɢ, ɹɤɚ ɭ ɦɚɬɟɦɚɬɢɱɧɿɣ ɩɨɫɬɚɧɨɜɰɿ 
ɡɜɨɞɢɬɶɫɹ ɞɨ ɧɟɩɟɪɟɪɜɧɨʀ ɥɿɧɿɣɧɨʀ ɨɞɧɨɩɪɨɞɭɤɬɨɜɨʀ ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ 
ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧɢ ɡ n-ɜɢɦɿɪɧɨɝɨ ɟɜɤɥɿɞɨɜɨɝɨ ɩɪɨɫɬɨɪɭ ȿn ɧɚ ɩɿɞɦɧɨɠɢɧɢ ɡ 
ɜɿɞɲɭɤɭɜɚɧɧɹɦ ɤɨɨɪɞɢɧɚɬ ɰɟɧɬɪɿɜ ɰɢɯ ɩɿɞɦɧɨɠɢɧ ɩɪɢ ɨɛɦɟɠɟɧɧɹɯ ɭ ɮɨɪɦɿ 
ɪɿɜɧɨɫɬɟɣ ɬɚ ɧɟɪɿɜɧɨɫɬɟɣ, ɰɿɥɶɨɜɢɣ ɮɭɧɤɰɿɨɧɚɥ ɹɤɨʀ ɦɚє ɧɟɱɿɬɤɿ ɩɚɪɚɦɟɬɪɢ. 

Ⱥɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɰɿєʀ ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɡ ɧɟɱɿɬɤɢɦɢ 
ɩɚɪɚɦɟɬɪɚɦɢ ɜ ɰɿɥɶɨɜɨɦɭ ɮɭɧɤɰɿɨɧɚɥɿ ɡɚɩɪɨɩɨɧɨɜɚɧɢɣ ɭ ɪɨɛɨɬɿ [4]. 

Ɂɚɫɬɨɫɭєɦɨ ɰɟɣ ɚɥɝɨɪɢɬɦ ɞɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɦɨɞɟɥɶɧɨʀ ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɨʀ 
ɡɚɞɚɱɿ location-allocation ɡ ɧɟɱɿɬɤɢɦɢ ɩɚɪɚɦɟɬɪɚɦɢ.  

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ. Ɋɨɡɝɥɹɧɟɦɨ ɫɩɪɨɳɟɧɭ ɦɨɞɟɥɶ ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɨʀ 
ɡɚɞɚɱɿ ɪɨɡɦɿɳɟɧɧɹ ɜɢɪɨɛɧɢɰɬɜɚ, ɳɨ ɧɚɡɢɜɚєɬɶɫɹ ɜ ɡɚɪɭɛɿɠɧɿɣ ɧɚɭɤɨɜɿɣ 
ɥɿɬɟɪɚɬɭɪɿ ɡɚɞɚɱɟɸ location-allocation [3], ɜ ɧɚɫɬɭɩɧɿɣ ɩɨɫɬɚɧɨɜɰɿ. 

ɇɟɯɚɣ ɫɩɨɠɢɜɚɱ ɞɟɹɤɨʀ ɨɞɧɨɪɿɞɧɨʀ ɩɪɨɞɭɤɰɿʀ ɪɿɜɧɨɦɿɪɧɨ ɪɨɡɩɨɞɿɥɟɧɢɣ ɜ 
ɨɛɥɚɫɬɿ 2E . ɋɤɿɧɱɟɧɧɟ ɱɢɫɥɨ N ɜɢɪɨɛɧɢɤɿɜ ɰɿєʀ ɩɪɨɞɭɤɰɿʀ ɪɨɡɬɚɲɨɜɚɧɿ ɜ 
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ɿɡɨɥɶɨɜɚɧɢɯ ɬɨɱɤɚɯ (1) (2)( , )i i i =   , 1,...,i N= , ɨɛɥɚɫɬɿ  . ȼɜɚɠɚɸɬɶɫɹ 
ɡɚɞɚɧɢɦɢ: ( )x  – ɩɨɩɢɬ ɧɚ ɩɪɨɞɭɤɰɿɸ ɫɩɨɠɢɜɚɱɚ ɡ ɤɨɨɪɞɢɧɚɬɚɦɢ 

(1) (2)( , )x x x= ; ( , )ic x  – ɜɚɪɬɿɫɬɶ ɬɪɚɧɫɩɨɪɬɭɜɚɧɧɹ ɨɞɢɧɢɰɿ ɩɪɨɞɭɤɰɿʀ ɜɿɞ 

ɜɢɪɨɛɧɢɤɚ (1) (2)( , )i i i =    ɫɩɨɠɢɜɚɱɟɜɿ ɡ ɤɨɨɪɞɢɧɚɬɚɦɢ (1) (2)( , )x x x= . 

ɉɟɪɟɞɛɚɱɚєɬɶɫɹ, ɳɨ ɩɪɢɛɭɬɨɤ ɜɢɪɨɛɧɢɤɚ ɡɚɥɟɠɢɬɶ ɬɿɥɶɤɢ ɜɿɞ ɣɨɝɨ ɜɢɬɪɚɬ, ɹɤɿ 
є ɫɭɦɨɸ ɜɢɪɨɛɧɢɱɢɯ ɿ ɬɪɚɧɫɩɨɪɬɧɢɯ ɜɢɬɪɚɬ.  

Ⱦɥɹ ɤɨɠɧɨɝɨ i-ɝɨ ɜɢɪɨɛɧɢɤɚ ɡɚɞɚɧɚ ɮɭɧɤɰɿɹ ( )i iY , ɳɨ ɨɩɢɫɭє ɡɚɥɟɠɧɿɫɬɶ 
ɜɚɪɬɨɫɬɿ ɜɢɪɨɛɧɢɰɬɜɚ ɜɿɞ ɣɨɝɨ ɩɨɬɭɠɧɨɫɬɿ iY , ɹɤɚ ɜɢɡɧɚɱɚєɬɶɫɹ ɡɚ ɮɨɪɦɭɥɨɸ 

( )

i

iY x dx


=  , ɿ ɧɚɜɟɞɟɧɿ ɤɚɩɿɬɚɥɶɧɿ ɜɢɬɪɚɬɢ ɧɚ ɪɟɤɨɧɫɬɪɭɤɰɿɸ i-ɝɨ ɜɢɪɨɛɧɢɤɚ 

ɞɥɹ ɡɛɿɥɶɲɟɧɧɹ ɣɨɝɨ ɩɨɬɭɠɧɨɫɬɿ ɜɿɞ ɿɫɧɭɸɱɨʀ ɞɨ ɩɪɨɟɤɬɧɨʀ iY . 

Ɇɧɨɠɢɧɭ ɫɩɨɠɢɜɚɱɿɜ   ɦɨɠɧɚ ɪɨɡɛɢɜɚɬɢ ɧɚ ɡɨɧɢ ɨɛɫɥɭɝɨɜɭɜɚɧɧɹ i  

ɫɩɨɠɢɜɚɱɿɜ i-ɦ ɜɢɪɨɛɧɢɤɨɦ ɬɚɤ, ɳɨɛ  

( )
1

, 0, , , 1,...,
N

i i j
i

mes i j i j N
=
 =   =  = . (1) 

ɉɪɢ ɰɶɨɦɭ ɩɨɬɭɠɧɿɫɬɶ i-ɝɨ ɜɢɪɨɛɧɢɤɚ ɜɢɡɧɚɱɚєɬɶɫɹ ɫɭɦɚɪɧɢɦ ɩɨɩɢɬɨɦ 
ɫɩɨɠɢɜɚɱɿɜ, ɳɨ ɧɚɥɟɠɚɬɶ i , ɿ ɧɟ ɩɟɪɟɜɢɳɭє ɡɚɞɚɧɢɯ ɨɛɫɹɝɿɜ: 

( )

i

ix dx b

  , 1,...,i N= , 

(2) 

ɧɟ ɜɢɤɥɸɱɚєɬɶɫɹ, ɳɨ ɞɟɹɤɿ ɡ ɩɿɞɦɧɨɠɢɧ i  ɜɢɹɜɥɹɬɶɫɹ ɩɨɪɨɠɧɿɦɢ. 
ɉɨɬɪɿɛɧɨ ɪɨɡɛɢɬɢ ɦɧɨɠɢɧɭ ɫɩɨɠɢɜɚɱɿɜ   ɧɚ ɡɨɧɢ ɨɛɫɥɭɝɨɜɭɜɚɧɧɹ ʀɯ N  

ɜɢɪɨɛɧɢɤɚɦɢ, ɬɨɛɬɨ ɧɚ ɩɿɞɦɧɨɠɢɧɢ i , 1,...,i N= , ɿ ɪɨɡɦɿɫɬɢɬɢ ɰɢɯ 
ɜɢɪɨɛɧɢɤɿɜ ɜ   ɬɚɤ, ɳɨɛ ɦɿɧɿɦɿɡɭɜɚɬɢ ɮɭɧɤɰɿɨɧɚɥ ɫɭɦɚɪɧɢɯ ɜɢɬɪɚɬ ɧɚ 
ɜɢɪɨɛɧɢɰɬɜɨ ɩɪɨɞɭɤɰɿʀ ɿ ɞɨɫɬɚɜɤɭ ʀʀ ɞɨ ɫɩɨɠɢɜɚɱɿɜ: 

   1 1( ,..., , ,.., )1

( ,  ) ( ) ( ) min
N Ni i

N

i i
i

c x x dx x dx
 

   
 =  

    + →     
    (3) 

ɡɚ ɭɦɨɜ (1), (2). 
Ɂɚɞɚɱɚ (1)-(3) – ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɚ ɡɚɞɚɱɚ location-allocation ɜ ɱɿɬɤɢɯ 

ɭɦɨɜɚɯ. 
ɍ ɛɿɥɶɲɨɫɬɿ ɩɪɚɤɬɢɱɧɢɯ ɡɚɞɚɱ ɜɚɪɬɿɫɬɶ ɜɢɪɨɛɧɢɰɬɜɚ ɩɪɨɞɭɤɰɿʀ ɧɚ 

ɩɪɨɦɢɫɥɨɜɨɦɭ ɩɿɞɩɪɢєɦɫɬɜɿ ɩɨɬɭɠɧɨɫɬɿ iY  ɞɨɪɿɜɧɸє ɞɨɛɭɬɤɭ ɫɨɛɿɜɚɪɬɨɫɬɿ 
ɰɿєʀ ɩɪɨɞɭɤɰɿʀ ɧɚ ʀʀ ɤɿɥɶɤɿɫɬɶ. ȼ ɫɢɥɭ ɰɶɨɝɨ ɦɚєɦɨ: 

( )i i i i iY d a Y = + , 1,...,i N= . (4) 

ɉɿɞɫɬɚɜɥɹɸɱɢ ɜɢɪɚɡ (4) ɜ (3) ɨɬɪɢɦɚєɦɨ 

   1 1( ,..., , ,.., )1

( ( ,  ) ) ( ) min
N Ni

N

i i
i

c x a x dx
 

 
 = 

+ →  . 
(5) 
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Ɂɚɞɚɱɚ (1)-(5) ɩɪɢ 0ia = , 1,...,i N= , – ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɚ ɬɪɚɧɫɩɨɪɬɧɚ 
ɡɚɞɚɱɚ, ɩɪɢ 0ia  , 1,...,i N= , – ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɚ ɡɚɞɚɱɚ location-allocation. 

Ⱦɥɹ ɫɮɨɪɦɭɥɶɨɜɚɧɨʀ ɦɨɞɟɥɶɧɨʀ ɡɚɞɚɱɿ (1)-(5) ɪɨɡɝɥɹɧɟɦɨ ɜɢɩɚɞɨɤ, ɤɨɥɢ 
5N =  ɿ ɩɚɪɚɦɟɬɪɢ ia , 1,...,5i = , ɦɨɠɭɬɶ ɛɭɬɢ ɧɟɱɿɬɤɢɦɢ, ɧɟɬɨɱɧɢɦɢ, 

ɧɟɞɨɫɬɨɜɿɪɧɢɦɢ.  
ɉɚɪɚɦɟɬɪ ia  ɦɨɠɧɚ ɩɪɟɞɫɬɚɜɢɬɢ, ɧɚɩɪɢɤɥɚɞ, ɹɤ ɩɚɪɚɦɟɬɪ, ɳɨ ɡɚɥɟɠɢɬɶ ɜɿɞ 

ɬɪɶɨɯ ɧɟɱɿɬɤɢɯ ɮɚɤɬɨɪɿɜ , 1,2,3j j = ,  ɭ ɜɢɝɥɹɞɿ 

1 2 3( , , )i ia a   = . 1,...,5i = . (6) 

Ɍɨɞɿ ɡɚɞɚɱɭ (1)-(5) ɦɨɠɧɚ ɡɚɩɢɫɚɬɢ ɡ ɧɟɱɿɬɤɢɦɢ ɩɚɪɚɦɟɬɪɚɦɢ ɜ ɧɚɫɬɭɩɧɨɦɭ 
ɜɢɞɿ: 

   1 5 1 5

5

( ,..., , ,.., )1

( ( ,  ) ) ( ) min
i

i i
i

c x a x dx
 

 
 = 

+ →   
 

(7) 

ɡɚ ɭɦɨɜ 

( )
1

, 0, , , 1,...,5
N

i i j
i

mes i j i j
=
 =   =  = , 

 
(8) 

( )

i

ix dx b

  , 1,...,5i = . 

(9) 

Ɂɚɞɚɱɚ (7)-(9) є ɡаɞаɱɟю location-allocation ɡ ɧɟɱіɬɤɢɦɢ ɩаɪаɦɟɬɪаɦɢ. 
Ɋɨɡɜ'ɹɡɚɧɧɹ ɡɚɞɚɱɿ location-allocation. Ⱦɥɹ ɪɨɡɜ'ɹɡɚɧɧɹ ɡɚɞɚɱɿ (7)-(9) 

ɡɚɫɬɨɫɭєɦɨ ɚɥɝɨɪɢɬɦ, ɡɚɩɪɨɩɨɧɨɜɚɧɢɣ ɜ ɪɨɛɨɬɿ [4], ɬɚ ɩɪɨɿɥɸɫɬɪɭєɦɨ ɣɨɝɨ ɧɚ 
ɧɚɫɬɭɩɧɿɣ ɦɨɞɟɥɶɧɿɣ ɡɚɞɚɱɿ. 

ɇɟɯɚɣ ɡɚɞɚɧɚ ɦɧɨɠɢɧɚ  (1) (2) (1) (2)
2( , ) :0 1;0 1x x E x x=       

ɫɩɨɠɢɜɚɱɿɜ ɨɞɧɨɪɿɞɧɨʀ ɩɪɨɞɭɤɰɿʀ, ɹɤɚ ɦɨɠɟ ɜɢɪɨɛɥɹɬɢɫɹ ɩ’ɹɬɶɨɦɚ ɩɭɧɤɬɚɦɢ 
ɜɢɪɨɛɧɢɰɬɜɚ. ȼɚɪɬɿɫɬɶ ɬɪɚɧɫɩɨɪɬɭɜɚɧɧɹ ɨɞɢɧɢɰɿ ɩɪɨɞɭɤɰɿʀ ɡ i -ɝɨ, 1,  5i = , 

ɩɿɞɩɪɢєɦɫɬɜɚ ɞɨ ɫɩɨɠɢɜɚɱɚ (1) (2)( , )x x  ɡɚɞɚєɬɶɫɹ ɧɚɫɬɭɩɧɢɦ ɱɢɧɨɦ:  
(1) (2)(1) 2 (2) 2( , ) ( ) ( )i i ic x x x = −  + −  .  

ɉɨɩɢɬ ɧɚ ɩɪɨɞɭɤɰɿɸ (1) (2)( , ( ) 1x x   (1) (2)( , )x x  . ɉɪɢ ɰɶɨɦɭ ɩɨɬɭɠɧɿɫɬɶ 
i-ɝɨ ɜɢɪɨɛɧɢɤɚ ɜɢɡɧɚɱɚєɬɶɫɹ ɫɭɦɚɪɧɢɦ ɩɨɩɢɬɨɦ ɫɩɨɠɢɜɚɱɿɜ, ɳɨ ɧɚɥɟɠɚɬɶ i , 

ɿ ɧɟ ɩɟɪɟɜɢɳɭє ɡɚɞɚɧɢɯ ɨɛɫɹɝɿɜ 1ib = , 1,...,5i = . 

ɉɨɬɪɿɛɧɨ ɪɨɡɛɢɬɢ ɦɧɨɠɢɧɭ ɫɩɨɠɢɜɚɱɿɜ   ɧɚ ʀɯ ɡɨɧɢ ɨɛɫɥɭɝɨɜɭɜɚɧɧɹ i  

ɩ'ɹɬɶɨɦɚ ɩɿɞɩɪɢєɦɫɬɜɚɦɢ ɡɚ ɭɦɨɜ (8)-(9) ɿ ɪɨɡɦɿɫɬɢɬɢ ɰɿ ɩɿɞɩɪɢєɦɫɬɜɚ ɜ 
ɨɛɥɚɫɬɿ   ɬɚɤ, ɳɨɛ ɦɿɧɿɦɿɡɭɜɚɬɢ ɮɭɧɤɰɿɨɧɚɥ ɫɭɦɚɪɧɢɯ ɜɢɬɪɚɬ ɧɚ 
ɜɢɪɨɛɧɢɰɬɜɨ ɩɪɨɞɭɤɰɿʀ ɿ ɞɨɫɬɚɜɤɭ ʀʀ ɞɨ ɫɩɨɠɢɜɚɱɚ (5) ɩɪɢ 5N =  ɬɚ ɡɚɞɚɧɢɯ 
ɱɿɬɤɢɯ ɡɧɚɱɟɧɧɹɯ ɩɚɪɚɦɟɬɪɿɜ ia , 1,...,5i = . 

ɇɚ ɩɪɚɤɬɢɰɿ ɱɚɫɬɨ ɩɚɪɚɦɟɬɪ ia  (ɜɢɬɪɚɬɢ i-ɝɨ ɩɿɞɩɪɢєɦɫɬɜɚ ɧɚ ɜɢɩɭɫɤ 
ɨɞɢɧɢɰɿ ɩɪɨɞɭɤɰɿʀ, ɬɨɛɬɨ ɤɨɟɮɿɰɿєɧɬ ɡɦɿɧɧɢɯ ɜɢɬɪɚɬ) ɪɨɡɪɚɯɨɜɭɸɬɶ ɹɤ ɥɿɧɿɣɧɭ 
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ɤɨɦɛɿɧɚɰɿɸ ɮɚɤɬɨɪɿɜ, ɹɤɿ ɩɥɢɜɚɸɬɶ ɧɚ ɧɶɨɝɨ. ɍɪɚɯɨɜɭɸɱɢ (6) ɛɭɞɟɦɨ 
ɪɨɡɝɥɹɞɚɬɢ ɬɚɤɿ ɮɚɤɬɨɪɢ: 

1  - ɜɚɪɬɨɫɬɿ ɡɚɫɨɛɿɜ ɜɢɪɨɛɧɢɰɬɜɚ (ɜɢɪɨɛɧɢɱɿ ɩɨɬɭɠɧɨɫɬɿ ɬɚ ɡɚɫɨɛɢ ɩɪɚɰɿ); 
2  - ɜɚɪɬɨɫɬɿ ɬɪɭɞɨɜɢɯ ɪɟɫɭɪɫɿɜ; 

3  - ɜɚɪɬɨɫɬɿ ɩɪɢɪɨɞɧɢɯ ɪɟɫɭɪɫɿɜ (ɫɢɪɨɜɢɧɧɢɯ ɿ ɟɧɟɪɝɟɬɢɱɧɢɯ). 
Ɉɛɱɢɫɥɟɧɧɹ ɩɚɪɚɦɟɬɪɿɜ ia , 1,...,5i = , ɹɤ ɱɿɬɤɢɯ ɡɧɚɱɟɧɶ, ɩɪɨɜɨɞɹɬɶ ɡɚ 

ɮɨɪɦɭɥɨɸ: 
1 1 2 2 2 3i i i ia k k k  = + + . (10) 

ɇɟɯɚɣ ɞɥɹ ɞɟɹɤɢɯ ɬɨɱɧɢɯ ɡɧɚɱɟɧɶ 1 2 3 1 2 3, , , , ,i i ik k k     (ɞɟ ijk  - ɜɚɝɨɜɿ 
ɤɨɟɮɿɰɿєɧɬɢ, ɡɧɚɱɟɧɧɹ ɮɚɤɬɨɪɿɜ i  ɜɢɦɿɪɸɸɬɶɫɹ ɜ ɭɦɨɜɧɢɯ ɨɞɢɧɢɰɹɯ, 

1,2,3,j = 1,...,5i = ) ɡ (10) ɨɬɪɢɦɚɧɿ ɧɚɫɬɭɩɧɿ ɱɿɬɤɿ ɡɧɚɱɟɧɧɹ ɩɚɪɚɦɟɬɪɿɜ: 

1 0,07a = ; 2 0,1a = ; 3 0,38a = ; 4 0,2a = ; 5 0a = . 

Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɰɿєʀ ɦɨɞɟɥɶɧɨʀ ɡɚɞɚɱɿ location-allocation ɡ ɱɿɬɤɢɦɢ 
ɡɧɚɱɟɧɧɹɦɢ ɩɚɪɚɦɟɬɪɿɜ ia  ɛɭɜ ɡɚɫɬɨɫɨɜɚɧɢɣ ɚɥɝɨɪɢɬɦ ɡ [1]. Ⱦɥɹ ɰɶɨɝɨ 
ɦɧɨɠɢɧɚ   ɩɨɤɪɢɜɚɥɚɫɹ ɩɪɹɦɨɤɭɬɧɨɸ ɫɿɬɤɨɸ ɡ ɜɭɡɥɚɦɢ ( , )i j , 

1,...,21i = , 1,...,21j = . ȼ ɹɤɨɫɬɿ ɩɨɱɚɬɤɨɜɢɯ ɡɧɚɱɟɧɶ ɞɜɨʀɫɬɢɯ ɡɦɿɧɧɢɯ ɡɚɞɚɧɿ 
(0) 0i = , 1,  5i = .  

ɍɦɨɜɨɸ ɩɪɢɩɢɧɟɧɧɹ ɨɛɱɢɫɥɟɧɶ ɛɭɥɨ ɜɢɤɨɧɚɧɧɹ ɧɟɪɿɜɧɨɫɬɿ:  
( ) ( ) ( 1) ( 1)|| ( , ) ( , ) ||k k k k+ +  −     , 410− = . 

ȼ ɪɟɡɭɥɶɬɚɬɿ ɪɨɛɨɬɢ ɚɥɝɨɪɢɬɦɭ ɡ [1] ɡɚ 46 ɿɬɟɪɚɰɿɣ ɨɬɪɢɦɚɧɿ:  
- ɦɚɤɫɢɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɚ ɞɜɨʀɫɬɨʀ ɡɚɞɚɱɿ 0,26722;  
- ɦɿɧɿɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɭ ɩɪɹɦɨʀ ɡɚɞɚɱɿ 0,26789.  
Ɉɩɬɢɦɚɥɶɧɟ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧɢ ɫɩɨɠɢɜɚɱɿɜ Ω ɧɚ ɡɨɧɢ ɨɛɫɥɭɝɨɜɭɜɚɧɧɹ 

ɤɨɠɧɢɦ ɩɿɞɩɪɢєɦɫɬɜɨɦ ɩɪɟɞɫɬɚɜɥɟɧɨ ɧɚ ɪɢɫ. 1, ɬɨɱɤɚɦɢ ɩɨɡɧɚɱɟɧɿ 
ɨɩɬɢɦɚɥɶɧɿ ɤɨɨɪɞɢɧɚɬɢ ɪɨɡɬɚɲɨɜɚɧɢɯ ɩɿɞɩɪɢєɦɫɬɜ:  

 

Ɉɩɬɢɦɚɥьɧɿ ɤɨɨɪɞɢɧɚɬɢ 
ɪɨɡɬɚɲɨɜɚɧɢɯ ɩɿɞɩɪɢєɦɫɬɜ: 
 

1  = (0,28439; 0,23794);  

 

2  = (0,19985; 0,76565);  

 

4  = (0,81255; 0,14963);  

 

5  = (0,70583; 0,65526). 

 

Ɋɢɫ.1.  
 
ɐɢɮɪɚɦɢ ɧɚ ɪɢɫ.1 ɩɨɡɧɚɱɟɧɿ ɧɨɦɟɪɚ ɩɿɞɦɧɨɠɢɧ. ɉɪɢɱɨɦɭ ɡɚɦɿɫɬɶ ɪɨɡɛɢɬɬɹ 

ɧɚ ɩ’ɹɬɶ ɩɿɞɦɧɨɠɢɧ ɨɩɬɢɦɚɥɶɧɢɦ ɪɨɡɛɢɬɬɹɦ ɜɢɹɜɢɥɨɫɹ ɪɨɡɛɢɬɬɹ ɧɚ ɱɨɬɢɪɢ 
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ɩɿɞɦɧɨɠɢɧɢ, ɨɞɧɚ ɩɿɞɦɧɨɠɢɧɚ 3  ɜɢɹɜɢɥɚɫɹ ɩɭɫɬɨɸ ɬɨɦɭ, ɳɨ ɡɧɚɱɟɧɧɹ 3a  є 
ɡɧɚɱɧɨ ɛɿɥɶɲɢɦ ia , 1,2,4,5.i =  

Ɉɞɧɚɤ, ɪɟɚɥɶɧɿ ɡɚɥɟɠɧɨɫɬɿ ɩɚɪɚɦɟɬɪɿɜ ia  ɜɿɞ ɮɚɤɬɨɪɿɜ, ɳɨ ɧɚ ɧɢɯ 
ɜɩɥɢɜɚɸɬɶ, ɹɤ ɩɪɚɜɢɥɨ ɫɤɥɚɞɧɿ, ɧɟɥɿɧɿɣɧɿ ɚɛɨ ɧɟɜɿɞɨɦɿ. Ȼɭɞɟɦɨ ɡɚɫɬɨɫɨɜɭɜɚɬɢ 
ɞɥɹ ɜɿɞɧɨɜɥɟɧɧɹ ɡɧɚɱɟɧɶ ɩɚɪɚɦɟɬɪɿɜ ia  ɦɟɬɨɞ ɧɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɿɣ 
ɿɞɟɧɬɢɮɿɤɚɰɿʀ, ɡɚɩɪɨɩɨɧɨɜɚɧɢɣ ɜ ɪɨɛɨɬɚɯ [5]. ɉɨɬɿɦ ɡɧɚɣɞɟɦɨ ɨɩɬɢɦɚɥɶɧɟ 
ɪɿɲɟɧɧɹ ɰɿєʀ ɦɨɞɟɥɶɧɨʀ ɬɟɫɬɨɜɨʀ ɡɚɞɚɱɿ ɡ ɜɿɞɧɨɜɥɟɧɢɦɢ ɡɧɚɱɟɧɧɹɦɢ 
ɩɚɪɚɦɟɬɪɿɜ ia  ɡɚ ɞɨɩɨɦɨɝɨɸ ɚɥɝɨɪɢɬɦɭ, ɡɚɩɪɨɩɨɧɨɜɚɧɨɝɨ ɜ ɪɨɛɨɬɿ [4], ɿ 
ɩɨɪɿɜɧɹєɦɨ ɣɨɝɨ ɡ ɨɬɪɢɦɚɧɢɦ ɜɢɳɟ ɨɩɬɢɦɚɥɶɧɢɦ ɪɨɡɜ’ɹɡɤɨɦ ɡɚɞɚɱɿ ɡ ɱɿɬɤɢɦɢ 
ɩɚɪɚɦɟɬɪɚɦɢ ia . 

Ⱦɚɥɿ ɨɩɢɲɟɦɨ ɜɿɞɧɨɜɥɟɧɧɹ ɡɧɚɱɟɧɧɹ ɩɚɪɚɦɟɬɪɚ 1a  ɡɚ ɞɨɩɨɦɨɝɨɸ ɦɟɬɨɞɭ 
ɧɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɨʀ ɿɞɟɧɬɢɮɿɤɚɰɿʀ, ɡɚɩɪɨɩɨɧɨɜɚɧɨɝɨ ɭ ɪɨɛɨɬɿ [6], ɬɚ 
ɡɚɭɜɚɠɢɦɨ, ɳɨ ɡɧɚɱɟɧɧɹ ɩɚɪɚɦɟɬɪɿɜ 2 5,...a a  ɦɨɠɭɬɶ ɛɭɬɢ ɜɿɞɧɨɜɥɟɧɿ 
ɚɧɚɥɨɝɿɱɧɨ. 

Ⱦɥɹ ɩɨɛɭɞɨɜɢ ɦɚɬɟɦɚɬɢɱɧɨʀ ɦɨɞɟɥɿ ɡɚɥɟɠɧɨɫɬɿ ɤɨɟɮɿɰɿєɧɬɚ ɡɦɿɧɧɢɯ ɜɢɬɪɚɬ 

1a  ɜɿɞ ɮɚɤɬɨɪɿɜ 1 2 3, ,    ɩɨ ɧɚɹɜɧɢɦ ɞɚɧɢɦ, ɹɤɿ ɧɚɜɟɞɟɧɿ ɭ ɬɚɛɥ. 1, ɪɨɡɝɥɹɧɟɦɨ 
ɰɸ ɡɚɥɟɠɧɿɫɬɶ ɭ ɜɢɝɥɹɞɿ 

1 1 1 2 3 1 2 3
i imin i maxa a i=   =( , , ), , , ,      . (11) 

Ɍɚɛɥɢɰɹ 1 

ȼɯɿɞɧɿ ɞɚɧɿ ɞɥɹ ɜɿɞɧɨɜɥɟɧɧɹ ɡɧɚɱɟɧɧɹ ɩɚɪɚɦɟɬɪɚ 1a  

ɇɨɦɟɪ ɭ ɜɢɛɿɪɰɿ 1a  
ȼɯɿɞɧɿ ɡɦɿɧɧɿ 

ɇɨɦɟɪ ɭ ɜɢɛɿɪɰɿ 1a  
ȼɯɿɞɧɿ ɡɦɿɧɧɿ 

1  2  3  1  2  3  

1 0,38 15 12 11 5 0,15 5 4 10 
2 0,10 7 9 7 6 0,17 1 5 12 

3 0,00 3 1 8 7 0,07 4 3 4 
4 0,20 11 12 15 8 0,10 9 7 5 

 
ȼɢɤɨɧɚєɦɨ ɩɟɪɲɢɣ ɟɬɚɩ ɦɟɬɨɞɭ ɧɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɨʀ ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɡ [5]. 
Фɚɡɢɮɿɤɚɰɢɹ. Ⱦɥɹ ɩɨɛɭɞɨɜɢ ɬɟɪɦɿɜ ɞɥɹ ɡɦɿɧɧɢɯ 1 2 3, ,    ɦɨɞɟɥɿ, ɜɿɡɶɦɟɦɨ 

ɜɿɞɪɿɡɤɢ, ɩɪɚɜɨɸ ɝɪɚɧɢɰɟɸ ɤɨɠɧɨɝɨ ɡ ɹɤɢɯ ɛɭɞɟ ɧɚɣɛɿɥɶɲɟ ɡɧɚɱɟɧɧɹ ɤɨɠɧɨʀ 
ɡɦɿɧɧɨʀ, ɚ ɥɿɜɨɸ – ɧɚɣɦɟɧɲɟ. Ɋɨɡɞɿɥɢɦɨ ɰɟ ɜɿɞɪɿɡɤɢ ɧɚ ɬɪɢ ɪɿɜɧɿ ɱɚɫɬɢɧɢ, 
ɹɤɢɦ ɜɿɞɩɨɜɿɞɚɬɢɦɭɬɶ ɧɟɱɿɬɤɿ ɬɟɪɦɢ – ɧɢɡьɤɢɣ (ɇ), ɫɟɪɟɞɧɿɣ (ɋ), ɜɢɫɨɤɢɣ (ȼ). 
Ɉɬɪɢɦɚɧɿ ɜɿɞɪɿɡɤɢ ɧɚɜɟɞɟɧɿ ɜ ɬɚɛɥ. 2. 

Ɍɚɛɥɢɰɹ 2  
Ɍɟɪɦɢ ɜɯɿɞɧɢɯ ɡɦɿɧɧɢɯ 

 1  2  3  

ɇ [0;5) [0;4) [0;5) 
ɋ [5;10) [4;8) [5;10) 
ȼ [10, 15] [8, 12] [10, 15] 

 



ISSN 2074-5893 ɉɢɬɚɧɧɹ ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ ɿ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ.  ȼɢɩɭɫɤ 18 
 

 105 

Ɇɧɨɠɢɧɭ ɡɧɚɱɟɧɶ 1a  ɛɭɥɨ ɪɨɡɞɿɥɟɧɨ ɧɚ ɬɪɢ ɤɥɚɫɢ 1D , 2D  ɢ 3D  ɡ ɰɟɧɬɪɚɦɢ 
1 0d = , 2 0,19d =  ɢ 3 0,38d = , ɜɿɞɩɨɜɿɞɧɨ, ɬɚɤɢɦ ɱɢɧɨɦ, ɳɨɛ ɞɨ ɤɨɠɧɨɝɨ ɤɥɚɫɭ 

ɩɨɬɪɚɩɢɥɢ ɛɥɢɡɶɤɿ ɡɧɚɱɟɧɧɹ ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɨʀ 1a . 

ɇɟɱɿɬɤɟ ɥɨɝɿɱɧɟ ɜɢɜɟɞɟɧɧɹ. ɋɮɨɪɦɭєɦɨ ɧɟɱɿɬɤɭ ɩɪɨɞɭɤɰɿɣɧɭ ɛɚɡɭ ɡɧɚɧɶ, 
ɹɤɚ є ɫɭɤɭɩɧɿɫɬɸ ɧɟɱɿɬɤɢɯ ɟɤɫɩɟɪɬɧɨ-ɥɿɧɝɜɿɫɬɢɱɧɢɯ ɩɪɚɜɢɥ ɬɢɩɭ əɄɓɈ-ɌɈ, 
ɹɤɿ ɡɜ’ɹɡɭɸɬɶ ɦɿɠ ɫɨɛɨɸ ɥɿɧɝɜɿɫɬɢɱɧɿ ɨɰɿɧɤɢ ɜɯɿɞɧɢɯ ɡɦɿɧɧɢɯ ( 1 2 3, ,   ) ɬɚ 
ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɨʀ 1a . Ʌɿɧɝɜɿɫɬɢɱɧɿ ɨɰɿɧɤɢ ɛɭɞɭɬɶ ɨɬɪɢɦɚɧɿ ɧɚ ɨɫɧɨɜɿ ɧɚɜɟɞɟɧɨʀ 
ɭ ɬɚɛɥ. 3 ɫɬɚɬɢɫɬɢɱɧɨʀ ɿɧɮɨɪɦɚɰɿʀ. 

ȼɢɯɨɞɹɱɢ ɡ ɧɚɹɜɧɢɯ ɞɚɧɢɯ, ɩɨɛɭɞɨɜɚɧɢɯ ɧɚɦɢ ɧɟɱɿɬɤɢɯ ɬɟɪɦɿɜ (ɬɚɛɥ. 2) ɬɚ 
ɥɿɧɝɜɿɫɬɢɱɧɢɯ ɜɢɫɥɨɜɥɸɜɚɧɶ ɬɢɩɭ əɄɓɈ-ɌɈ ɦɨɠɧɚ ɩɨɛɭɞɭɜɚɬɢ ɧɟɱɿɬɤɭ ɛɚɡɭ 
ɡɧɚɧɶ, ɤɨɦɩɚɤɬɧɢɣ ɜɢɞ ɹɤɨʀ ɩɪɟɞɫɬɚɜɥɟɧɨ ɜ ɬɚɛɥ. 3 

Ɍɚɛɥɢɰɹ 3 
Ʉɨɦɩɚɤɬɧɢɣ ɜɢɞ ɛɚɡɢ ɡɧɚɧɶ 

ɇɨɦɟɪ 
ɤɥɚɫɭ 

ɜɢɯɿɞɧɨʀ 
ɡɦɿɧɧɨʀ 

ɇɨɦɟɪ ɭ 
ɜɢɛɿɪɰɿ 

ɇɨɦɟɪ 
ɩɪɚɜɢɥɚ, 

p  

ȼɚɝɚ 
ɩɪɚɜɢɥɚ ɞɨ 
ɧɚɫɬɪɨɣɤɢ, 

pw  

ȼɚɝɚ ɩɪɚɜɢɥɚ 
ɩɿɫɥɹ 

ɧɚɫɬɪɨɣɤɢ, 
*
pw  

ȼɯɿɞɧɿ ɡɦɿɧɧɿ 

1  2  3  

1k =  
3 1 1 0,99885 ȼ ȼ ɋ 
7 2 1 0,28560 ɋ ɋ ɋ 

2k =  

2 3 1 0,74009 ɇ ɇ ɋ 

4 4 1 0,22743 ɋ ȼ ȼ 
5 5 1 0,28546 ɋ ɋ ɋ 
6 6 1 0,62461 ɇ ɋ ȼ 
8 7 1 0,00552 ɇ ɇ ɇ 

3k =  1 8 1 0,28548 ɋ ɋ ɋ 

 
Ɍɚɤɢɦ ɱɢɧɨɦ, ɞɥɹ ɩɨɛɭɞɨɜɢ ɦɨɞɟɥɿ (11) ɜ ɹɜɧɨɦɭ ɜɢɝɥɹɞɿ ɩɨɛɭɞɨɜɚɧɚ 

ɧɟɱɿɬɤɚ ɛɚɡɚ ɡɧɚɧɶ ɹɤ ɫɢɫɬɟɦɚ ɧɟɱɿɬɤɢɯ ɥɿɧɝɜɿɫɬɢɱɧɢɯ ɜɢɫɥɨɜɥɸɜɚɧɶ ɬɢɩɭ 
«əɄɓɈ-ɌɈ», ɹɤɿ ɡɜ’ɹɡɭɸɬɶ ɥɿɧɝɜɿɫɬɢɱɧɿ ɨɰɿɧɤɢ («ɧɢɡьɤɢɣ», «ɫɟɪɟɞɧɿɣ» ɬɚ 
«ɜɢɫɨɤɢɣ») ɜɯɿɞɧɢɯ ɡɦɿɧɧɢɯ ɡ ɜɢɯɿɞɧɨɸ ɡɦɿɧɧɨɸ 1a . Ʌɿɧɝɜɿɫɬɢɱɧɿ ɨɰɿɧɤɢ 
«ɧɢɡьɤɢɣ», «ɫɟɪɟɞɧɿɣ» ɬɚ «ɜɢɫɨɤɢɣ» ɮɨɪɦɚɥɿɡɭєɦɨ ɡɚ ɞɨɩɨɦɨɝɨɸ ɮɭɧɤɰɿɣ 
ɧɚɥɟɠɧɨɫɬɿ. Ɂɚɞɚɦɨ ɰɿ ɮɭɧɤɰɿʀ ɭ ɧɚɫɬɭɩɧɨɦɭ ɜɢɝɥɹɞɿ 

2

1
( ) ,

1

T
b

c

=
− +  

 

 


  
(12) 

ɞɟ ( )T   - ɱɢɫɥɨ ɭ ɞɿɚɩɚɡɨɧɿ [0,1], ɹɤɟ ɯɚɪɚɤɬɟɪɢɡɭє ɫɭɛ’єɤɬɢɜɧɭ ɦɿɪɭ 
ɜɿɞɩɨɜɿɞɧɨɫɬɿ ɡɧɚɱɟɧɧɹ   ɧɟɱɿɬɤɨɦɭ ɬɟɪɦɭ T  (“ɧɢɡьɤɢɣ”, “ɧɢɠɱɢɣ ɡɚ 
ɫɟɪɟɞɧє” ɬɚ ɿɧ.), b  ɬɚ c  ɩɚɪɚɦɟɬɪɢ, ɹɤɿ ɫɩɨɱɚɬɤɭ ɜɢɛɢɪɚɸɬɶɫɹ ɟɤɫɩɟɪɬɨɦ, ɚ 
ɩɨɬɿɦ ɧɚɫɬɪɨɸɸɬɶɫɹ ɧɚ ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɿ ɞɚɧɿ: b  - ɤɨɨɪɞɢɧɚɬɚ ɦɚɤɫɢɦɭɦɭ 
ɮɭɧɤɰɿʀ ( )T  , ɩɪɢɱɨɦɭ 1)( =bT , c  - ɤɨɟɮɿɰɿєɧɬ ɤɨɧɰɟɧɬɪɚɰɿʀ – ɪɨɡɬɹɝɧɟɧɧɹ 
ɮɭɧɤɰɿʀ ( )T  . Ɂɧɚɱɟɧɧɹ ɩɚɪɚɦɟɬɪɿɜ b  ɿ c  ɞɥɹ ɜɯɿɞɧɢɯ ɡɦɿɧɧɢɯ 1 2 3, ,    

ɧɚɜɟɞɟɧɨ ɭ ɬɚɛɥ. 4. 
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Ⱦɟɮɚɡɢɮɿɤɚɰɿɹ. Іɡ [6] ɜɢɬɿɤɚє, ɳɨ ɧɟɱɿɬɤɿɣ ɛɚɡɿ ɡɧɚɧɶ (ɬɚɛɥ. 3) ɜɿɞɩɨɜɿɞɚє 
ɧɚɫɬɭɩɧɟ ɩɪɟɞɫɬɚɜɥɟɧɧɹ ɨɛ’єɤɬɭ (11) ɭ ɹɜɧɨɦɭ ɜɢɝɥɹɞɿ: 
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1 3
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1 1
3 1 1 2 2 3 3 7 1 1 2 2 3 3
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(16) 

Ɍɭɬ pw  – ɱɢɫɥɨ ɜ ɞɿɚɩɚɡɨɧɿ [0,1], ɹɤɟ ɯɚɪɚɤɬɟɪɢɡɭє ɫɭɛ’єɤɬɢɜɧɭ ɦɿɪɭ 
ɜɩɟɜɧɟɧɨɫɬɿ ɟɤɫɩɟɪɬɚ ɜɿɞɧɨɫɧɨ ɜɢɫɥɨɜɥɸɜɚɧɧɹ ɡ ɧɨɦɟɪɨɦ p  ɡ ɛɚɡɢ ɡɧɚɧɶ, 
ɬɨɛɬɨ є ɜɚɝɨɸ p -ɝɨ ɩɪɚɜɢɥɚ. 

Ɉɞɧɚɤ, ɹɤ ɛɭɥɨ ɡɚɡɧɚɱɟɧɨ ɜɢɳɟ, ɩɨɛɭɞɨɜɚɧɚ ɧɟɱɿɬɤɚ ɦɨɞɟɥɶ (13)-(16) ɝɪɭɛɨ ɨɩɢɫɭє 
ɲɭɤɚɧɭ ɡɚɥɟɠɧɿɫɬɶ (11), ɬɨɦɭ ɜɢɤɨɧɚєɦɨ ɞɪɭɝɢɣ ɟɬɚɩ ɦɟɬɨɞɭ ɧɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɿɣ 
ɿɞɟɧɬɢɮɿɤɚɰɿʀ - ɧɚɫɬɪɨɣɤɭ ɩɚɪɚɦɟɬɪɿɜ ɧɟɱɿɬɤɨʀ ɦɨɞɟɥɿ, ɨɩɢɫɚɧɢɣ ɜ [6]. 

ɇɚ ɜɢɯɨɞɿ ɨɬɪɢɦɭєɦɨ ɨɩɬɢɦɚɥɶɧɿ ɡɧɚɱɟɧɧɹ ɜɟɤɬɨɪɿɜ ɩɚɪɚɦɟɬɪɿɜ *W , *B  ɿ 
*C  ɞɥɹ ɡɚɞɚɱɿ ɦɿɧɿɦɿɡɚɰɿʀ ɫɟɪɟɞɧɶɨɤɜɚɞɪɚɬɢɱɧɨɝɨ ɜɿɞɯɢɥɟɧɧɹ (ɤɪɢɬɟɪɿɣ 

ɬɨɱɧɨɫɬɿ ɧɟɱɿɬɤɨʀ ɦɨɞɟɥɿ) ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɢɯ ɞɚɧɢɯ ɜɿɞ ɦɨɞɟɥɶɧɢɯ ɡ [6], ɹɤɿ 
ɩɪɟɞɫɬɚɜɥɟɧɿ ɜ ɬɚɛɥ. 4 ɞɥɹ ɩɚɪɚɦɟɬɪɿɜ *B  ɿ *C  ɬɚ ɭ ɬɚɛɥ. 3 ɞɥɹ ɩɚɪɚɦɟɬɪɚ *W . 

 
Ɍɚɛɥɢɰɹ 4 

ɉɚɪɚɦɟɬɪɢ ɮɭɧɤɰɿɣ ɧɚɥɟɠɧɨɫɬɿ ɞɥɹ ɬɟɪɦɿɜ ɜɯɿɞɧɢɯ ɡɦɿɧɧɢɯ  
ɞɨ ɬɚ ɩɿɫɥɹ ɧɚɫɬɪɨɣɤɢ 

 

ɞɨ ɧɚɫɬɪɨɣɤɢ ɩɿɫɥɹ ɧɚɫɬɪɨɣɤɢ 

1  2  3  1  2  3  

b
            

ɇ 1 3,5 1 2,75 1 3,5 2.12 2.66 1.02 0.14 1.02 1.19 

ɋ 8 3,5 6,5 2,75 8 3,5 7.72 0.07 3.80 0.38 8.59 0.83 

ȼ 15 3,5 12 2,75 15 3,5 14.99 0.11 11.89 0.45 14.9 0.26 
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ɋɟɪɟɞɧɶɨɤɜɚɞɪɚɬɢɱɧɟ ɜɿɞɯɢɥɟɧɧɹ ɫɤɥɚɞɚє ɞɨ ɧɚɫɬɪɨɣɤɢ 0,1451, ɩɿɫɥɹ 
ɧɚɫɬɪɨɣɤɢ 0,00008. 

ɇɚ ɪɢɫ. 2.ɚ ɩɪɟɞɫɬɚɜɥɟɧɿ ɝɪɚɮɿɤɢ ɦɨɞɟɥɶɧɢɯ ɡɧɚɱɟɧɶ ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɨʀ 1a , 

ɨɬɪɢɦɚɧɿ ɞɨ ɧɚɫɬɪɨɣɤɢ, ɚ ɬɚɤɨɠ ɞɥɹ ɩɨɪɿɜɧɹɧɧɹ - ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɿ ɞɚɧɿ. ɇɚ 
ɪɢɫ. 2.ɛ ɩɪɟɞɫɬɚɜɥɟɧɿ ɝɪɚɮɿɤɢ ɦɨɞɟɥɶɧɢɯ ɡɧɚɱɟɧɶ ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɨʀ 1a , 

ɨɬɪɢɦɚɧɿ ɩɿɫɥɹ ɧɚɫɬɪɨɣɤɢ, ɬɚ ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɿ ɞɚɧɿ. 
Ɂɧɚɱɟɧɧɹ ɩɚɪɚɦɟɬɪɿɜ 2 5,...,a a  ɡɧɚɯɨɞɹɬɶɫɹ ɚɧɚɥɨɝɿɱɧɨ ɦɟɬɨɞɭ, ɨɩɢɫɚɧɨɦɭ 

ɞɥɹ ɜɿɞɧɨɜɥɟɧɧɹ ɩɚɪɚɦɟɬɪɚ 1a .  

 

 

ɚ) ɝɪɚɮɿɤ ɡɧɚɱɟɧɶ 1a : 

ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɢɯ – ɫɭɰɿɥьɧɚ ɥɿɧɿɹ, 
ɦɨɞɟɥɶɧɢɯ (ɞɨ ɧɚɫɬɪɨɣɤɢ) – ɩɭɧɤɬɢɪɧɚ 
ɥɿɧɿɹ. 

ɛ) ɝɪɚɮɿɤɢ ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɢɯ ɬɚ 
ɦɨɞɟɥɶɧɢɯ (ɩɿɫɥɹ ɧɚɫɬɪɨɣɤɢ) ɡɧɚɱɟɧɶ 

1a  ɫɩɿɜɩɚɥɢ ɿɡ ɡɚɞɚɧɨɸ ɬɨɱɧɿɫɬɸ. 

Ɋɢɫ. 2 − Ƚɪɚɮɿɤɢ ɡɧɚɱɟɧɶ ɜɢɯɿɞɧɨʀ ɡɦɿɧɧɨʀ 1a  

 

ɉɟɪɟɣɞɟɦɨ ɞɨ ɪɨɡɜ’ɹɡɚɧɧɹ ɦɨɞɟɥɶɧɨʀ ɬɟɫɬɨɜɨʀ ɡɚɞɚɱɿ location-allocation, 
ɜɢɤɨɪɢɫɬɨɜɭɸɱɢ ɚɥɝɨɪɢɬɦ, ɡɚɩɪɨɩɨɧɨɜɚɧɢɣ ɜ ɪɨɛɨɬɿ [4], ɡɿ ɡɧɚɱɟɧɧɹɦɢ 
ɩɚɪɚɦɟɬɪɿɜ 1 5,...,a a , ɨɬɪɢɦɚɧɢɦɢ (ɜɿɞɧɨɜɥɟɧɢɦɢ) ɡɚ ɦɟɬɨɞɨɦ 
ɧɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɿɣ ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɩɿɫɥɹ ɧɚɫɬɪɨɣɤɢ.  

Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɰɿєʀ ɦɨɞɟɥɶɧɨʀ ɡɚɞɚɱɿ ɡ ɧɟɱɿɬɤɢɦɢ ɩɚɪɚɦɟɬɪɚɦɢ 1 5,...,a a  

ɛɭɜ ɡɚɫɬɨɫɨɜɚɧɢɣ ɚɥɝɨɪɢɬɦ ɡ [4] ɡ ɬɢɦɢ ɠ ɜɢɯɿɞɧɢɦɢ ɞɚɧɢɦɢ, ɳɨ ɿ ɞɥɹ ɱɿɬɤɢɯ 
ɩɚɪɚɦɟɬɪɿɜ 1 5,...,a a . 

ȼ ɪɟɡɭɥɶɬɚɬɿ ɪɨɛɨɬɢ ɰɶɨɝɨ ɚɥɝɨɪɢɬɦɭ, ɞɥɹ ɜɿɞɧɨɜɥɟɧɢɯ ɞɨ ɧɚɫɬɪɨɣɤɢ 
ɩɚɪɚɦɟɬɪɿɜ 1 0,07493a = ; 2 0,19432a = ; 3 0,33743a = ; 4 0,21138a = ; 

5 0,04007a = , ɡɚ 44 ɿɬɟɪɚɰɿʀ ɨɬɪɢɦɚɧɿ:  
- ɦɚɤɫɢɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɚ ɞɜɨʀɫɬɨʀ ɡɚɞɚɱɿ 0,30075;  
- ɦɿɧɿɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɚ ɩɪɹɦɨʀ ɡɚɞɚɱɿ 0,30299.  
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ȼ ɪɟɡɭɥɶɬɚɬɿ ɪɨɛɨɬɢ ɰɶɨɝɨ ɚɥɝɨɪɢɬɦɭ, ɞɥɹ ɜɿɞɧɨɜɥɟɧɢɯ ɩɿɫɥɹ ɧɚɫɬɪɨɣɤɢ 
ɩɚɪɚɦɟɬɪɿɜ 1 0,07000a = ; 2 0,10000a = ; 3 0,38000a = ; 4 0,20000a = ; 

5 0,00000a = , ɡɚ 46 ɿɬɟɪɚɰɿʀ ɨɬɪɢɦɚɧɿ:  
- ɦɚɤɫɢɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɚ ɞɜɨʀɫɬɨʀ ɡɚɞɚɱɿ 0,26722;  
- ɦɿɧɿɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɚ ɩɪɹɦɨʀ ɡɚɞɚɱɿ 0,26789.  

Ɉɩɬɢɦɚɥɶɧɟ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧɢ ɫɩɨɠɢɜɚɱɿɜ Ω ɧɚ ɡɨɧɢ ɨɛɫɥɭɝɨɜɭɜɚɧɧɹ 
ɤɨɠɧɢɦ ɩɿɞɩɪɢєɦɫɬɜɨɦ ɩɪɟɞɫɬɚɜɥɟɧɨ ɧɚ ɪɢɫ. 3: 

- ɞɨ ɧɚɫɬɪɨɣɤɢ – ɩɭɧɤɬɢɪɧɨɸ ɥɿɧɿєɸ; 
- ɩɿɫɥɹ ɧɚɫɬɪɨɣɤɢ – ɫɭɰɿɥьɧɨɸ ɥɿɧɿєɸ; 

 
Ɉɩɬɢɦɚɥьɧɿ ɤɨɨɪɞɢɧɚɬɢ 
ɪɨɡɬɚɲɨɜɚɧɢɯ ɩɿɞɩɪɢєɦɫɬɜ:  
 
ɞɨ ɧɚɫɬɪɨɣɤɢ ɩɨɡɧɚɱɟɧɿ  
ɧɚ ɪɢɫɭɧɤɭ - «■» 

1  = (0,28883; 0,27976);  

2  = (0,17024; 0,80697);  

4  = (0,81631; 0,16100);  

5  = (0,69535; 0,68627); 

 
ɩɿɫɥɹ ɧɚɫɬɪɨɣɤɢ ɩɨɡɧɚɱɟɧɿ  
ɧɚ ɪɢɫɭɧɤɭ - «●» 

1  = (0,28439; 0,23794);  

2  = (0,19985; 0,76565);  

4  = (0,81255; 0,14963);  

5  = (0,70583; 0,65526).  
 

 Ɋɢɫ.3 

 
ɉɨɪɿɜɧɸɸɱɢ ɪɟɡɭɥɶɬɚɬɢ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ location-allocation, ɨɬɪɢɦɚɧɿ ɞɥɹ 

ɱɿɬɤɢɯ ɩɚɪɚɦɟɬɪ 1 5,...,a a  ɭ ɰɿɥɶɨɜɨɦɭ ɮɭɧɤɰɿɨɧɚɥɿ (ɪɢɫ. 1) ɬɚ ɞɥɹ ɧɟɱɿɬɤɢɯ 

ɩɚɪɚɦɟɬɪɿɜ 1 5,...,a a , ɜɿɞɧɨɜɥɟɧɢɯ ɡɚ ɞɨɩɨɦɨɝɨɸ ɦɟɬɨɞɭ ɧɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɿɣ 
ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɩɿɫɥɹ ɧɚɫɬɪɨɣɤɢ (ɪɢɫ. 3), ɛɚɱɢɦɨ, ɳɨ ɨɩɬɢɦɚɥɶɧɿ ɪɿɲɟɧɧɹ ɰɢɯ 
ɡɚɞɚɱ ɡɛɿɝɚɸɬɶɫɹ ɡ ɞɨɫɬɚɬɧɿɦ ɫɬɭɩɟɧɟɦ ɬɨɱɧɨɫɬɿ. 

Ɍɚɤɢɦ ɱɢɧɨɦ, ɦɨɠɧɚ ɡɪɨɛɢɬɢ ɜɢɫɧɨɜɨɤ, ɳɨ ɦɟɬɨɞ ɧɟɣɪɨɥɿɧɝɜɿɫɬɢɱɧɿɣ 
ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɡ ɞɨɫɬɚɬɧɿɦ ɫɬɭɩɟɧɟɦ ɬɨɱɧɨɫɬɿ ɜɿɞɧɨɜɥɸє ɡɧɚɱɟɧɧɹ ɩɚɪɚɦɟɬɪɿɜ, 
ɹɤɿ ɧɟɜɿɞɨɦɿ ɚɛɨ ɧɟɬɨɱɧɿ.  

ȼɢɫɧɨɜɤɢ. ɍ ɪɨɛɨɬɿ ɪɨɡɜ’ɹɡɚɧɨ ɨɞɧɭ ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɭ ɡɚɞɚɱɭ location-
allocation ɡ ɧɟɱɿɬɤɢɦɢ ɩɚɪɚɦɟɬɪɚɦɢ, ɹɤɚ ɭ ɦɚɬɟɦɚɬɢɱɧɿɣ ɩɨɫɬɚɧɨɜɰɿ ɡɜɨɞɢɬɶɫɹ 
ɞɨ ɧɟɩɟɪɟɪɜɧɨʀ ɥɿɧɿɣɧɨʀ ɨɞɧɨɩɪɨɞɭɤɬɨɜɨʀ ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ 
ɦɧɨɠɢɧɢ ɡ n-ɜɢɦɿɪɧɨɝɨ ɟɜɤɥɿɞɨɜɨɝɨ ɩɪɨɫɬɨɪɭ ȿn ɧɚ ɩɿɞɦɧɨɠɢɧɢ ɡ 

5  

1  4  

5  5  2  
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ɜɿɞɲɭɤɭɜɚɧɧɹɦ ɤɨɨɪɞɢɧɚɬ ɰɟɧɬɪɿɜ ɰɢɯ ɩɿɞɦɧɨɠɢɧ ɩɪɢ ɨɛɦɟɠɟɧɧɹɯ ɭ ɮɨɪɦɿ 
ɪɿɜɧɨɫɬɟɣ ɬɚ ɧɟɪɿɜɧɨɫɬɟɣ, ɰɿɥɶɨɜɢɣ ɮɭɧɤɰɿɨɧɚɥ ɹɤɨʀ ɦɚє ɧɟɱɿɬɤɿ ɩɚɪɚɦɟɬɪɢ. 

Ɋɨɡɪɨɛɥɟɧɨ ɩɪɨɝɪɚɦɧɟ ɡɚɛɟɡɩɟɱɟɧɧɹ, ɹɤɟ ɪɟɚɥɿɡɭє ɪɨɡɜ’ɹɡɚɧɧɹ ɪɨɡɝɥɹɧɭɬɨʀ 
ɡɚɞɚɱɿ ɭ ɫɟɪɟɞɨɜɢɳɿ Microsoft Visual Studio ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɨɛ'єɤɬɧɨ-
ɨɪɿєɧɬɨɜɚɧɨʀ ɦɨɜɢ ɩɪɨɝɪɚɦɭɜɚɧɧɹ C#. 

ɇɚɜɟɞɟɧɨ ɪɟɡɭɥɶɬɚɬɢ ɞɥɹ ɦɨɞɟɥɶɧɨʀ ɡɚɞɚɱɿ location-allocation ɡ ɧɟɱɿɬɤɢɦɢ 
ɩɚɪɚɦɟɬɪɚɦɢ, ɹɤɿ ɨɬɪɢɦɚɧɿ ɡɚ ɞɨɩɨɦɨɝɨɸ ɪɨɡɪɨɛɥɟɧɨɝɨ ɩɪɨɝɪɚɦɧɨɝɨ 
ɡɚɛɟɡɩɟɱɟɧɧɹ. ɉɪɨɜɟɞɟɧɨ ɩɨɪɿɜɧɹɧɧɹ ɪɟɡɭɥɶɬɚɬɿɜ ɪɨɡɜ’ɹɡɚɧɧɹ 
ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɨʀ ɡɚɞɚɱɿ location-allocation ɡ ɱɿɬɤɢɦɢ ɩɚɪɚɦɟɬɪɚɦɢ ɬɚ 
ɪɟɡɭɥɶɬɚɬɿɜ ɞɥɹ ɜɢɩɚɞɤɭ, ɤɨɥɢ ɞɟɹɤɿ ɩɚɪɚɦɟɬɪɢ ɪɨɡɜ’ɹɡɭɜɚɧɨʀ ɡɚɞɚɱɿ ɧɟɬɨɱɧɿ, 
ɧɟɱɿɬɤɿ ɚɛɨ ʀɯ ɦɚɬɟɦɚɬɢɱɧɢɣ ɨɩɢɫ ɧɟɞɨɫɬɨɜɿɪɧɢɣ. 
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ɍȾɄ 519.85                                                                          doi: 10.15421/321811 

Ɉ.Ɇ. Ʉɿɫɟɥɶɨɜɚ*, ȼ.Ɉ. ɋɬɪɨєɜɚ** 
*Ⱦɧɿɩɪɨɜɫьɤɢɣ ɧɚɰɿɨɧɚɥьɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

**Ⱦɧɿɩɪɨɜɫьɤɢɣ ɞɟɪɠɚɜɧɢɣ ɬɟɯɧɿɱɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ 

ɑɂɋȿɅЬɇȿ ȾɈɋɅȱȾɀȿɇɇə ɆɈȾȿɅȿɃ ɈɉɌɂɆȺɅЬɇɈȽɈ  
ɊɈɁɉɈȾȱɅɍ ɊȿɄɊȿȺɐȱɃɇɂɏ ɊȿɋɍɊɋȱȼ  

 
ɉɪɨɜɟɞɟɧɨ ɱɢɫɟɥɶɧɟ ɞɨɫɥɿɞɠɟɧɧɹ ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɩɨɞɿɥɭ ɪɟɤɪɟɚɰɿɣɧɢɯ 

ɪɟɫɭɪɫɿɜ, ɚɞɚɩɬɨɜɚɧɢɯ ɞɨ ɧɟɩɟɪɟɪɜɧɨʀ ɧɟɥɿɧɿɣɧɨʀ ɛɚɝɚɬɨɩɪɨɞɭɤɬɨɜɨʀ ɡɚɞɚɱɿ 
ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ, ɪɨɡɜ’ɹɡɚɧɧɹ ɹɤɢɯ ɦɨɠɟ ɛɭɬɢ ɰɿɤɚɜɢɦ ɭ ɫɟɧɫɿ 
ɪɨɡɜɢɬɤɭ ɪɟɤɪɟɚɰɿʀ ɬɚ ɬɭɪɢɡɦɭ.  

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɬɭɪɢɫɬɢɱɧɨ-ɪɟɤɪɟɚɰɿɣɧɢɣ ɨɛ’єɤɬ, ɪɟɤɪɟɚɰɿɣɧɢɣ ɩɨɬɟɧɰɿɚɥ, ɦɟɬɨɞ 
ɟɤɫɩɟɪɬɧɢɯ ɨɰɿɧɨɤ, ɨɩɬɢɦɚɥɶɧɟ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ, ɛɚɝɚɬɨɩɪɨɞɭɤɬɨɜɚ ɡɚɞɚɱɚ.  

 

ɉɪɨɜɟɞɟɧɨ ɱɢɫɥɟɧɧɭɸ ɪɟɚɥɢɡɚɰɢɸ ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɚɫɩɪɟɞɟɥɟɧɢɹ 
ɪɟɤɪɟɚɰɢɨɧɧɵɯ ɪɟɫɭɪɫɨɜ, ɚɞɚɩɬɢɪɨɜɚɧɧɵɯ ɤ ɧɟɩɪɟɪɵɜɧɨɣ ɧɟɥɢɧɟɣɧɨɣ 
ɦɧɨɝɨɩɪɨɞɭɤɬɨɜɨɣ ɡɚɞɚɱɟ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɚɡɛɢɟɧɢɹ ɦɧɨɠɟɫɬɜ, ɪɟɲɟɧɢɟ ɤɨɬɨɪɵɯ 
ɦɨɠɟɬ ɛɵɬɶ ɢɧɬɟɪɟɫɧɵɦ ɜ ɫɦɵɫɥɟ ɪɚɡɜɢɬɢɹ ɪɟɤɪɟɚɰɢɢ ɢ ɬɭɪɢɡɦɚ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɬɭɪɢɫɬɢɱɟɫɤɨ-ɪɟɤɪɟɚɰɢɨɧɧɵɣ ɨɛɴɟɤɬ, ɪɟɤɪɟɚɰɢɨɧɧɵɣ 
ɩɨɬɟɧɰɢɚɥ, ɦɟɬɨɞ ɷɤɫɩɟɪɬɧɵɯ ɨɰɟɧɨɤ, ɨɩɬɢɦɚɥɶɧɨɟ ɪɚɡɛɢɟɧɢɟ ɦɧɨɠɟɫɬɜ, 
ɦɧɨɝɨɩɪɨɞɭɤɬɨɜɚɹ ɡɚɞɚɱɚ. 

 

Numerical realization of the problems of optimal distribution of recreational resources 

adapted to the continuous non-linear multiproduct problem of optimal partitioning of sets, 

the solution of which can be interesting in the sense of the development of recreation and 

tourism, is carried out. The success of most management tasks depends on the best way to 

use resources. In general, this problem is reduced to the problems of optimal resource 

allocation. The tasks of this type include the tasks of optimal placement of tourist 

complexes on a given territory, which is attractive in the sense of the tourism industry. In 

this case, the models of functioning and development of tourist and recreational systems 

are considered that can be used for analysis and forecasting of the tourism industry, both 

at the regional and national and international levels. The problem of the optimal 

distribution of recreational resources in the conditions of the modern and perspective 

structure of recreational needs was investigated. A mathematical model of the problem is 

constructed, which is a nonlinear continuous multi-product problem of the optimal 

partition of a set nЕ  into its disjoint subsets (among which there may be empty ones) 

with fixed coordinates of the centers of these subsets under constraints in the form of 

equalities and inequalities. An analytical solution of the problem is obtained, which 

includes parameters that are sought as the optimal solution of the auxiliary dual finite-

dimensional optimization problem with a nonsmooth target functional. On the basis of the 

analytical solution of the problem studied, a theoretically grounded solution algorithm was 

developed. A numerical investigation of the problem is carried out. The presented research 

results can serve as a useful tool in the sense of effective optimal partitioning of the 

functioning zones of existing tourist and recreational facilities that are able to produce 

service complexes to meet the necessary needs of recreants from the service area in  

___________________________________ 
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conditions of the optimal cost of recreational needs. 

Keywords: tourist and recreational facility, recreational potential, expert assessment 

method, optimal sets partitioning, multiproduct problem. 

 

ȼɫɬɭɩ. Ɂɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɩɨɞɿɥɭ ɪɟɫɭɪɫɿɜ ɜɢɧɢɤɚɸɬɶ ɭ ɛɚɝɚɬɶɨɯ 
ɝɚɥɭɡɹɯ ɜɢɪɨɛɧɢɰɬɜɚ ɬɚ ɝɨɫɩɨɞɚɪɸɜɚɧɧɹ. ɋɟɪɟɞ ɡɚɞɚɱ ɬɚɤɨɝɨ ɬɢɩɭ ɦɨɠɭɬɶ 
ɛɭɬɢ ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɦɿɳɟɧɧɹ ɬɭɪɢɫɬɢɱɧɢɯ ɤɨɦɩɥɟɤɫɿɜ ɧɚ ɡɚɞɚɧɿɣ 
ɬɟɪɢɬɨɪɿʀ, ɹɤɚ є ɩɪɢɜɚɛɥɢɜɨɸ ɜ ɫɟɧɫɿ ɬɭɪɢɫɬɢɱɧɨʀ ɿɧɞɭɫɬɪɿʀ [1]. ɍ ɰɶɨɦɭ 
ɜɢɩɚɞɤɭ ɪɨɡɝɥɹɞɚɸɬɶ ɦɨɞɟɥɿ ɮɭɧɤɰɿɨɧɭɜɚɧɧɹ ɿ ɪɨɡɜɢɬɤɭ ɬɭɪɢɫɬɢɱɧɨ-
ɪɟɤɪɟɚɰɿɣɧɢɯ ɫɢɫɬɟɦ, ɹɤɿ ɦɨɠɭɬɶ ɛɭɬɢ ɜɢɤɨɪɢɫɬɚɧɿ ɞɥɹ ɚɧɚɥɿɡɭ ɬɚ 
ɩɪɨɝɧɨɡɭɜɚɧɧɹ ɿɧɞɭɫɬɪɿʀ ɬɭɪɢɡɦɭ, ɹɤ ɧɚ ɪɟɝɿɨɧɚɥɶɧɨɦɭ ɬɚɤ ɿ ɧɚ ɞɟɪɠɚɜɧɨɦɭ ɬɚ 
ɦɿɠɧɚɪɨɞɧɨɦɭ ɪɿɜɧɹɯ. Ɉɬɠɟ, ɭ ɜɢɪɿɲɟɧɧɿ ɫɭɱɚɫɧɢɯ ɩɪɨɛɥɟɦ ɟɮɟɤɬɢɜɧɨɫɬɿ 
ɜɢɤɨɪɢɫɬɚɧɧɹ ɪɟɫɭɪɫɿɜ ʀɯ ɚɥɝɨɪɢɬɦɿɱɧɚ ɿ ɩɪɨɝɪɚɦɧɚ ɪɟɚɥɿɡɚɰɿɹ є ɞɨɫɢɬɶ 
ɚɤɬɭɚɥɶɧɢɦɢ ɬɚ ɛɟɡ ɫɭɦɧɿɜɭ ɦɚɸɬɶ ɫɭɬɬєɜɟ ɩɪɢɤɥɚɞɧɟ ɡɧɚɱɟɧɧɹ.  

ɉɪɟɞɫɬɚɜɥɟɧɚ ɪɨɛɨɬɚ ɩɪɢɫɜɹɱɟɧɚ ɱɢɫɟɥɶɧɨɦɭ ɞɨɫɥɿɞɠɟɧɧɸ ɡɚɞɚɱ 
ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɩɨɞɿɥɭ ɪɟɤɪɟɚɰɿɣɧɢɯ ɪɟɫɭɪɫɿɜ ɜ ɭɦɨɜɚɯ ɫɭɱɚɫɧɨʀ ɬɚ 
ɩɟɪɫɩɟɤɬɢɜɧɨʀ ɫɬɪɭɤɬɭɪɢ ɪɟɤɪɟɚɰɿɣɧɢɯ ɩɨɬɪɟɛ. Ɇɟɬɨɸ ɪɨɛɨɬɢ є ɱɢɫɟɥɶɧɟ 
ɪɨɡɜ’ɹɡɚɧɧɹ ɩɪɢɤɥɚɞɧɢɯ ɡɚɞɚɱ, ɹɤɿ ɜɿɞɩɨɜɿɞɚɸɬɶ ɦɨɞɟɥɿ, ɪɨɡɪɨɛɥɟɧɨʀ ɜ [2]. 

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ. Ɋɨɡɝɥɹɧɟɦɨ ɞɟɹɤɭ ɬɟɪɢɬɨɪɿɸ, ɹɤɚ є ɩɪɢɜɚɛɥɢɜɨɸ ɜ 
ɩɥɚɧɿ ɬɭɪɢɫɬɢɱɧɨʀ ɿɧɞɭɫɬɪɿʀ, ɬɚ ɦɨɞɟɥɶ ɮɭɧɤɰɿɨɧɭɜɚɧɧɹ ɿ ɪɨɡɜɢɬɤɭ 
ɬɭɪɢɫɬɢɱɧɨ-ɪɟɤɪɟɚɰɿɣɧɨʀ ɫɢɫɬɟɦɢ (ɌɊɋ). Ɋɟɤɪɟɚɰɿɣɧɢɣ ɩɪɨɰɟɫ ɜ ɌɊɋ, ɹɤ 
ɩɪɨɰɟɫ ɜɿɞɧɨɜɥɟɧɧɹ ɮɿɡɢɱɧɢɯ, ɿɧɬɟɥɟɤɬɭɚɥɶɧɢɯ ɬɚ ɟɦɨɰɿɣɧɢɯ ɫɢɥ ɥɸɞɢɧɢ, 
ɡɚɛɟɡɩɟɱɭєɬɶɫɹ ɦɧɨɠɢɧɨɸ ɞɟɹɤɢɯ ɪɟɤɪɟɚɰɿɣɧɢɯ ɪɟɫɭɪɫɿɜ. Ȼɭɞɟɦɨ ɜɜɚɠɚɬɢ, 
ɳɨ ɧɚ ɞɟɹɤɿɣ ɬɟɪɢɬɨɪɿʀ ɪɨɡɦɿɳɟɧɿ N ɌɊɈ, ɤɨɠɧɢɣ ɡ ɹɤɢɯ ɯɚɪɚɤɬɟɪɢɡɭєɬɶɫɹ 
ɩɟɜɧɢɦ ɧɚɛɨɪɨɦ ɪɟɤɪɟɚɰɿɣɧɢɯ ɯɚɪɚɤɬɟɪɢɫɬɢɤ. Ⱦɥɹ ɩɪɨɫɬɨɬɢ ɛɭɞɟɦɨ 
ɯɚɪɚɤɬɟɪɢɡɭɜɚɬɢ i-ɬɢɣ ɌɊɈ ɩɨ j-ɨɦɭ ɜɢɞɭ ɪɟɤɪɟɚɰɿɣɧɢɯ ɪɟɫɭɪɫɿɜ ɤɨɟɮɿɰɿєɧɬɨɦ 
ɪɟɤɪɟɚɰɿɣɧɨʀ ɩɪɢɜɚɛɥɢɜɨɫɬɿ ɚɛɨ ɪɟɤɪɟɚɰɿɣɧɢɦ ɩɨɬɟɧɰɿɚɥɨɦ – 

 1; k ,   1,..., , 1,..., .j
i i N j M  = =  ɐɿ ɜɟɥɢɱɢɧɢ ɜɢɡɧɚɱɚɸɬɶɫɹ, ɧɚɩɪɢɤɥɚɞ, ɡɚ 

ɞɨɩɨɦɨɝɨɸ ɦɟɬɨɞɭ ɟɤɫɩɟɪɬɧɢɯ ɨɰɿɧɨɤ, ɡɧɚɱɟɧɧɹ ɩɚɪɚɦɟɬɪɭ. ɉɚɪɚɦɟɬɪ ɤ – 
ɞɨɜɿɥɶɧɟ ɧɚɬɭɪɚɥɶɧɟ ɱɢɫɥɨ. 

Заɞаɱа А. Ɋɨɡɛɢɬɢ ɦɧɨɠɢɧɭ ɪɟɤɪɟɚɧɬɿɜ   ɧɚ ʀɯ ɡɨɧɢ ɬɭɪɢɫɬɢɱɧɨ-

ɪɟɤɪɟɚɰɿɣɧɨɝɨ ɨɛɫɥɭɝɨɜɭɜɚɧɧɹ j
i  N ɬɭɪɢɫɬɢɱɧɨ-ɪɟɤɪɟɚɰɿɣɧɢɦɢ ɨɛ’єɤɬɚɦɢ, 

ɹɤɿ ɜɯɨɞɹɬɶ ɜ ɡɚɞɚɧɭ ɌɊɋ ɨɤɪɟɦɨ ɩɨ ɤɨɠɧɨɦɭ ɡ j–ɝɨ ɜɢɞɭ ɪɟɤɪɟɚɰɿɣɧɢɯ 
ɪɟɫɭɪɫɿɜ (ɞɚɥɿ - ɩɨɫɥɭɝ), ɳɨ ɩɪɨɞɭɤɭɸɬɶɫɹ ɜ ɌɊɈ ɬɚɤ, ɳɨɛ 

1

, 1,..., ,
N

j
i

i

j M
=
 = =  

( ) 0,   ,   , 1,... ,  1,..., .j j
i kmes i k i k N j M  =  = =  

ɉɪɢɩɭɫɬɢɦɨ, ɳɨ ɪɟɤɪɟɚɧɬɭ ɩɨɬɪɿɛɟɧ ɧɚɛɿɪ ɩɨɫɥɭɝ, ɹɤɿ є ɜ ɞɚɧɿɣ ɌɊɋ, ɚɥɟ 
ɩɨɜɧɨɝɨ ɧɚɛɨɪɭ ɩɨɫɥɭɝ ɧɟɦɚє ɜ ɠɨɞɧɨɦɭ i-ɬɨɦɭ ɌɊɈ 1,..., .i N=  Ɍɨɛɬɨ 
ɪɟɤɪɟɚɧɬ ɜɢɦɭɲɟɧɢɣ ɤɨɪɢɫɬɭɜɚɬɢɫɹ ɞɟɹɤɨɸ ɩɿɞɦɧɨɠɢɧɨɸ ɩɭɧɤɬɿɜ ɪɟɤɪɟɚɰɿʀ, 
ɹɤɿ є ɜ ɞɚɧɿɣ ɌɊɋ. ɇɟɨɛɯɿɞɧɨ ɦɿɧɿɦɿɡɭɜɚɬɢ ɫɭɦɚɪɧɭ ɜɚɪɬɿɫɬɶ ɪɟɤɪɟɚɰɿɣɧɨɝɨ 
ɩɪɨɰɟɫɭ: 
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 ( )1 1 2 2
1 1 1,..., ; ,..., ;...; ,...,M M

N N NF       =

( ) ( ) ( )
1 1

( 1 ) , , ,
j
i

M N
j j j j j
i i i i

j i

k Y c x x y dxdy
= = 

 
 + −   +  
 
 

   

ɞɟ ( ),j x y   – ɳɿɥɶɧɿɫɬɶ, ɡ ɹɤɨɸ  ɪɨɡɩɨɞɿɥɟɧɢɣ ɩɨɩɢɬ ɧɚ j-ɢɣ ɜɢɞ ɩɨɫɥɭɝ ɜ 
ɨɛɥɚɫɬɿ   , 

( ),x y – ɤɨɨɪɞɢɧɚɬɢ ɡɧɚɯɨɞɠɟɧɧɹ ɪɟɤɪɟɚɧɬɚ, 

1,..., N   – ɩɭɧɤɬɢ ɦɨɠɥɢɜɨɝɨ ɪɨɡɦɿɳɟɧɧɹ ɌɊɈ, 

( )( , ),j
ic x y   – ɬɪɚɧɫɩɨɪɬɧɿ ɜɢɬɪɚɬɢ ɪɟɤɪɟɚɧɬɚ ɞɥɹ i-ɝɨ ɌɊɈ ɩɨ j-ɨɦɭ ɜɢɞɭ 

ɩɨɫɥɭɝ; 

i

j  – ɪɟɤɪɟɚɰɿɣɧɢɣ ɩɨɬɟɧɰɿɚɥ i-ɝɨ ɌɊɈ ɩɨ j-ɨɦɭ ɜɢɞɭ ɩɨɫɥɭɝ; 

( )j j
i iY  – ɡɚɥɟɠɧɿɫɬɶ ɪɟɤɪɟɚɰɿɣɧɨʀ ɜɚɪɬɨɫɬɿ i-ɝɨ ɌɊɈ ɜɿɞ ɤɥɿєɧɬɨɩɨɬɨɤɭ ɩɨ j-

ɨɦɭ ɜɢɞɭ ɩɨɫɥɭɝ, 
ɞɟ ( ),

j
i

j j
iY x y dxdy



=   – ɩɨɬɭɠɧɿɫɬɶ ɿ-ɬɨɝɨ ɌɊɈ ɩɨ j-ɬɨɦɭ ɜɢɞɭ ɩɨɫɥɭɝ. 

ɉɨɬɭɠɧɿɫɬɶ i-ɝɨ ɌɊɈ ɩɨ ɜɫɿɦ ɜɢɞɚɦ ɩɨɫɥɭɝ ɜɢɡɧɚɱɚєɬɶɫɹ ɫɭɦɚɪɧɢɦ 
ɩɨɩɢɬɨɦ ɪɟɤɪɟɚɧɬɿɜ, ɹɤɿ ɧɚɥɟɠɚɬɶ j

i ɬɚ ɧɟ ɩɨɜɢɧɧɚ ɩɟɪɟɜɢɳɭɜɚɬɢ ɿɫɧɭɸɱɿ 
ɨɛ’єɦɢ ɪɟɤɪɟɚɰɿɣɧɢɯ ɪɟɫɭɪɫɿɜ, ɜɢɡɧɚɱɟɧɿ ɜɿɞɩɨɜɿɞɧɢɦɢ ɨɛɦɟɠɟɧɧɹɦɢ: 

( )
1

, 1,..., ,
j
i

M
j

i
j

x dx b i p
= 

 = =   ( )
1

, 1,..., .
j
i

M
j

i
j

x dx b i p N
= 

 = = +   

ɉɪɢ ɰɶɨɦɭ ɜɢɤɨɧɭɸɬɶɫɹ ɭɦɨɜɢ ɪɨɡɜ’ɹɡɧɨɫɬɿ  ɡɚɞɚɱɿ: 

( )
1 1

,   0 , 1,...,
M N

j
i i

j i

S x dx b b S i N
= =

=     =                              (1) 

ɉɪɟɞɫɬɚɜɥɟɧɚ ɡɚɞɚɱɚ є ɧɟɥɿɧɿɣɧɨɸ ɧɟɩɟɪɟɪɜɧɨɸ ɛɚɝɚɬɨɩɪɨɞɭɤɬɨɜɨɸ 
ɡɚɞɚɱɟɸ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧɢ nE  ɧɚ ʀʀ ɧɟɩɟɪɟɬɢɧɧɿ 
ɩɿɞɦɧɨɠɢɧɢ 1 1

1,..., N  ; 2 2
1 ,..., N  ;; 1 ,...,M M

N   (ɫɟɪɟɞ ɹɤɢɯ ɦɨɠɭɬɶ ɛɭɬɢ ɿ 
ɩɨɪɨɠɧɿ) ɡ ɮɿɤɫɨɜɚɧɢɦɢ ɤɨɨɪɞɢɧɚɬɚɦɢ ɰɟɧɬɪɿɜ ɰɢɯ ɩɿɞɦɧɨɠɢɧ ɩɪɢ 
ɨɛɦɟɠɟɧɧɹɯ ɭ ɜɢɝɥɹɞɿ ɪɿɜɧɨɫɬɟɣ ɬɚ ɧɟɪɿɜɧɨɫɬɟɣ. Ɂɝɿɞɧɨ ɞɨɫɥɿɞɠɟɧɧɹɦ, 
ɩɪɢɜɟɞɟɧɢɦ ɜ [2], ɡɞɿɣɫɧɟɧɨ ɩɟɪɟɯɿɞ ɜɿɞ ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɨʀ ɞɨ ɩɨɲɭɤɭ 
ɫɿɞɥɨɜɨʀ ɬɨɱɤɢ ɜɢɡɧɚɱɟɧɨɝɨ ɮɭɧɤɰɿɨɧɚɥɚ ɭ ɜɢɝɥɹɞɿ ɬɟɨɪɟɦɢ 1, ɧɚ ɨɫɧɨɜɿ ɹɤɨʀ 
ɪɨɡɪɨɛɥɟɧɨ ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ Ⱥ, ɹɤɢɣ ɡɚɫɬɨɫɨɜɚɧɨ ɞɨ ɪɨɡɜ’ɹɡɚɧɧɹ 
ɧɚɫɬɭɩɧɢɯ ɦɨɞɟɥɶɧɢɯ ɡɚɞɚɱ. 

Ɇɨɞɟɥьɧɚ ɡɚɞɚɱɚ 1.  



ISSN 2074-5893 ɉɢɬɚɧɧɹ ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ ɿ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ.  ȼɢɩɭɫɤ 18 
 

 113 

ɇɟɯɚɣ ɡɚɞɚɧɨ ɦɧɨɠɢɧɭ  ( , ) :0 10,0 10x y x y=      ɪɟɤɪɟɚɧɬɿɜ, 
ɫɩɨɠɢɜɚɱɿɜ ɬɪɶɨɯ ɜɢɞɿɜ ɪɟɤɪɟɚɰɿɣɧɢɯ ɩɨɫɥɭɝ, ɹɤɿ ɦɨɠɭɬɶ ɧɚɞɚɜɚɬɢɫɹ 
ɞɟɜ’ɹɬɶɦɚ ɬɭɪɢɫɬɢɱɧɨ-ɪɟɤɪɟɚɰɿɣɧɢɦɢ ɨɛ’єɤɬɚɦɢ. Ɍɪɚɧɫɩɨɪɬɧɿ ɜɢɬɪɚɬɢ 
ɪɟɤɪɟɚɧɬɚ ( , )x y  ɞɥɹ i-ɝɨ ɌɊɈ ɩɨ j-ɨɦɭ ɜɢɞɭ ɩɨɫɥɭɝ ɡɚɞɚɧɨ ɜɿɞɩɨɜɿɞɧɨ ɞɨ ɜɢɞɭ 
ɩɨɫɥɭɝ:  

( )

( ) ( )
( ) ( )

( ) ( ) 

2 2
(1) (2)

1 2

1 2

,     1;

, , ,               2;

max , ,      3.

i i

j
i i i

i i

x y j

c x y x y j

x y j


−  + −  =


 = −  + −  =

 −  −  =

 

ɉɨɩɢɬ ( , )j x y  ɧɚ ɪɟɤɪɟɚɰɿɣɧɿ ɩɨɫɥɭɝɢ ɜɢɞɭ ɪɨɡɩɨɞɿɥɟɧɢɣ ɜ ɨɛɥɚɫɬɿ   ɡ 
ɜɿɞɩɨɜɿɞɧɢɦɢ ɳɿɥɶɧɨɫɬɹɦɢ, ɡɚɞɚɧɢɦɢ ɭ ɧɚɫɬɭɩɧɨɦɭ ɚɧɚɥɿɬɢɱɧɨɦɭ ɜɢɝɥɹɞɿ: 

 
1

( , ) ,  1,  3.
ln ( ) 110.003

j

j
x y j

x y
 = =

− −
 

Ɏɭɧɤɰɿʀ ( )j j
i iY , ɹɤɿ ɨɩɢɫɭɸɬɶ ɡɚɥɟɠɧɿɫɬɶ ɪɟɤɪɟɚɰɿɣɧɨʀ ɜɚɪɬɨɫɬɿ i-ɝɨ ɌɊɈ 

ɜɿɞ ɤɥɿєɧɬɨɩɨɬɨɤɭ ɩɨ j-ɨɦɭ ɜɢɞɭ ɩɨɫɥɭɝ, ɦɚɸɬɶ ɜɢɝɥɹɞ 

( ) ( )2j j j
i i iY Y = , 1,  9,  1,2,3i j= = , 

ɞɟ ɩɨɬɭɠɧɿɫɬɶ j
iY  i-ɝɨ ɌɊɈ  ɩɨ ɧɚɞɚɧɧɸ  j-ɝɨ ɜɢɞɭ ɩɨɫɥɭɝ ɜɢɡɧɚɱɚєɬɶɫɹ ɡɚ 

ɮɨɪɦɭɥɨɸ:  ( , ) .
j
i

j j
iY x y dxdy


=     

ɉɨɬɭɠɧɿɫɬɶ i-ɝɨ ɌɊɈ ɩɨ ɜɫɿɦ ɜɢɞɚɦ ɪɟɤɪɟɚɰɿɣɧɢɯ ɩɨɫɥɭɝ ɜɢɡɧɚɱɚєɬɶɫɹ 
ɫɭɦɚɪɧɢɦ ɩɨɩɢɬɨɦ ɪɟɤɪɟɚɧɬɿɜ, ɹɤɿ ɧɚɥɟɠɚɬɶ j

i , 1,9i = , ɬɚ ɞɥɹ ɩɭɧɤɬɿɜ ɌɊɈ 

1,2,4,5,7,9i =  ɧɟɩɨɜɢɧɧɚ ɩɟɪɟɜɢɳɭɜɚɬɢ ɡɚɞɚɧɿ ɨɛ'єɦɢ, ɬɨɛɬɨ ɧɚ ɩɨɬɭɠɧɨɫɬɿ 
ɌɊɈ ɧɚɤɥɚɞɟɧɿ ɧɚɫɬɭɩɧɿ ɨɛɦɟɠɟɧɧɹ : 

1

3

1

0 ( , ) ,
j

j
i

j

x y dxdy b
=

      1, 2,  4, 5, 7,  9i =  

1b = 100, 2b = 86, 4b = 10, 5b =17, 7b = 100, 9b =25, 

ɚ ɞɥɹ ɩɭɧɤɬɿɜ ɌɊɈ ɡ ɧɨɦɟɪɚɦɢ 3,  6, 8i =  ɩɨɜɢɧɧɚ ɞɨɪɿɜɧɸɜɚɬɢ ɡɚɞɚɧɢɦ 

ɨɛ’єɦɚɦ:                         ( )
3

1

, ,  3,  6, 8
j
i

j
i

j

x y dxdy b i
= 

 = =   

3b =36, 6b = 5, 8b =15. 
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ɇɟɨɛɯɿɞɧɨ ɪɨɡɛɢɬɢ ɦɧɨɠɢɧɭ ɪɟɤɪɟɚɧɬɿɜ Ω ɧɚ ʀɯ ɡɨɧɢ ɨɛɫɥɭɝɨɜɭɜɚɧɧɹ 
ɞɟɜ'ɹɬɶɦɚ ɌɊɈ ɩɨ ɤɨɠɧɨɦɭ ɜɢɞɭ ɪɟɤɪɟɚɰɿɣɧɢɯ ɩɨɫɥɭɝ, ɬɨɛɬɨ ɧɚ ɩɿɞɦɧɨɠɢɧɢ 

,  j
i 1,  9i = , 1,  3j = , ɬɚɤ, ɳɨɛ ɦɿɧɿɦɿɡɭɜɚɬɢ ɮɭɧɤɰɿɨɧɚɥ ɫɭɦɚɪɧɨʀ ɜɚɪɬɨɫɬɿ 

ɪɟɤɪɟɚɰɿɣɧɨɝɨ ɩɪɨɰɟɫɭ: 

 ( )1 1 2 2 3 3
1 9 1 9 1 9,..., ; ,..., ; ,...,F       =  

( ) ( ) ( )
3 9

1 1

( 1 ) , , ,
j
i

j j j j j
i i i i

j i

k Y c x x y dxdy
= = 

 
 = + −  +  
 
 

   

ɇɟ є ɜɢɤɥɸɱɟɧɧɹɦ ɬɨɣ ɜɢɩɚɞɨɤ, ɤɨɥɢ ɞɟɹɤɿ ɡ ɩɿɞɦɧɨɠɢɧ  ,  j
i 1, 9i = , 

1,  3j = , ɨɩɢɧɹɬɶɫɹ ɩɨɪɨɠɧɿɦɢ. 

Ɇɧɨɠɢɧɚ   ɩɨɤɪɢɜɚɥɚɫɹ ɫɿɬɤɨɸ ɡ ɜɭɡɥɚɦɢ ( , )i j , 1,...,21,i = 1,...,21j = . 

ȼ ɹɤɨɫɬɿ ɩɨɱɚɬɤɨɜɢɯ ɡɧɚɱɟɧɶ ɞɜɨʀɫɬɢɯ ɡɦɿɧɧɢɯ ɡɚɞɚɧɨ (0)
i  = 0, 1,9i = ; 

ɩɨɱɚɬɤɨɜɿ ɡɧɚɱɟɧɧɹ ɩɨɬɭɠɧɨɫɬɟɣ: (0)
1

jY =50, (0)
2
jY =10, (0)

3
jY =10, (0)

4
jY =60, 

(0)
5
jY =500, (0)

6
jY =10, (0)

7
jY =10, (0)

8
jY =80, (0)

9
jY =50, 1,3j = ; ɚ ɬɚɤɨɠ ɡɚɞɚɧɿ 

ɤɨɨɪɞɢɧɚɬɢ ɪɨɡɦɿɳɟɧɧɹ ɌɊɈ: 

0 9.0;  6.3; 5.1; 2.6; 7,9; 5.5; 7.0; 9.5; 1.8

8.5; 7.0; 8.9; 2.5; 2.1;4.5; 6.4; 5.1; 7.7

 
 =  

 
 

 
ɍɦɨɜɨɸ ɡɚɜɟɪɲɟɧɧɹ ɨɛɱɢɫɥɟɧɶ є ɜɢɤɨɧɚɧɧɹ ɧɟɪɿɜɧɨɫɬɿ:  

( ) ( )( ) ( ) ( 1) ( 1) 3, , , 10k k k kY Y + + − −     = . 

Ɂɚ 146  ɿɬɟɪɚɰɿɣ ɨɬɪɢɦɚɧɨ: 
- ɨɩɬɢɦɚɥɶɧɟ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧɢ ɫɩɨɠɢɜɚɱɿɜ   ɧɚ ɞɟɜ'ɹɬɶ ɡɨɧ 

ɨɛɫɥɭɝɨɜɭɜɚɧɧɹ ɤɨɠɧɢɦ ɡ ɞɟɜ'ɹɬɢ ɌɊɈ ɩɨ ɬɪɶɨɦ ɜɢɞɚɦ ɩɨɫɥɭɝ 
ɩɪɟɞɫɬɚɜɥɟɧɟ ɧɚ ɪɢɫ. 1; 

– ɦɚɤɫɢɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɭ ɞɜɨʀɫɬɨʀ ɡɚɞɚɱɿ * 733.51G  ; 

- ɦɿɧɿɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɭ ɩɪɹɦɨʀ ɡɚɞɚɱɿ * 745.64F  ; 

- ɨɩɬɢɦɚɥɶɧɿ ɩɨɬɭɠɧɨɫɬɿ ɤɨɠɧɨɝɨ ɡ ɞɟɜ’ɹɬɢ ɩɿɞɩɪɢєɦɫɬɜ: 
1*

1Y =0.21; 1*
2Y =0.35; 1*

3Y =12.13; 1*
4Y =1.66; 1*

5Y =1.01; 1*
6Y =1.46;  

1*
7Y =8.8; 1*

8Y =5.23; 1*
9Y =0.17; 

2*
1Y =0.31; 2*

2Y =0.92; 2*
3Y =12.33; 2*

4Y =1.55; 2*
5Y =1.01; 2*

6Y =1.56; 

2*
7Y =0.25; 2*

8Y =5.49; 2*
9Y =0.36; 
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3*
1Y =0.42; 3*

2Y =9.91; 3*
3Y =11.47; 3*

4Y =1.83; 3*
5Y =0.88; 3*

6Y =0.74; 

3*
7Y =0.17; 3*

8Y =4.7; 3*
9Y =0,26. 

ɚ)             b)   

c)   

Ɋɢɫ. 1 – Ɉɩɬɢɦɚɥɶɧɟ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧɢ   ɧɚ ɡɨɧɢ ɨɛɫɥɭɝɨɜɭɜɚɧɧɹ ɤɨɠɧɢɦ ɡ  
ɞɟɜ'ɹɬɢ ɌɊɈ ɡ ɮɿɤɫɨɜɚɧɢɦɢ ɰɟɧɬɪɚɦɢ ɩɨ ɬɪɶɨɦ ɜɢɞɚɦ ɪɟɤɪɟɚɰɿɣɧɢɯ ɩɨɫɥɭɝ ɞɥɹ  

ɦɨɞɟɥɶɧɨʀ ɡɚɞɚɱɿ 1 

Ɇɨɞɟɥьɧɚ ɡɚɞɚɱɚ 2. ɍ ɩɨɫɬɚɧɨɜɰɿ ɩɟɪɲɨʀ ɦɨɞɟɥɶɧɨʀ ɡɚɞɚɱɿ ɡɚɞɚɦɨ ɮɭɧɤɰɿɸ 
ɩɨɩɢɬɭ ( , ) 1 , 1,  2, 3.j x y j = =  Ɂɚ ɬɚɤɢɯ ɭɦɨɜ, ɩɿɫɥɹ 215 ɿɬɟɪɚɰɿʀ, ɨɬɪɢɦɚɧɨ 
ɧɚɫɬɭɩɧɿ ɪɟɡɭɥɶɬɚɬɢ: 
- ɨɩɬɢɦɚɥɶɧɟ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧɢ ɫɩɨɠɢɜɚɱɿɜ   ɧɚ ɞɟɜ'ɹɬɶ  ɡɨɧ 

ɨɛɫɥɭɝɨɜɭɜɚɧɧɹ ɤɨɠɧɢɦ ɡ ɞɟɜ'ɹɬɢ ɌɊɈ ɩɨ ɬɪɶɨɦ ɜɢɞɚɦ ɩɨɫɥɭɝ 
ɩɪɟɞɫɬɚɜɥɟɧɟ ɧɚ ɪɢɫɭɧɤɭ 2; 

– ɦɚɤɫɢɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɭ ɞɜɨʀɫɬɨʀ ɡɚɞɚɱɿ * 5888.87G  ; 

- ɦɿɧɿɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɭ ɩɪɹɦɨʀ ɡɚɞɚɱɿ * 5876.46F  ; 

- ɨɩɬɢɦɚɥɶɧɿ ɩɨɬɭɠɧɨɫɬɿ ɤɨɠɧɨɝɨ ɡ ɞɟɜ’ɹɬɢ ɩɿɞɩɪɢєɦɫɬɜ: 
1*

1Y =20.62; 1*
2Y =21.74; 1*

3Y =11.95; 1*
4Y =3.28; 1*

5Y =5.68; 1*
6Y =1.64;  
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1*
7Y =21.75; 1*

8Y =5.06; 1*
9Y =8.24; 

2*
1Y =20.77; 2*

2Y =21.77; 2*
3Y =12.28; 2*

4Y =2.43; 2*
5Y =5.98; 2*

6Y =1.46; 

2*
7Y =21.82; 2*

8Y =5.25; 2*
9Y =8. 24; 

3*
1Y =20.42; 3*

2Y =21.54; 3*
3Y =11.79; 3*

4Y =4.3; 3*
5Y =5.36; 3*

6Y =1.9; 

3*
7Y =2.15; 3*

8Y =4.66; 3*
9Y =8.51. 

ɚ)   b)  

c)  

Ɋɢɫ. 2 – Ɉɩɬɢɦɚɥɶɧɟ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧɢ   ɧɚ ɡɨɧɢ ɨɛɫɥɭɝɨɜɭɜɚɧɧɹ ɤɨɠɧɢɦ ɡ  
ɞɟɜ'ɹɬɢ ɌɊɈ ɡ ɮɿɤɫɨɜɚɧɢɦɢ ɰɟɧɬɪɚɦɢ ɩɨ ɬɪɶɨɦ ɜɢɞɚɦ ɪɟɤɪɟɚɰɿɣɧɢɯ ɩɨɫɥɭɝ ɞɥɹ  

ɦɨɞɟɥɶɧɨʀ ɡɚɞɚɱɿ 2 

Ⱦɥɹ ɤɨɠɧɨʀ ɿɡ ɡɚɞɚɱ ɜɢɤɨɧɭɸɬɶɫɹ ɭɦɨɜɢ ɪɨɡɜ’ɹɡɧɨɫɬɿ (1). Ɍɨɛɬɨ ɡɚɝɚɥɶɧɚ 
ɨɩɬɢɦɚɥɶɧɚ ɩɨɬɭɠɧɿɫɬɶ ɞɟɜ'ɹɬɢ ɌɊɈ, ɹɤɚ ɨɬɪɢɦɚɧɚ ɡɚ ɚɥɝɨɪɢɬɦɨɦ ɪɨɡɜ'ɹɡɤɭ 
(ɞɥɹ ɦɨɞɟɥьɧɨʀ ɡɚɞɚɱɿ 1 ɰɟ 85.18, ɚ ɞɥɹ ɦɨɞɟɥьɧɨʀ ɡɚɞɚɱɿ 2 ɰɟ 280.59) ɧɟ 
ɩɟɪɟɜɢɳɭє S = 394 – ɫɭɦɢ ɡɚɞɚɧɢɯ ɨɛ’єɦɿɜ ɩɨɬɭɠɧɨɫɬɟɣ ɌɊɈ. Ɉɬɪɢɦɚɧɿ 
ɨɩɬɢɦɚɥɶɧɿ ɩɨɬɭɠɧɨɫɬɿ 3-ɝɨ, 6-ɝɨ ɌɊɈ ɬɚ 8-ɝɨ ɌɊɈ ɭ ɤɨɠɧɿɣ ɿɡ ɡɚɞɚɱ 
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ɜɿɞɩɨɜɿɞɚɸɬɶ ɨɛɦɟɠɟɧɧɹɦ ɭ ɜɢɝɥɹɞɿ ɪɿɜɧɨɫɬɟɣ, ɬɨɛɬɨ ɞɨɪɿɜɧɸɸɬɶ ɡɚɞɚɧɢɦ 

ɡɧɚɱɟɧɧɹɦ, ɚ ɫɚɦɟ 
3

*
3

1

j

j

Y
=
 36; 

3
*

6
1

j

j

Y
=
 5; 

3
*

8
1

j

j

Y
=
 15. 

ȼɢɫɧɨɜɤɢ. Ⱦɥɹ ɪɨɡɪɨɛɥɟɧɨʀ ɜ [2] ɦɚɬɟɦɚɬɢɱɧɨʀ ɦɨɞɟɥɿ ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ 
ɪɨɡɩɨɞɿɥɭ ɪɟɤɪɟɚɰɿɣɧɢɯ ɪɟɫɭɪɫɿɜ ɪɨɡɪɨɛɥɟɧɨ ɬɟɨɪɟɬɢɱɧɨ ɨɛґɪɭɧɬɨɜɚɧɿ 
ɚɥɝɨɪɢɬɦɢ ɪɨɡɜ’ɹɡɚɧɧɹ. ɇɚ ɨɫɧɨɜɿ ɩɨɛɭɞɨɜɚɧɢɯ ɚɥɝɨɪɢɬɦɿɜ ɩɪɨɜɟɞɟɧɨ 
ɱɢɫɟɥɶɧɟ ɞɨɫɥɿɞɠɟɧɧɹ ɩɨɫɬɚɜɥɟɧɨʀ ɡɚɞɚɱɿ ɧɚ ɪɹɞɿ ɦɨɞɟɥɶɧɢɯ ɡɚɞɚɱ. 
ɉɪɟɞɫɬɚɜɥɟɧɿ ɪɟɡɭɥɶɬɚɬɢ ɞɨɫɥɿɞɠɟɧɶ ɦɨɠɭɬɶ ɫɥɭɝɭɜɚɬɢ ɤɨɪɢɫɧɢɦ 
ɿɧɫɬɪɭɦɟɧɬɨɦ ɭ ɫɟɧɫɿ ɟɮɟɤɬɢɜɧɨɝɨ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɡɨɧ 
ɮɭɧɤɰɿɨɧɭɜɚɧɧɹ ɿɫɧɭɸɱɢɯ ɬɭɪɢɫɬɢɱɧɨ-ɪɟɤɪɟɚɰɿɣɧɢɯ ɨɛ’єɤɬɿɜ, ɹɤɿ ɡɞɚɬɧɿ 
ɩɪɨɞɭɤɭɜɚɬɢ ɤɨɦɩɥɟɤɫɢ ɩɨɫɥɭɝ ɬɚ ɡɚɞɨɜɨɥɶɧɹɬɢ ɧɟɨɛɯɿɞɧɿ ɩɨɬɪɟɛɢ ɪɟɤɪɟɚɧɬɿɜ 
ɡ ɨɛɥɚɫɬɿ ɨɛɫɥɭɝɨɜɭɜɚɧɧɹ ɡɚ ɭɦɨɜ ɨɩɬɢɦɚɥɶɧɨʀ ɜɚɪɬɨɫɬɿ ɪɟɤɪɟɚɰɿɣɧɢɯ ɩɨɬɪɟɛ. 

 
Ȼɿɛɥɿɨɝɪɚɮɿɱɧɿ ɩɨɫɢɥɚɧɧɹ 
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ɂ.ȼ. Ʉɨɡɢɧ,  ɋ.ȿ.Ȼɚɬɨɜɫɤɢɣ  
Ɂɚɩɨɪɨɠɫɤɢɣ ɧɚɰɢɨɧɚɥɶɧɵɣ ɭɧɢɜɟɪɫɢɬɟɬ 

 

ȽȿɇȿɊȺɐɂə ɋɅɍɑȺɃɇɕɏ ɄȺɊɌ ɉɊəɆɈɍȽɈɅɖɇɈȽɈ ɊȺɋɄɊɈə 
 
ɂɫɫɥɟɞɭɟɬɫɹ ɩɪɨɛɥɟɦɚ ɝɟɧɟɪɚɰɢɢ ɛɟɡɨɬɯɨɞɧɵɯ ɤɚɪɬ ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɪɚɫɤɪɨɹ. Ⱦɥɹ 

ɪɚɡɥɢɱɧɵɯ ɜɢɞɨɜ ɤɚɪɬ ɢɫɫɥɟɞɭɸɬɫɹ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɦɨɞɟɥɢ ɢ ɚɥɝɨɪɢɬɦɵ 
ɝɟɧɟɪɚɰɢɢ. ɉɪɟɞɥɨɠɟɧɵ ɝɟɧɟɪɚɬɨɪɵ ɞɥɹ ɛɟɡɨɬɯɨɞɧɵɯ ɤɚɪɬ ɪɚɫɤɪɨɹ ɧɚ 
ɩɪɹɦɨɭɝɨɥɶɧɢɤɢ ɨɝɪɚɧɢɱɟɧɧɵɯ ɪɚɡɦɟɪɨɜ, ɝɟɧɟɪɚɬɨɪɵ ɤɚɪɬ ɝɢɥɶɨɬɢɧɧɨɝɨ ɪɚɫɤɪɨɹ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɤɚɪɬɚ ɪɚɫɤɪɨɹ, ɛɟɡɨɬɯɨɞɧɵɣ ɩɪɹɦɨɭɝɨɥɶɧɵɣ ɪɚɫɤɪɨɣ, 
ɚɥɝɨɪɢɬɦɵ ɝɟɧɟɪɚɰɢɢ ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɪɚɫɤɪɨɹ, ɝɢɥɶɨɬɢɧɧɵɣ ɪɚɫɤɪɨɣ. 

 

Ⱦɨɫɥɿɞɠɭєɬɶɫɹ ɩɪɨɛɥɟɦɚ ɝɟɧɟɪɚɰɿʀ ɛɟɡɜɿɞɯɨɞɧɢɯ ɤɚɪɬ ɩɪɹɦɨɤɭɬɧɨɝɨ ɪɨɡɤɪɨɸ. Ⱦɥɹ 
ɪɿɡɧɢɯ ɜɢɞɿɜ ɤɚɪɬ ɞɨɫɥɿɞɠɭɸɬɶɫɹ ɜɿɞɩɨɜɿɞɧɿ ɦɨɞɟɥɿ ɿ ɚɥɝɨɪɢɬɦɢ ɝɟɧɟɪɚɰɿʀ. 
Ɂɚɩɪɨɩɨɧɨɜɚɧɨ ɝɟɧɟɪɚɬɨɪɢ ɞɥɹ ɛɟɡɜɿɞɯɨɞɧɢɯ ɤɚɪɬ ɪɨɡɤɪɨɸ ɧɚ ɩɪɹɦɨɤɭɬɧɢɤɢ 
ɨɛɦɟɠɟɧɢɯ ɪɨɡɦɿɪɿɜ, ɝɟɧɟɪɚɬɨɪɢ ɤɚɪɬ ɝɿɥɶɣɨɬɢɧɧɨɝɨ ɪɨɡɤɪɨɸ. ȼɿɞɨɦɨ, ɳɨ ɜɟɥɢɤɚ 
ɤɿɥɶɤɿɫɬɶ ɩɪɢɤɥɚɞɧɢɯ ɨɩɬɢɦɿɡɚɰɿɣɧɢɯ ɡɚɞɚɱ ɧɚ ɫɶɨɝɨɞɧɿɲɧɿɣ ɞɟɧɶ ɧɟ ɦɨɠɭɬɶ ɛɭɬɢ 
ɬɨɱɧɨ ɪɨɡɜ’ɹɡɚɧɿ, ɨɫɤɿɥɶɤɢ ʀɯ ɨɛɱɢɫɥɸɜɚɥɶɧɚ ɫɤɥɚɞɧɿɫɬɶ ɜɿɞɧɨɫɢɬɶɫɹ ɞɨ ɤɥɚɫɭ NP-

ɜɚɠɤɢɯ. ɍ ɛɚɝɚɬɶɨɯ ɜɢɩɚɞɤɚɯ ɞɥɹ ɩɨɲɭɤɭ ɧɚɛɥɢɠɟɧɢɯ ɪɿɲɟɧɶ ɜɢɤɨɪɢɫɬɨɜɭɸɬɶɫɹ 
ɦɟɬɚɟɜɪɢɫɬɢɤɢ ɪɿɡɧɢɯ ɬɢɩɿɜ, ɚɥɟ ɩɪɢ ɜɢɛɨɪɿ ɬɿєʀ ɱɢ ɿɧɲɨʀ ɦɟɬɚɟɜɪɢɫɬɢɤɢ ɡɚɥɢɲɚєɬɶɫɹ 
ɜɿɞɤɪɢɬɢɦ ɩɢɬɚɧɧɹ ɩɪɨ ɹɤɿɫɬɶ ɨɛɪɚɧɨɝɨ ɦɟɬɨɞɭ. ɉɪɨɩɨɧɭєɬɶɫɹ ɤɿɥɶɤɚ ɦɨɠɥɢɜɢɯ 
ɜɚɪɿɚɧɬɿɜ ɪɨɡɜ'ɹɡɚɧɧɹ ɩɪɨɛɥɟɦɢ, ɨɞɧɢɦ ɡ ɹɤɢɯ є ɩɟɪɟɜɿɪɤɚ ɦɟɬɚɟɜɪɢɫɬɢɱɧɢɯ 
ɚɥɝɨɪɢɬɦɿɜ ɧɚ ɩɪɢɤɥɚɞɚɯ ɡ ɜɿɞɨɦɢɯ ɬɟɫɬɨɜɢɯ ɛɿɛɥɿɨɬɟɤ ɡ ɜɿɞɨɦɢɦɢ ɪɟɤɨɪɞɚɦɢ. ȱɧɲɢɦ 
ɩɿɞɯɨɞɨɦ ɞɨ ɜɢɪɿɲɟɧɧɹ ɩɪɨɛɥɟɦɢ ɨɰɿɧɤɢ ɹɤɨɫɬɿ ɚɥɝɨɪɢɬɦɿɜ, ɳɨ ɪɨɡɝɥɹɞɚєɬɶɫɹ, є 
ɩɨɪɿɜɧɹɧɧɹ «ɧɨɜɨɝɨ» ɚɥɝɨɪɢɬɦɭ ɡ ɿɧɲɢɦɢ ɚɥɝɨɪɢɬɦɚɦɢ, ɪɨɛɨɬɚ ɹɤɢɯ ɜɠɟ ɞɟɬɚɥɶɧɨ 
ɜɢɜɱɟɧɚ. ɉɨɛɭɞɨɜɚ ɝɟɧɟɪɚɬɨɪɚ ɜɢɩɚɞɤɨɜɢɯ ɡɚɜɞɚɧɶ ɡ ɜɿɞɨɦɢɦ ɨɩɬɢɦɚɥɶɧɢɦ 
ɪɿɲɟɧɧɹɦ, ɦɨɠɟ ɜɢɪɿɲɢɬɢ ɩɪɨɛɥɟɦɭ ɨɬɪɢɦɚɧɧɹ «ɫɟɪɟɞɧɿɯ» ɨɰɿɧɨɤ ɬɨɱɧɨɫɬɿ 
ɜɢɤɨɪɢɫɬɨɜɭɜɚɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɜ ɩɨɪɿɜɧɹɧɧɿ ɡ ɿɧɲɢɦɢ ɦɟɬɨɞɚɦɢ. ɍ ɪɨɛɨɬɿ 
ɪɨɡɝɥɹɞɚєɬɶɫɹ ɩɨɛɭɞɨɜɚ ɝɟɧɟɪɚɬɨɪɿɜ ɜɢɩɚɞɤɨɜɢɯ ɩɨɜɧɢɯ ɤɚɪɬ ɩɪɹɦɨɤɭɬɧɨɝɨ ɪɨɡɤɪɨɸ 
ɡ ɭɪɚɯɭɜɚɧɧɹɦ ɩɟɜɧɢɯ ɨɛɦɟɠɟɧɶ ɧɚ ɪɨɡɦɿɪɢ ɫɤɥɚɞɨɜɢɯ ʀɯ ɟɥɟɦɟɧɬɚɪɧɢɯ 
ɩɪɹɦɨɤɭɬɧɢɤɿɜ. ȱɫɧɭɜɚɧɧɹ ɧɚɛɨɪɿɜ ɬɚɤɢɯ ɤɚɪɬ ɮɨɪɦɭє ɛɚɡɭ ɬɟɫɬɨɜɢɯ ɡɚɜɞɚɧɶ ɞɥɹ 
ɩɟɪɟɜɿɪɤɢ ɹɤɨɫɬɿ ɧɚɛɥɢɠɟɧɢɯ ɚɥɝɨɪɢɬɦɿɜ ɩɨɲɭɤɭ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɤɪɨɸ. 
ɉɪɹɦɨɤɭɬɧɢɣ ɪɨɡɤɪɿɣ, ɹɤɢɣ ɪɨɡɝɥɹɞɚєɬɶɫɹ ɜ ɪɨɛɨɬɿ, ɬɚɤɨɠ є ɨɫɧɨɜɨɸ ɞɥɹ ɩɨɛɭɞɨɜɢ 
ɪɨɡɤɪɨʀɜ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɛɿɥɶɲ ɫɤɥɚɞɧɢɯ ɮɿɝɭɪ. ȼ ɹɤɨɫɬɿ ɧɚɣɩɪɨɫɬɿɲɨɝɨ ɦɟɬɨɞɭ 
ɝɟɧɟɪɚɰɿʀ ɜɢɩɚɞɤɨɜɢɯ ɩɪɹɦɨɤɭɬɧɢɯ ɤɚɪɬ ɪɨɡɤɪɨɸ ɧɚɜɨɞɢɬɶɫɹ ɦɟɬɨɞ, ɹɤɢɣ 
ɜɢɤɨɪɢɫɬɨɜɭє ɝɿɥɶɣɨɬɢɧɧɢɣ ɪɨɡɤɪɿɣ. Ɍɚɤɨɠ, ɧɚɜɨɞɢɬɶɫɹ ɛɿɥɶɲ ɫɤɥɚɞɧɢɣ ɚɥɝɨɪɢɬɦ 
ɝɟɧɟɪɚɰɿʀ ɜɢɩɚɞɤɨɜɨɝɨ ɩɪɹɦɨɤɭɬɧɨɝɨ ɪɨɡɤɪɨɸ, ɪɨɛɨɬɚ ɹɤɨɝɨ ɩɨɥɹɝɚє ɜ ɝɟɧɟɪɚɰɿʀ 
ɜɢɩɚɞɤɨɜɨʀ ɬɨɱɤɨɜɨʀ ɫɿɬɤɢ ɿ ɜɢɞɚɥɟɧɧɹ ɞɟɹɤɢɯ ɜɢɩɚɞɤɨɜɢɯ ɬɨɱɨɤ ɡ ɰɿєʀ ɫɿɬɤɢ. ȼɟɥɢɤɚ 
ɭɜɚɝɚ ɩɪɢɞɿɥɹєɬɶɫɹ ɫɚɦɟ ɪɟɚɥɿɡɚɰɿɹɦ ɧɚɜɟɞɟɧɢɯ ɦɟɬɨɞɿɜ, ɨɫɤɿɥɶɤɢ ɨɫɧɨɜɧɨɸ ɦɟɬɨɸ 
ɫɬɚɬɬɿ є ɡɚɫɬɨɫɭɜɚɧɧɹ ɝɟɧɟɪɚɬɨɪɿɜ ɧɚ ɩɪɚɤɬɢɰɿ. ȼɫɿ ɧɚɜɟɞɟɧɿ ɚɥɝɨɪɢɬɦɢ ɜɠɟ 
ɜɢɤɨɪɢɫɬɨɜɭɸɬɶɫɹ ɜ ɩɪɨɝɪɚɦɧɿɣ ɫɢɫɬɟɦɿ ɬɟɫɬɭɜɚɧɧɹ ɟɜɨɥɸɰɿɣɧɨ-ɮɪɚɝɦɟɧɬɚɪɧɢɯ 
ɚɥɝɨɪɢɬɦɿɜ ɞɥɹ ɪɿɡɧɢɯ ɤɥɚɫɿɜ ɨɩɬɢɦɿɡɚɰɿɣɧɢɯ ɡɚɞɚɱ ɧɚ ɝɪɚɮɚɯ. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɤɚɪɬɚ ɪɨɡɤɪɨɸ, ɛɟɡɜɿɞɯɨɞɧɢɣ ɩɪɹɦɨɤɭɬɧɢɣ ɪɨɡɤɪɿɣ, ɚɥɝɨɪɢɬɦɢ 
ɝɟɧɟɪɚɰɿʀ ɩɪɹɦɨɤɭɬɧɨɝɨ ɪɨɡɤɪɨɸ, ɝɿɥɶɣɨɬɢɧɧɢɣ ɪɨɡɤɪɿɣ. 
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It is known that a large number of applied optimization problems can’t be exactly solved 

nowadays, because their computational complexity is related to the NP-hard class. In many 

cases metaheuristics of various types are used to search for approximate solutions, but the 

choice of the concrete metaheuristic has open question of the quality of the chosen method. 

There are several possible solutions to this problem, one of which is the verification of  

metaheuristic algorithms using examples from known test libraries with known records. 

Another approach to solving the problem of evaluating the quality of algorithms is to com-

pare the "new" algorithm with other algorithms, the work of which has already been inves-

tigated. The construction a generator of random problems with a known optimal solution 

can solve the problem of obtaining "average" estimates of the accuracy for used algorithm 

in comparison with other methods. 

The article considers the construction of generators of random non-waste maps of rec-

tangular cutting with restrictions on the rectangles of limited sizes. The existence of sets of 

such cards forms the basis of test problems for checking the quality of approximate algo-

rithms for searching for optimal solution. Rectangular cutting, which is considered in the 

article, is also the basis for building cuts using more complex shapes. As the simplest meth-

od of generating random rectangular non-waste maps, considered a method that uses guil-

lotine cutting. Also, a more complex algorithm for generating a random rectangular cut is 

given, whose job is to generate a random dot grid and remove some random points from 

this grid. Much attention is paid to the implementation of the above methods, since the 

main purpose of the article is to simplify using of generators in practice. 

All the above algorithms are already used in the software system for testing evolution-

ary-fragmentary algorithms for various classes of optimization problems on the graphs. 

Keywords: cutting map, wasteless rectangular cutting, rectangular cutting generation 

algorithms, guillotine cutting. 

 

ȼɜɟɞɟɧɢɟ. Ȼɨɥɶɲɨɟ ɤɨɥɢɱɟɫɬɜɨ ɩɪɢɤɥɚɞɧɵɯ ɨɩɬɢɦɢɡɚɰɢɨɧɧɵɯ ɡɚɞɚɱ ɧɚ 
ɫɟɝɨɞɧɹɲɧɢɣ ɞɟɧɶ ɧɟ ɦɨɝɭɬ ɛɵɬɶ ɬɨɱɧɨ ɪɟɲɟɧɵ, ɩɨɫɤɨɥɶɤɭ ɢɯ 
ɜɵɱɢɫɥɢɬɟɥɶɧɚɹ ɫɥɨɠɧɨɫɬɶ ɨɬɧɨɫɢɬɫɹ ɤ ɤɥɚɫɫɭ NP-ɬɪɭɞɧɵɯ [1].  

Ɉɞɧɚɤɨ ɩɨɬɪɟɛɧɨɫɬɶ ɜ ɪɟɲɟɧɢɢ ɬɚɤɢɯ ɡɚɞɚɱ ɜɨɡɪɚɫɬɚɟɬ ɢ, ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, 
ɭɜɟɥɢɱɢɜɚɟɬɫɹ ɩɨɬɨɤ ɪɚɛɨɬ, ɩɨɫɜɹɳɟɧɧɵɯ ɩɨɢɫɤɚɦ ɩɪɢɛɥɢɠɟɧɧɵɯ ɪɟɲɟɧɢɣ 
ɬɪɭɞɧɵɯ ɡɚɞɚɱ. ȼɨ ɦɧɨɝɢɯ ɫɥɭɱɚɹɯ ɞɥɹ ɩɨɢɫɤɚ ɩɪɢɛɥɢɠɟɧɧɵɯ ɪɟɲɟɧɢɣ 
ɢɫɩɨɥɶɡɭɸɬɫɹ ɦɟɬɚɷɜɪɢɫɬɢɤɢ ɪɚɡɥɢɱɧɵɯ ɬɢɩɨɜ. ɉɪɢ ɢɫɩɨɥɶɡɨɜɚɧɢɢ 
ɦɟɬɚɷɜɪɢɫɬɢɤ ɨɬɤɪɵɬɵɦ ɨɫɬɚɟɬɫɹ ɜɨɩɪɨɫ ɨ ɤɚɱɟɫɬɜɟ ɩɪɟɞɥɚɝɚɟɦɨɝɨ ɦɟɬɨɞɚ. 
ɉɨɫɤɨɥɶɤɭ ɷɜɪɢɫɬɢɱɟɫɤɢɟ ɚɥɝɨɪɢɬɦɵ ɧɟ ɢɦɟɸɬ ɚɩɪɢɨɪɧɵɯ ɨɰɟɧɨɤ 
ɫɯɨɞɢɦɨɫɬɢ, ɬɨ ɧɟɢɡɜɟɫɬɧɨ ɧɚɫɤɨɥɶɤɨ ɩɨɥɭɱɟɧɧɨɟ ɩɪɢɛɥɢɠёɧɧɨɟ ɪɟɲɟɧɢɟ 
ɛɥɢɡɤɨ ɤ ɨɩɬɢɦɚɥɶɧɨɦɭ. Ʉɚɤ ɫɥɟɞɫɬɜɢɟ, ɨɱɟɧɶ ɬɪɭɞɧɨ ɨɰɟɧɢɬɶ 
ɰɟɥɟɫɨɨɛɪɚɡɧɨɫɬɶ ɩɪɢɦɟɧɟɧɢɹ ɚɥɝɨɪɢɬɦɚ ɜ ɪɚɡɥɢɱɧɵɯ ɨɩɬɢɦɢɡɚɰɢɨɧɧɵɯ 
ɡɚɞɚɱɚɯ. 

Ɉɞɧɢɦ ɢɡ ɜɨɡɦɨɠɧɵɯ ɪɟɲɟɧɢɣ ɞɚɧɧɨɣ ɩɪɨɛɥɟɦɵ ɦɨɠɟɬ ɫɥɭɠɢɬɶ ɩɪɨɜɟɪɤɚ 
ɦɟɬɚɷɜɪɢɫɬɢɱɟɫɤɢɯ ɚɥɝɨɪɢɬɦɨɜ ɧɚ ɩɪɢɦɟɪɚɯ ɢɡ ɢɡɜɟɫɬɧɵɯ ɬɟɫɬɨɜɵɯ 
ɛɢɛɥɢɨɬɟɤ ɫ ɢɡɜɟɫɬɧɵɦɢ ɪɟɤɨɪɞɚɦɢ, ɢ ɩɨɩɵɬɤɚ ɭɥɭɱɲɢɬɶ ɷɬɢ ɪɟɤɨɪɞɵ 
(ORLIB [2]). 

Ⱦɪɭɝɢɦ ɩɨɞɯɨɞɨɦ ɤ ɪɟɲɟɧɢɸ ɩɪɨɛɥɟɦɵ ɨɰɟɧɤɢ ɤɚɱɟɫɬɜɚ ɚɥɝɨɪɢɬɦɨɜ 
ɹɜɥɹɟɬɫɹ ɫɪɚɜɧɟɧɢɟ «ɧɨɜɨɝɨ» ɚɥɝɨɪɢɬɦɚ ɫ ɞɪɭɝɢɦɢ ɚɥɝɨɪɢɬɦɚɦɢ, ɪɚɛɨɬɚ 
ɤɨɬɨɪɵɯ ɭɠɟ ɞɟɬɚɥɶɧɨ ɢɡɭɱɟɧɚ. Ɍɚɤɨɟ ɫɪɚɜɧɟɧɢɟ ɞɨɥɠɧɨ ɩɪɨɯɨɞɢɬɶ ɧɚ 
ɛɨɥɶɲɨɣ ɛɚɡɟ ɬɟɫɬɨɜɵɯ ɡɚɞɚɱ ɫɨ ɫɥɭɱɚɣɧɵɦ ɧɚɛɨɪɨɦ ɧɚɱɚɥɶɧɵɯ ɞɚɧɧɵɯ. ɗɬɨ 
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ɩɨɡɜɨɥɢɬ ɜɵɱɢɫɥɢɬɶ «ɫɪɟɞɧɢɟ» ɫɪɚɜɧɢɬɟɥɶɧɵɟ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ 
ɷɮɮɟɤɬɢɜɧɨɫɬɢ ɬɟɫɬɢɪɭɟɦɨɝɨ ɚɥɝɨɪɢɬɦɚ. ȿɫɥɢ ɭɞɚɟɬɫɹ ɩɨɫɬɪɨɢɬɶ ɝɟɧɟɪɚɬɨɪ 
ɫɥɭɱɚɣɧɵɯ ɡɚɞɚɱ ɫ ɢɡɜɟɫɬɧɵɦ ɨɩɬɢɦɚɥɶɧɵɦ ɪɟɲɟɧɢɟɦ, ɬɨ ɦɨɠɧɨ ɩɨɥɭɱɢɬɶ 
«ɫɪɟɞɧɢɟ» ɨɰɟɧɤɢ ɬɨɱɧɨɫɬɢ ɢɫɩɨɥɶɡɭɟɦɨɝɨ ɚɥɝɨɪɢɬɦɚ ɜ ɫɪɚɜɧɟɧɢɢ ɫ ɞɪɭɝɢɦɢ 
ɦɟɬɨɞɚɦɢ. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɡɚɞɚɱɚ ɝɟɧɟɪɚɰɢɢ ɬɟɫɬɨɜɵɯ ɢɧɞɢɜɢɞɭɚɥɶɧɵɯ ɡɚɞɚɱ 
ɞɥɹ ɦɚɫɫɨɜɵɯ NP-ɬɪɭɞɧɵɯ ɡɚɞɚɱ ɛɟɡɭɫɥɨɜɧɨ ɹɜɥɹɟɬɫɹ ɚɤɬɭɚɥɶɧɨɣ. 

Ɉɛɡɨɪ ɢɦɟɸɳɢɯɫɹ ɪɟɡɭɥɶɬɚɬɨɜ. Ɂɚɞɚɱɚ ɪɚɫɤɪɨɹ ɜɩɟɪɜɵɟ ɫɮɨɪɦɭɥɢɪɨɜɚɧɚ 
Ʉɚɧɬɨɪɨɜɢɱɟɦ ɜ 1939 ɝɨɞɭ [3]. ȼ 1951 ɝɨɞɭ, ɟɳё ɞɨ ɬɨɝɨ, ɤɚɤ ɤɨɦɩɶɸɬɟɪɵ 
ɫɬɚɥɢ ɲɢɪɨɤɨ ɞɨɫɬɭɩɧɵ, Ʌ.ȼ. Ʉɚɧɬɨɪɨɜɢɱ ɢ ȼ.Ⱥ. Ɂɚɥɝɚɥɥɟɪ ɩɪɟɞɥɨɠɢɥɢ [4] 
ɫɩɨɫɨɛ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ ɷɤɨɧɨɦɧɨɝɨ ɢɫɩɨɥɶɡɨɜɚɧɢɹ ɦɚɬɟɪɢɚɥɚ ɩɪɢ ɪɚɫɤɪɨɟ ɫ 
ɩɨɦɨɳɶɸ ɥɢɧɟɣɧɨɝɨ ɩɪɨɝɪɚɦɦɢɪɨɜɚɧɢɹ. 

Ȼɨɥɶɲɢɧɫɬɜɨ ɫɭɳɟɫɬɜɭɸɳɢɯ ɬɨɱɧɵɯ ɦɟɬɨɞɨɜ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ 
ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɧɟɝɢɥɶɨɬɢɧɧɨɝɨ ɪɚɫɤɪɨɹ ɫɜɨɞɹɬɫɹ ɤ ɩɟɪɟɛɨɪɭ ɜɫɟɝɨ 
ɦɧɨɠɟɫɬɜɚ ɞɨɩɭɫɬɢɦɵɯ ɪɟɲɟɧɢɣ. Ɇɟɬɨɞɵ ɭɥɭɱɲɟɧɧɨɝɨ ɩɟɪɟɛɨɪɚ 
ɨɛɴɟɞɢɧɟɧɵ ɞɥɹ ɷɬɢɯ ɡɚɞɚɱ ɩɨɞ ɧɚɡɜɚɧɢɟɦ «ɦɟɬɨɞɚ ɜɟɬɜɟɣ ɢ ɝɪɚɧɢɰ». ȼ 
1977 ɝ. ɂ.ȼ. Ɋɨɦɚɧɨɜɫɤɢɦ ɩɪɟɞɫɬɚɜɥɟɧɚ ɨɛɳɚɹ ɢɞɟɹ ɩɟɪɟɛɨɪɧɨɝɨ ɦɟɬɨɞɚ ɞɥɹ 
ɪɟɲɟɧɢɹ ɨɛɳɟɣ ɷɤɫɩɨɧɟɧɰɢɚɥɶɧɨɣ ɡɚɞɚɱɢ, ɢ ɩɪɟɞɥɨɠɟɧɚ ɟɝɨ ɤɨɧɤɪɟɬɢɡɚɰɢɹ ɜ 
ɜɢɞɟ ɦɟɬɨɞɚ «ɜɟɬɜɟɣ ɢ ɝɪɚɧɢɰ» ɞɥɹ ɪɟɲɟɧɢɹ ɡɚɞɚɱ ɭɩɚɤɨɜɤɢ [5]. ȼ 
ɞɚɥɶɧɟɣɲɟɦ ɦɟɬɨɞ ɩɨɥɭɱɚɟɬ ɪɚɡɜɢɬɢɟ ɡɚ ɫɱɟɬ ɜɜɟɞɟɧɢɹ ɩɪɨɰɟɞɭɪ ɫɨɤɪɚɳɟɧɢɹ 
ɩɟɪɟɛɨɪɚ ɜ ɪɚɛɨɬɚɯ ȼ.Ɇ. Ʉɚɪɬɚɤɚ ɢ ɗ.Ⱥ. Ɇɭɯɚɱɟɜɨɣ [6, 7]. ɇɟɡɚɜɢɫɢɦɨ ɡɚ 
ɪɭɛɟɠɨɦ ɜɵɯɨɞɢɬ ɫɟɪɢɹ ɫɬɚɬɟɣ S. Martello ɢ P. Toth, ɩɨɫɜɹɳɟɧɧɚɹ ɪɚɡɪɚɛɨɬɤɟ 
ɭɥɭɱɲɟɧɧɵɯ ɜɟɪɫɢɣ ɦɟɬɨɞɚ ɜɟɬɜɟɣ ɢ ɝɪɚɧɢɰ [8]. 

Ȼɨɥɶɲɢɧɫɬɜɨ ɫɭɳɟɫɬɜɭɸɳɢɯ ɤɨɦɛɢɧɚɬɨɪɧɵɯ ɦɟɬɨɞɨɜ ɪɟɲɟɧɢɹ ɡɚɞɚɱ 
ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɧɟɝɢɥɶɨɬɢɧɧɨɝɨ ɪɚɫɤɪɨɹ ɢ ɪɚɡɦɟɳɟɧɢɹ ɨɛɴɟɤɬɨɜ ɫɥɨɠɧɵɯ 
ɮɨɪɦ ɫɜɨɞɹɬɫɹ ɤ ɩɟɪɟɛɨɪɭ ɜɫɟɝɨ ɦɧɨɠɟɫɬɜɚ ɞɨɩɭɫɬɢɦɵɯ ɪɟɲɟɧɢɣ. Ɇɟɬɨɞɵ 
ɭɥɭɱɲɟɧɧɨɝɨ ɩɟɪɟɛɨɪɚ ɨɛɴɟɞɢɧɟɧɵ ɢ ɞɥɹ ɷɬɢɯ ɡɚɞɚɱ ɩɨɞ ɧɚɡɜɚɧɢɟɦ «ɦɟɬɨɞɚ 
ɜɟɬɜɟɣ ɢ ɝɪɚɧɢɰ». ȼ 1986 ɝ. ɘ.Ƚ. ɋɬɨɹɧ ɢ ɋ.ȼ. əɤɨɜɥɟɜ ɨɩɢɫɚɥɢ ɨɛɳɭɸ ɫɯɟɦɭ 
ɦɟɬɨɞɚ ɢ ɩɪɢɜɟɥɢ ɨɫɧɨɜɧɵɟ ɚɥɝɨɪɢɬɦɵ [9]. Ⱦɪɭɝɨɣ ɩɨɞɯɨɞ ɤ ɩɟɪɟɛɨɪɧɵɦ 
ɦɟɬɨɞɚɦ ɪɟɲɟɧɢɹ ɪɚɡɪɚɛɨɬɚɧ ɜ ɫɟɪɟɞɢɧɟ 80-ɯ ɝ. Ⱥ.ɂ. Ʌɢɩɨɜɟɰɤɢɦ [10]. ɇɚ 
ɨɫɧɨɜɟ ɩɨɧɹɬɢɹ «ɡɨɧɵ» ɞɨɤɚɡɵɜɚɟɬɫɹ, ɱɬɨ ɞɥɹ ɥɸɛɨɣ ɭɩɚɤɨɜɤɢ 
ɩɪɹɦɨɭɝɨɥɶɧɢɤɨɜ ɦɨɠɧɨ ɭɤɚɡɚɬɶ ɬɚɤɨɣ ɢɯ ɩɨɪɹɞɨɤ, ɩɪɢ ɤɨɬɨɪɨɦ ɤɚɠɞɵɣ 
ɫɥɟɞɭɸɳɢɣ ɩɪɹɦɨɭɝɨɥɶɧɢɤ ɧɟ ɩɟɪɟɫɟɤɚɟɬɫɹ ɧɢ ɫ ɨɞɧɨɣ ɢɡ ɡɨɧ ɩɪɟɞɵɞɭɳɢɯ 
(ɬɨɩɨɥɨɝɢɱɟɫɤɚɹ ɫɨɪɬɢɪɨɜɤɚ). Ɇɟɬɨɞ ɡɨɧ ɪɟɚɥɢɡɨɜɚɧ ɜ 1988 ɝ., 
ɭɫɨɜɟɪɲɟɧɫɬɜɨɜɚɧ ɢ ɢɫɫɥɟɞɨɜɚɧ ɜ 2001 ɝ. ȼ.ȼ. Ȼɭɯɜɚɥɨɜɨɣ [11]. 

Ɍɟɫɬɨɜɵɟ ɩɪɢɦɟɪɵ ɞɥɹ ɡɚɞɚɱɢ ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɪɚɫɤɪɨɹ ɦɨɠɧɨ ɧɚɣɬɢ ɜ [12]. 
Ɋɹɞ ɝɟɧɟɪɚɬɨɪɨɜ ɬɟɫɬɨɜɵɯ ɩɪɢɦɟɪɨɜ ɩɪɢɜɟɞɟɧɵ ɜ [13]. 

Ɏɨɪɦɭɥɢɪɨɜɤɚ ɰɟɥɟɣ. ɐɟɥɶɸ ɧɚɫɬɨɹɳɟɣ ɪɚɛɨɬɵ ɹɜɥɹɟɬɫɹ ɩɨɫɬɪɨɟɧɢɟ 
ɝɟɧɟɪɚɬɨɪɨɜ ɫɥɭɱɚɣɧɵɯ ɩɨɥɧɵɯ ɤɚɪɬ ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɪɚɫɤɪɨɹ ɫ ɭɱɟɬɨɦ 
ɨɩɪɟɞɟɥɟɧɧɵɯ ɨɝɪɚɧɢɱɟɧɢɣ ɧɚ ɪɚɡɦɟɪɵ ɫɨɫɬɚɜɥɹɸɳɢɯ ɢɯ ɷɥɟɦɟɧɬɚɪɧɵɯ 
ɩɪɹɦɨɭɝɨɥɶɧɢɤɨɜ. ɇɚɛɨɪɵ ɬɚɤɢɯ ɤɚɪɬ ɦɨɝɭɬ ɜ ɩɨɫɥɟɞɫɬɜɢɢ ɜɵɫɬɭɩɚɬɶ ɜ 
ɤɚɱɟɫɬɜɟ ɛɚɡɵ ɬɟɫɬɨɜɵɯ ɡɚɞɚɱ ɞɥɹ ɩɪɨɜɟɪɤɢ ɤɚɱɟɫɬɜɚ ɩɪɢɛɥɢɠɟɧɧɵɯ 
ɚɥɝɨɪɢɬɦɨɜ ɩɨɢɫɤɚ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɚɫɤɪɨɹ. ɉɪɹɦɨɭɝɨɥɶɧɵɣ ɪɚɫɤɪɨɣ ɬɚɤɠɟ 
ɹɜɥɹɟɬɫɹ ɨɫɧɨɜɨɣ ɞɥɹ ɩɨɫɬɪɨɟɧɢɹ ɪɚɫɤɪɨɟɜ ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɛɨɥɟɟ ɫɥɨɠɧɵɯ 
ɮɢɝɭɪ. ȼ ɷɬɨɦ ɫɥɭɱɚɟ «ɫɥɨɠɧɵɟ» ɮɢɝɭɪɵ ɜɩɢɫɵɜɚɸɬɫɹ ɜ ɧɟɤɨɬɨɪɵɟ 
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ɩɪɹɦɨɭɝɨɥɶɧɢɤɢ, ɢɡ ɤɨɬɨɪɵɯ ɝɟɧɟɪɢɪɭɟɬɫɹ ɧɚɱɚɥɶɧɵɣ ɩɪɹɦɨɭɝɨɥɶɧɵɣ 
ɪɚɫɤɪɨɣ. 

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɪɚɫɤɪɨɹ. Ɋɚɫɫɦɨɬɪɢɦ ɧɚɛɨɪ 
ɩɪɹɦɨɭɝɨɥɶɧɢɤɨɜ, ɡɚɞɚɧɧɵɯ ɫɜɨɢɦɢ ɪɚɡɦɟɪɚɦɢ ( , )i ih w , 1, 2, ...,i n= . 

Ⱦɨɩɭɫɬɢɦɵɦ ɪɟɲɟɧɢɟɦ ɫɱɢɬɚɟɬɫɹ ɬɚɤɨɟ ɪɚɡɦɟɳɟɧɢɟ ɜɫɟɯ ɷɬɢɯ 
ɩɪɹɦɨɭɝɨɥɶɧɢɤɨɜ (ɢɥɢ ɧɟɤɨɬɨɪɵɯ ɢɡ ɧɢɯ) ɧɚ ɩɪɹɦɨɭɝɨɥɶɧɨɦ ɥɢɫɬɟ ɪɚɡɦɟɪɨɦ 
H W  ɩɪɢ ɤɨɬɨɪɨɦ ɜɧɭɬɪɟɧɧɨɫɬɢ ɩɪɹɦɨɭɝɨɥɶɧɢɤɨɜ ɩɨɩɚɪɧɨ ɧɟ 
ɩɟɪɟɫɟɤɚɸɬɫɹ. Ʉɚɠɞɨɟ ɞɨɩɭɫɬɢɦɨɟ ɪɟɲɟɧɢɟ ɡɚɞɚɟɬɫɹ ɧɚɛɨɪɨɦ ɢɧɞɟɤɫɨɜ 

{1, 2, ..., }I n  ɢ ɧɚɛɨɪɨɦ ɩɚɪ ɤɨɨɪɞɢɧɚɬ {( , )}i i i Ix y  . Ʉɚɠɞɚɹ ɩɚɪɚ ɨɩɪɟɞɟɥɹɟɬ 
ɩɨɥɨɠɟɧɢɟ ɥɟɜɨɝɨ ɜɟɪɯɧɟɝɨ ɭɝɥɚ ɪɚɡɦɟɳɚɟɦɨɝɨ ɩɪɹɦɨɭɝɨɥɶɧɢɤɚ. Ⱦɨɩɭɫɬɢɦɨɟ 
ɪɟɲɟɧɢɟ ɡɚɞɚɱɢ ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɤɚɪɬɨɣ ɪɚɫɤɪɨɹ. 

ɉɭɫɬɶ I  – ɦɧɨɠɟɫɬɜɨ ɢɧɞɟɤɫɨɜ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɞɨɩɭɫɬɢɦɨɦɭ ɪɟɲɟɧɢɸ 
ɡɚɞɚɱɢ. Ɍɨɝɞɚ ɡɚɞɚɱɚ ɩɨɢɫɤɚ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɟɲɟɧɢɹ ɫɨɫɬɨɢɬ ɜ ɩɨɢɫɤɟ ɬɚɤɨɝɨ 
ɩɨɞɦɧɨɠɟɫɬɜɚ ɢɧɞɟɤɫɨɜ I , ɞɥɹ ɤɨɬɨɪɨɝɨ ɛɭɞɟɬ ɦɢɧɢɦɚɥɶɧɨɣ ɪɚɡɧɨɫɬɶ 

mini i
i I

HW h w


− → . ɍɫɬɚɧɨɜɢɬɶ ɨɩɬɢɦɚɥɶɧɨɫɬɶ ɬɨɣ ɢɥɢ ɢɧɨɣ ɤɚɪɬɵ ɪɚɫɤɪɨɹ 

ɞɨɫɬɚɬɨɱɧɨ ɫɥɨɠɧɨ. Ɉɞɧɚɤɨ ɫɭɳɟɫɬɜɭɟɬ ɫɥɭɱɚɣ, ɤɨɝɞɚ ɩɪɨɛɥɟɦɚ 
ɨɩɬɢɦɚɥɶɧɨɫɬɢ ɤɚɪɬɵ ɢɦɟɟɬ ɨɱɟɜɢɞɧɨɟ ɪɟɲɟɧɢɟ. ȿɫɥɢ ɜ ɤɚɪɬɟ ɪɚɫɤɪɨɹ 
ɦɧɨɠɟɫɬɜɨ ɢɧɞɟɤɫɨɜ ɡɚɞɚɟɬ ɜɫɟ ɩɪɹɦɨɭɝɨɥɶɧɢɤɢ {1,2,..., }I n=  ɢ ɩɪɢ ɷɬɨɦ 
ɜɵɩɨɥɧɹɟɬɫɹ ɭɫɥɨɜɢɟ 0i i

i I

HW h w


− = , ɬɨ ɤɚɪɬɭ ɪɚɫɤɪɨɹ ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ 

ɩɨɥɧɨɣ ɤɚɪɬɨɣ. Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɩɨɥɧɚɹ ɤɚɪɬɚ ɪɚɫɤɪɨɹ ɫɨɨɬɜɟɬɫɬɜɭɟɬ 
ɨɩɬɢɦɚɥɶɧɨɦɭ ɪɟɲɟɧɢɸ ɡɚɞɚɱɢ. 

Ƚɟɧɟɪɚɰɢɹ ɫɥɭɱɚɣɧɵɯ ɩɨɥɧɵɯ ɤɚɪɬ ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɪɚɫɤɪɨɹ. 
Ɋɚɫɫɦɨɬɪɢɦ ɧɟɤɨɬɨɪɵɟ ɢɡ ɦɟɬɨɞɨɜ ɝɟɧɟɪɚɰɢɢ ɫɥɭɱɚɣɧɵɯ ɩɪɹɦɨɭɝɨɥɶɧɵɯ 
ɪɚɫɤɪɨɟɜ, ɤɨɬɨɪɵɟ ɦɨɝɭɬ ɛɵɬɶ ɜɡɹɬɵ ɜ ɨɫɧɨɜɭ ɝɟɧɟɪɚɬɨɪɚ. 

ɇɚɢɛɨɥɟɟ ɩɪɨɫɬɨɣ ɫɥɭɱɚɣɧɵɣ ɪɚɫɤɪɨɣ ɦɨɠɟɬ ɛɵɬɶ ɩɨɥɭɱɟɧ ɫ ɩɨɦɨɳɶɸ 
ɚɥɝɨɪɢɬɦɚ ɝɟɧɟɪɚɰɢɢ ɝɢɥɶɨɬɢɧɧɨɝɨ ɪɚɫɤɪɨɹ [11,14]. ɋɭɬɶ ɬɚɤɨɝɨ ɪɚɫɤɪɨɹ 
ɡɚɤɥɸɱɚɟɬɫɹ ɜ ɬɨɦ, ɱɬɨ ɤɚɠɞɵɣ ɪɚɡɪɟɡ ɜɵɩɨɥɧɹɟɬɫɹ ɫɬɪɨɝɨ ɨɬ ɨɞɧɨɝɨ ɤɪɚɹ 
ɥɢɫɬɚ ɞɨ ɞɪɭɝɨɝɨ, ɩɚɪɚɥɥɟɥɶɧɨ ɨɞɧɨɣ ɢɡ ɟɝɨ ɫɬɨɪɨɧ. 

Ⱥɥɝɨɪɢɬɦ ɪɚɛɨɬɚɟɬ ɪɟɤɭɪɫɢɜɧɨ. Ƚɥɭɛɢɧɚ ɪɟɤɭɪɫɢɢ n , ɚ ɬɚɤɠɟ ɪɚɡɦɟɪɵ 
W H  ɢɫɯɨɞɧɨɝɨ ɥɢɫɬɚ 0f  ɨɩɪɟɞɟɥɹɸɬɫɹ ɡɚɪɚɧɟɟ. ɇɚ ɨɱɟɪɟɞɧɨɦ ɲɚɝɟ ɞɥɹ 
ɮɪɚɝɦɟɧɬɚ k

if  ɫɥɭɱɚɣɧɵɦ ɨɛɪɚɡɨɦ ɜɵɛɢɪɚɟɬɫɹ ɨɞɧɨ ɢɡ ɧɚɩɪɚɜɥɟɧɢɣ ɪɚɡɪɟɡɚ: 
ɜɟɪɬɢɤɚɥɶɧɨɟ ɢɥɢ ɝɨɪɢɡɨɧɬɚɥɶɧɨɟ. Ɂɚɬɟɦ ɝɟɧɟɪɢɪɭɟɬɫɹ ɫɥɭɱɚɣɧɨɟ ɱɢɫɥɨ   ɢɡ 
ɢɧɬɟɪɜɚɥɚ ( )0,1 . ɉɪɢ ɷɬɨɦ, ɜɟɪɬɢɤɚɥɶɧɵɣ ɪɚɡɪɟɡ ɜɵɩɨɥɧɹɟɬɫɹ ɧɚ ɪɚɫɫɬɨɹɧɢɢ 

W   ɨɬ ɥɟɜɨɝɨ ɤɪɚɹ ɥɢɫɬɚ, ɚ ɝɨɪɢɡɨɧɬɚɥɶɧɵɣ – ɧɚ ɪɚɫɫɬɨɹɧɢɢ H   ɨɬ 
ɜɟɪɯɧɟɝɨ. Ʉɚɠɞɵɣ ɢɡ ɩɨɥɭɱɟɧɧɵɯ ɮɪɚɝɦɟɧɬɨɜ 1

1if +  ɢ 2
1if + , ɬɚɤ ɠɟ ɪɟɤɭɪɫɢɜɧɨ 

ɪɚɡɪɟɡɚɟɬɫɹ, ɟɫɥɢ ɞɥɹ ɧɟɝɨ ɜɵɩɨɥɧɹɟɬɫɹ ɭɫɥɨɜɢɟ: 1i n+  . 
ɉɪɢɦɟɪ ɪɚɛɨɬɵ ɞɚɧɧɨɝɨ ɚɥɝɨɪɢɬɦɚ ɞɥɹ 4n =  ɩɪɟɞɫɬɚɜɥɟɧ ɧɢɠɟ (ɪɢɫ. 1). 
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Ɋɢɫ. 1. ɉɪɢɦɟɪ ɝɢɥɶɨɬɢɧɧɨɝɨ ɪɚɫɤɪɨɹ. 

Ɉɞɧɚ ɢɡ ɜɚɪɢɚɰɢɣ ɞɚɧɧɨɝɨ ɚɥɝɨɪɢɬɦɚ ɭɩɪɚɡɞɧɹɟɬ ɜɵɛɨɪ ɧɚɩɪɚɜɥɟɧɢɹ 
ɪɚɡɪɟɡɚ, ɝɟɧɟɪɢɪɭɹ ɫɪɚɡɭ ɞɜɚ ɱɢɫɥɚ   ɢ  , ɢ ɪɚɫɫɟɤɚɹ ɨɱɟɪɟɞɧɨɣ ɮɪɚɝɦɟɧɬ 
ɫɪɚɡɭ ɧɚ ɱɟɬɵɪɟ ɱɚɫɬɢ. ɋɬɪɭɤɬɭɪɚ ɪɚɫɤɪɨɹ ɩɪɢ ɷɬɨɦ ɫɬɚɧɨɜɢɬɫɹ ɛɨɥɟɟ 
ɨɞɧɨɨɛɪɚɡɧɨɣ (ɪɢɫ. 2). 

 
Ɋɢɫ. 2. ɒɟɫɬɧɚɞɰɚɬɶ ɮɪɚɝɦɟɧɬɨɜ, ɩɨɥɭɱɟɧɧɵɟ ɞɪɭɝɨɣ ɜɚɪɢɚɰɢɟɣ 

ɝɢɥɶɨɬɢɧɧɨɝɨ ɪɚɫɤɪɨɹ. 
ɋɭɳɟɫɬɜɭɟɬ ɛɨɥɟɟ ɫɥɨɠɧɵɣ ɚɥɝɨɪɢɬɦ ɝɟɧɟɪɚɰɢɢ ɫɥɭɱɚɣɧɨɝɨ 

ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɪɚɫɤɪɨɹ, ɪɚɛɨɬɚ ɤɨɬɨɪɨɝɨ ɫɨɫɬɨɢɬ ɢɡ ɧɟɫɤɨɥɶɤɢɯ ɷɬɚɩɨɜ: 
1. ɝɟɧɟɪɚɰɢɢ ɫɥɭɱɚɣɧɨɣ ɫɟɬɤɢ ɢɡ ɬɨɱɟɤ, ɤɨɬɨɪɚɹ ɛɭɞɟɬ ɩɨɤɪɵɜɚɬɶ ɢɫɯɨɞɧɵɣ 

ɥɢɫɬ; 
2. ɭɞɚɥɟɧɢɹ ɧɟɤɨɬɨɪɵɯ ɬɨɱɟɤ ɫɟɬɤɢ ɫɥɭɱɚɣɧɵɦ ɨɛɪɚɡɨɦ; 
3. ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɩɨɥɭɱɟɧɧɨɣ ɫɟɬɤɢ ɜ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɣ ɩɪɹɦɨɭɝɨɥɶɧɵɣ 

ɪɚɫɤɪɨɣ. 
ɉɟɪɟɞ ɧɚɱɚɥɨɦ ɪɚɛɨɬɵ ɚɥɝɨɪɢɬɦɚ ɨɩɪɟɞɟɥɹɸɬɫɹ ɪɚɡɦɟɪɵ W H  ɢɫɯɨɞɧɨɝɨ 

ɥɢɫɬɚ, ɚ ɬɚɤɠɟ, ɝɟɧɟɪɢɪɭɸɬɫɹ ɩɚɪɚɦɟɬɪɵ m  ɢ n  ɫɥɭɱɚɣɧɨɣ ɬɨɱɟɱɧɨɣ ɫɟɬɤɢ, 
ɧɚ ɤɨɬɨɪɭɸ ɭɫɥɨɜɧɨ ɪɚɡɛɢɜɚɟɬɫɹ ɢɫɯɨɞɧɵɣ ɥɢɫɬ (ɪɢɫ. 3). 

 

 
Ɋɢɫ. 3. ɉɪɢɦɟɪ ɫɥɭɱɚɣɧɨɣ ɫɟɬɤɢ ɢɡ ɬɨɱɟɤ, ɤɨɬɨɪɨɣ ɩɨɤɪɵɜɚɟɬɫɹ 

ɢɫɯɨɞɧɵɣ ɥɢɫɬ. 
 
ɉɚɪɚɦɟɬɪ ( )4m m  , ɩɪɢ ɷɬɨɦ, ɡɚɞɚёɬ ɤɨɥɢɱɟɫɬɜɨ ɬɨɱɟɤ ɫɟɬɤɢ ɜɞɨɥɶ ɨɞɧɨɣ 

ɫɬɨɪɨɧɵ ɥɢɫɬɚ, ɚ ɩɚɪɚɦɟɬɪ ( )4n n   – ɜɞɨɥɶ ɞɪɭɝɨɣ. Ʉɪɚɣɧɢɟ ɬɨɱɤɢ ɫɟɬɤɢ 
ɜɫɟɝɞɚ ɪɚɫɩɨɥɚɝɚɸɬɫɹ ɩɨ ɤɪɚɸ ɥɢɫɬɚ. 

ȼ ɩɪɨɰɟɫɫɟ ɝɟɧɟɪɚɰɢɢ ɫɥɭɱɚɣɧɨɣ ɬɨɱɟɱɧɨɣ ɫɟɬɤɢ ɡɚɩɨɥɧɹɸɬɫɹ ɞɜɚ ɦɚɫɫɢɜɚ 
 a i , 1,i m=  ɢ  b j , 1,j n=  ɫɥɭɱɚɣɧɵɦɢ ɱɢɫɥɚɦɢ ɜ ɜɨɡɪɚɫɬɚɸɳɟɦ ɩɨɪɹɞɤɟ. 

ɉɪɢ ɷɬɨɦ, ɩɪɨɢɡɜɨɥɶɧɚɹ ɬɨɱɤɚ ɫɟɬɤɢ ɛɭɞɟɬ ɡɚɞɚɧɚ ɩɚɪɨɣ ɱɢɫɟɥ ( ),x y , ɝɞɟ 
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 x a i ,  y b j . ɇɢɠɟ ɩɪɢɜɟɞɟɧɚ ɪɟɚɥɢɡɚɰɢɹ ɞɚɧɧɨɝɨ ɩɪɨɰɟɫɫɚ ɞɥɹ ɦɚɫɫɢɜɚ 
 a i  (ɥɢɫɬ. 1). 

 

 
Ʌɢɫɬ. 1. ɉɪɨɰɟɫɫ ɝɟɧɟɪɚɰɢɢ ɦɚɫɫɢɜɚ ɢɧɬɟɪɜɚɥɨɜ ɫɟɬɤɢ. 

ɉɪɢɦɟɧɹɹ ɞɚɧɧɵɣ ɩɨɞɯɨɞ, ɜɟɪɨɹɬɧɨɫɬɶ ɩɨɥɭɱɢɬɶ ɬɭ ɢɥɢ ɢɧɭɸ ɬɨɱɟɱɧɭɸ 
ɫɟɬɤɭ ɨɞɢɧɚɤɨɜɚ ɫɪɟɞɢ ɜɫɟɯ ɜɨɡɦɨɠɧɵɯ ɬɨɱɟɱɧɵɯ ɫɟɬɨɤ ɫ ɬɚɤɢɦɢ ɠɟ 
ɡɧɚɱɟɧɢɹɦɢ ɩɚɪɚɦɟɬɪɨɜ m  ɢ n . 

Ʉɚɤɢɦ ɛɵ ɫɬɪɚɧɧɵɦ ɷɬɨ ɧɟ ɩɨɤɚɡɚɥɨɫɶ, ɧɨ ɭɞɚɥɟɧɢɟ ɫɥɭɱɚɣɧɵɯ ɬɨɱɟɤ ɢɡ 
ɩɨɥɭɱɟɧɧɨɣ ɫɟɬɤɢ ɦɨɠɧɨ ɜɵɩɨɥɧɹɬɶ ɟɳё ɞɨ ɟё ɝɟɧɟɪɚɰɢɢ, ɩɨɫɤɨɥɶɤɭ ɩɪɨɰɟɫɫ 
ɡɚɜɢɫɢɬ ɬɨɥɶɤɨ ɨɬ ɜɯɨɞɧɵɯ ɩɚɪɚɦɟɬɪɨɜ m  ɢ n . 

ȼ ɫɥɟɞɭɸɳɟɦ ɩɪɨɰɟɫɫɟ ɢɫɩɨɥɶɡɭɟɬɫɹ ɦɚɬɪɢɰɚ  ,s i j  ɫɩɟɰɢɚɥɶɧɨɝɨ ɜɢɞɚ 
ɪɚɡɦɟɪɨɦ m n , ɷɥɟɦɟɧɬɵ ɤɨɬɨɪɨɣ ɦɨɝɭɬ ɩɪɢɧɢɦɚɬɶ ɬɨɥɶɤɨ ɬɪɢ ɡɧɚɱɟɧɢɹ: 0, 
1 ɢ 2. Ʉɚɠɞɵɣ ɷɥɟɦɟɧɬ ɦɚɬɪɢɰɵ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɟɞɢɧɫɬɜɟɧɧɨɣ ɬɨɱɤɟ ɧɚ 
ɩɨɥɭɱɟɧɧɨɣ ɫɟɬɤɟ. ȿɫɥɢ ɷɥɟɦɟɧɬ ɦɚɬɪɢɰɵ ɩɪɢɧɢɦɚɟɬ ɡɧɚɱɟɧɢɟ 0, ɬɨ 
ɫɨɨɬɜɟɬɫɬɜɭɸɳɚɹ ɟɦɭ ɬɨɱɤɚ ɞɨɥɠɧɚ ɛɵɬɶ ɭɞɚɥɟɧɚ ɢɡ ɫɟɬɤɢ. Ɂɧɚɱɟɧɢɟ 
ɷɥɟɦɟɧɬɚ ɪɚɜɧɨɟ 2 ɡɚɩɪɟɳɚɟɬ ɭɞɚɥɟɧɢɟ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɣ ɬɨɱɤɢ, ɚ ɡɧɚɱɟɧɢɟ 
ɪɚɜɧɨɟ 1 ɹɜɥɹɟɬɫɹ ɡɧɚɱɟɧɢɟɦ ɩɨ ɭɦɨɥɱɚɧɢɸ, ɢ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɦɚɧɢɩɭɥɹɰɢɢ ɫ 
ɬɨɱɤɨɣ ɟɳё ɧɟ ɛɵɥɢ ɩɪɨɜɟɞɟɧɵ. Ʉɪɚɣɧɢɟ ɬɨɱɤɢ ɫɟɬɤɢ ɜɫɟɝɞɚ ɢɡɧɚɱɚɥɶɧɨ 
ɡɚɮɢɤɫɢɪɨɜɚɧɵ ɢ ɧɟ ɦɨɝɭɬ ɛɵɬɶ ɭɞɚɥɟɧɵ. ɇɢɠɟ ɩɪɟɞɫɬɚɜɥɟɧɚ ɪɟɚɥɢɡɚɰɢɹ 
ɩɪɨɰɟɫɫɚ ɢɧɢɰɢɚɥɢɡɚɰɢɢ ɞɚɧɧɨɣ ɦɚɬɪɢɰɵ (ɥɢɫɬ 2). 

ɉɨɫɥɟ ɢɧɢɰɢɚɥɢɡɚɰɢɢ ɚɥɝɨɪɢɬɦ ɫɥɭɱɚɣɧɵɦ ɨɛɪɚɡɨɦ ɩɟɪɟɛɢɪɚɟɬ ɜɫɟ 
ɷɥɟɦɟɧɬɵ ɦɚɬɪɢɰɵ. ȿɫɥɢ ɨɱɟɪɟɞɧɨɣ ɷɥɟɦɟɧɬ ɦɚɬɪɢɰɵ ɩɪɢɧɢɦɚɟɬ ɡɧɚɱɟɧɢɟ 1, 
ɬɨ ɫɨɨɬɜɟɬɫɬɜɭɸɳɚɹ ɟɦɭ ɬɨɱɤɚ ɩɨɦɟɱɚɟɬɫɹ ɤɚɤ ɭɞɚɥёɧɧɚɹ ɢ ɡɧɚɱɟɧɢɟ 
ɷɥɟɦɟɧɬɚ ɫɛɪɚɫɵɜɚɟɬɫɹ ɜ 0, ɩɪɢ ɷɬɨɦ ɫɨɫɟɞɧɢɟ ɩɨ ɞɢɚɝɨɧɚɥɢ ɷɥɟɦɟɧɬɵ 
ɦɚɬɪɢɰɵ ɩɨɥɭɱɚɸɬ ɡɧɚɱɟɧɢɟ 2, ɚ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɢɦ ɬɨɱɤɢ ɡɚɳɢɳɚɸɬɫɹ ɨɬ 
ɭɞɚɥɟɧɢɹ (ɥɢɫɬ. 3). 

ɉɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ ɩɟɪɟɛɨɪɚ ɷɥɟɦɟɧɬɨɜ ɦɚɬɪɢɰɵ  ,s i j  ɧɚɢɛɨɥɟɟ 
ɷɮɮɟɤɬɢɜɧɨ ɦɨɠɟɬ ɛɵɬɶ ɩɪɟɞɫɬɚɜɥɟɧɚ ɫɥɭɱɚɣɧɨɣ ɤɨɦɛɢɧɚɬɨɪɧɨɣ 
ɩɟɪɟɫɬɚɧɨɜɤɨɣ ɢɡ m n  ɷɥɟɦɟɧɬɨɜ, ɤɨɬɨɪɚɹ ɝɟɧɟɪɢɪɭɟɬɫɹ ɭɠɟ ɢɡɜɟɫɬɧɵɦ 
ɬɚɫɨɜɚɧɢɟɦ Ɏɢɲɟɪɚ-Ƀɟɬɫɚ [15]. Ɋɚɜɧɨɜɟɪɨɹɬɧɚɹ ɫɥɭɱɚɣɧɚɹ ɩɟɪɟɫɬɚɧɨɜɤɚ 
ɨɛɟɫɩɟɱɢɜɚɟɬ ɪɚɜɧɭɸ ɜɟɪɨɹɬɧɨɫɬɶ ɩɨɥɭɱɟɧɢɹ ɫɥɭɱɚɣɧɨɣ ɦɚɬɪɢɰɵ ɩɨɫɥɟ 
ɜɵɩɨɥɧɟɧɢɹ ɩɪɨɰɟɫɫɚ. 
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Ʉɚɠɞɵɣ ɷɥɟɦɟɧɬ ɩɟɪɟɫɬɚɧɨɜɤɢ ɨɞɧɨɡɧɚɱɧɨ ɪɚɫɤɥɚɞɵɜɚɟɬɫɹ ɧɚ ɞɜɚ ɢɧɞɟɤɫɚ 
ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɝɨ ɷɥɟɦɟɧɬɚ ɦɚɬɪɢɰɵ ɫ ɩɨɦɨɳɶɸ ɨɩɟɪɚɰɢɣ ɰɟɥɨɱɢɫɥɟɧɧɨɝɨ 
ɞɟɥɟɧɢɹ ɢ ɩɨɥɭɱɟɧɢɹ ɨɫɬɚɬɤɚ ɨɬ ɞɟɥɟɧɢɹ. 

 

Ʌɢɫɬ. 2. ɉɪɨɰɟɫɫ ɢɧɢɰɢɚɥɢɡɚɰɢɢ ɦɚɬɪɢɰɵ. 
 

Ʌɢɫɬ. 3. ɉɪɨɰɟɫɫ ɭɞɚɥɟɧɢɹ ɬɨɱɟɤ ɫɟɬɤɢ. 
 
ɇɚ ɩɨɫɥɟɞɧɟɦ ɷɬɚɩɟ ɚɥɝɨɪɢɬɦɚ ɫɜɟɞɟɧɢɹ, ɤɨɬɨɪɵɟ ɛɵɥɢ ɩɨɥɭɱɟɧɵ ɧɚ 

ɩɟɪɜɵɯ ɞɜɭɯ ɷɬɚɩɚɯ, ɨɛɴɟɞɢɧɹɸɬɫɹ ɢ ɩɪɟɨɛɪɚɡɨɜɵɜɚɸɬɫɹ ɜ ɭɞɨɛɧɵɣ ɮɨɪɦɚɬ. 
Ɉɧɢ ɦɨɝɭɬ ɛɵɬɶ ɢɫɩɨɥɶɡɨɜɚɧɵ ɞɥɹ ɛɵɫɬɪɨɝɨ ɜɢɡɭɚɥɶɧɨɝɨ ɨɬɨɛɪɚɠɟɧɢɹ 
ɪɚɫɤɪɨɹ, ɩɪɟɨɛɪɚɡɨɜɚɧɵ ɜ ɦɧɨɠɟɫɬɜɨ ɭɡɥɨɜɵɯ ɬɨɱɟɤ, ɩɪɟɨɛɪɚɡɨɜɚɧɵ ɜ 
ɦɧɨɠɟɫɬɜɨ ɩɪɹɦɨɭɝɨɥɶɧɵɯ ɮɪɚɝɦɟɧɬɨɜ ɢ ɬ.ɞ., ɧɚɩɪɢɦɟɪ, ɜɢɡɭɚɥɶɧɵɣ ɪɚɫɤɪɨɣ 
ɦɨɠɟɬ ɛɵɬɶ ɩɨɫɬɪɨɟɧ, ɟɫɥɢ ɤɚɠɞɭɸ ɩɚɪɭ ɫɨɫɟɞɧɢɯ ɡɚɮɢɤɫɢɪɨɜɚɧɧɵɯ ɬɨɱɟɤ 
ɫɟɬɤɢ ɫɨɟɞɢɧɢɬɶ ɩɪɹɦɨɣ ɥɢɧɢɟɣ. 

ɇɟɫɤɨɥɶɤɨ ɩɪɢɦɟɪɨɜ ɪɚɛɨɬɵ ɚɥɝɨɪɢɬɦɚ ɩɪɟɞɫɬɚɜɥɟɧɵ ɧɢɠɟ. ɋɥɟɜɚ 
ɢɡɨɛɪɚɠёɧ ɪɟɡɭɥɶɬɚɬ, ɩɨɥɭɱɟɧɧɵɣ ɞɥɹ ɦɚɥɵɯ ɡɧɚɱɟɧɢɣ m  ɢ n  (ɪɢɫ. 3ɚ), ɚ 
ɫɩɪɚɜɚ – ɧɚɨɛɨɪɨɬ, ɞɥɹ ɛɨɥɶɲɢɯ (ɪɢɫ. 3ɛ). 

Ⱦɥɹ ɧɟɤɨɬɨɪɵɯ ɩɪɚɤɬɢɱɟɫɤɢɯ ɡɚɞɚɱ ɧɟɞɨɫɬɚɬɤɨɦ ɚɥɝɨɪɢɬɦɚ ɦɨɠɟɬ 
ɫɱɢɬɚɬɶɫɹ ɧɚɥɢɱɢɟ ɜɵɬɹɧɭɬɵɯ ɩɪɹɦɨɭɝɨɥɶɧɢɤɨɜ ɜ ɛɨɥɶɲɢɧɫɬɜɟ ɪɚɫɤɪɨɟɜ. Ⱦɥɹ 
ɫɝɥɚɠɢɜɚɧɢɹ ɬɚɤɢɯ ɪɟɡɭɥɶɬɚɬɨɜ ɫɭɳɟɫɬɜɭɟɬ ɧɟɛɨɥɶɲɚɹ ɦɨɞɢɮɢɤɚɰɢɹ 
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ɚɥɝɨɪɢɬɦɚ, ɫɭɬɶ ɤɨɬɨɪɨɣ ɫɨɫɬɨɢɬ ɜ ɬɨɦ, ɱɬɨɛɵ ɧɟ ɜɵɩɨɥɧɹɬɶ ɩɪɨɰɟɫɫ 
ɭɞɚɥɟɧɢɹ ɫɥɭɱɚɣɧɵɯ ɬɨɱɟɤ ɫɟɬɤɢ ɞɨ ɤɨɧɰɚ. ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɞɨɥɹ ɩɟɪɟɛɢɪɚɟɦɵɯ 
ɷɥɟɦɟɧɬɨɜ ɦɚɬɪɢɰɵ  ,s i j  ɡɚɞɚёɬɫɹ ɧɟɤɨɬɨɪɵɦ ɩɚɪɚɦɟɬɪɨɦ  0,1 , ɬɟɦ 
ɫɚɦɵɦ ɢɫɩɨɥɶɡɭɹ ɬɨɥɶɤɨ ɩɟɪɜɵɟ ( )m n   ɷɥɟɦɟɧɬɨɜ ɩɟɪɟɫɬɚɧɨɜɤɢ, ɡɚɞɚɸɳɟɣ 
ɩɨɪɹɞɨɤ ɩɟɪɟɛɨɪɚ ɷɥɟɦɟɧɬɨɜ. 

  
ɚ) ɛ) 

 
Ɋɢɫ. 3. ɉɪɢɦɟɪɵ ɪɚɛɨɬɵ ɚɥɝɨɪɢɬɦɚ. 

ɋɪɚɜɧɢɬɶ ɪɟɡɭɥɶɬɚɬ ɪɚɛɨɬɵ ɦɨɞɢɮɢɰɢɪɨɜɚɧɧɨɝɨ ɚɥɝɨɪɢɬɦɚ (ɪɢɫ. 4ɛ) ɫ 
ɪɚɛɨɬɨɣ ɢɫɯɨɞɧɨɝɨ ɚɥɝɨɪɢɬɦɚ (ɪɢɫ. 4ɚ), ɦɨɠɧɨ ɡɚɞɚɜ ɨɞɢɧɚɤɨɜɵɣ ɩɨɪɹɞɨɤ 
ɩɟɪɟɛɨɪɚ ɷɥɟɦɟɧɬɨɜ ɦɚɬɪɢɰɵ. 

 

  
ɚ) ɛ) 

 

Ɋɢɫ. 4. ɋɪɚɜɧɟɧɢɟ ɪɟɡɭɥɶɬɚɬɨɜ ɢɫɯɨɞɧɨɝɨ ɢ ɦɨɞɢɮɢɰɢɪɨɜɚɧɧɨɝɨ 

ɚɥɝɨɪɢɬɦɨɜ. 
ɇɚ ɪɢɫɭɧɤɟ (ɪɢɫ. 4) ɦɨɠɧɨ ɜɢɞɟɬɶ, ɱɬɨ ɦɧɨɝɢɟ ɛɨɥɶɲɢɟ ɜɵɬɹɧɭɬɵɟ 

ɮɪɚɝɦɟɧɬɵ ɟɳё ɧɟ ɭɫɩɟɥɢ ɨɛɪɚɡɨɜɚɬɶɫɹ ɜ ɫɢɥɭ ɧɟɩɨɥɧɨɝɨ ɩɟɪɟɛɨɪɚ 
ɷɥɟɦɟɧɬɨɜ. Ɉɞɧɚɤɨ, ɡɧɚɱɟɧɢɟ ɩɚɪɚɦɟɬɪɚ   ɛɥɢɡɤɨɟ ɤ ɧɭɥɸ ɞɚёɬ ɫɥɭɱɚɣɧɵɣ 
ɪɚɫɤɪɨɣ ɨɱɟɧɶ ɛɥɢɡɤɢɣ ɤ ɧɚɱɚɥɶɧɨɣ ɫɟɬɤɟ. ȼ ɫɜɹɡɢ ɫ ɷɬɢɦ, ɧɚ ɩɪɚɤɬɢɤɟ ɛɨɥɟɟ 
ɨɩɪɚɜɞɚɧɨ ɢɫɩɨɥɶɡɨɜɚɧɢɟ ɡɧɚɱɟɧɢɹ  0.5,1 . 

ȼɵɜɨɞɵ. ȼ ɞɚɧɧɨɣ ɫɬɚɬɶɟ ɛɵɥɢ ɪɚɫɫɦɨɬɪɟɧɵ ɧɟɤɨɬɨɪɵɟ ɚɥɝɨɪɢɬɦɵ 
ɝɟɧɟɪɚɰɢɢ ɫɥɭɱɚɣɧɵɯ ɝɪɚɮɨɜ, ɚ ɬɚɤɠɟ, ɧɚɢɛɨɥɟɟ ɩɪɨɫɬɵɟ ɦɟɬɨɞɵ ɝɟɧɟɪɚɰɢɢ 
ɫɥɭɱɚɣɧɵɯ ɩɪɹɦɨɭɝɨɥɶɧɵɯ ɪɚɫɤɪɨɟɜ. Ȼɨɥɶɲɨɟ ɜɧɢɦɚɧɢɟ ɛɵɥɨ ɭɞɟɥɟɧɨ 
ɢɦɟɧɧɨ ɪɟɚɥɢɡɚɰɢɹɦ ɞɚɧɧɵɯ ɦɟɬɨɞɨɜ, ɩɨɫɤɨɥɶɤɭ ɢɞɟɹ ɫɬɚɬɶɢ ɨɫɧɨɜɚɧɚ ɧɚ 
ɩɪɚɤɬɢɱɟɫɤɨɦ ɩɪɢɦɟɧɟɧɢɢ ɚɥɝɨɪɢɬɦɨɜ. Ȼɨɥɶɲɢɧɫɬɜɨ ɢɡ ɧɢɯ ɭɠɟ 
ɢɫɩɨɥɶɡɭɸɬɫɹ ɜ ɩɪɨɝɪɚɦɦɧɨɣ ɫɢɫɬɟɦɟ ɬɟɫɬɢɪɨɜɚɧɢɹ ɷɜɨɥɸɰɢɨɧɧɨ-
ɮɪɚɝɦɟɧɬɚɪɧɵɯ ɚɥɝɨɪɢɬɦɨɜ ɞɥɹ ɪɚɡɥɢɱɧɵɯ ɤɥɚɫɫɨɜ ɨɩɬɢɦɢɡɚɰɢɨɧɧɵɯ ɡɚɞɚɱ 
ɧɚ ɝɪɚɮɚɯ. 
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Ɉ.ɋ. Ɇɚɝɚɫ,  Ɉ.ɋ. ɋɟɪɝєєɜ  
Ⱦɧɿɩɪɨɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

ȾɈɋɅȱȾɀȿɇɇə ɊɈȻȺɋɌɇɈɋɌȱ ɊɈɁȼ’əɁɄȱȼ ɁȺȾȺɑȱ 
ɆȺɊɒɊɍɌɂɁȺɐȱȲ ɌɊȺɇɋɉɈɊɌɍ 

Ɂɚɩɪɨɩɨɧɨɜɚɧɨ ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɦɚɪɲɪɭɬɢɡɚɰɿʀ ɬɪɚɧɫɩɨɪɬɭ ɬɚ 

ɨɬɪɢɦɚɧɨ ɤɜɚɡɿɨɩɬɢɦɚɥɶɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ. ɉɟɪɟɜɿɪɟɧɚ ɪɨɛɚɫɬɧɿɫɬɶ ɪɨɡɜ’ɹɡɤɿɜ 
ɡɚɞɚɱɿ ɧɚ ɪɟɚɥɶɧɨɦɭ ɩɪɢɤɥɚɞɿ. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɦɚɪɲɪɭɬɢɡɚɰɿɹ ɬɪɚɧɫɩɨɪɬɭ, ɟɜɪɢɫɬɢɱɧɿ ɚɥɝɨɪɢɬɦɢ, ɪɨɛɚɫɬɧɿɫɬɶ 
ɪɨɡɜ’ɹɡɤɿɜ, ɬɚɛɭ-ɩɨɲɭɤ, ɚɝɥɨɦɟɪɚɬɢɜɧɚ ɤɥɚɫɬɟɪɢɡɚɰɿɹ. 

 

ɉɪɟɞɥɨɠɟɧ ɚɥɝɨɪɢɬɦ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ ɦɚɪɲɪɭɬɢɡɚɰɢɢ ɬɪɚɧɫɩɨɪɬɚ ɢ ɩɨɥɭɱɟɧɨ 
ɤɜɚɡɢɨɩɬɢɦɚɥɶɧɨɟ ɪɟɲɟɧɢɟ ɡɚɞɚɱɢ. ɉɪɨɜɟɪɟɧɚ ɪɨɛɚɫɬɧɨɫɬɶ ɪɟɲɟɧɢɣ ɡɚɞɚɱɢ ɧɚ 
ɪɟɚɥɶɧɨɦ ɩɪɢɦɟɪɟ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɦɚɪɲɪɭɬɢɡɚɰɢɹ ɬɪɚɧɫɩɨɪɬɚ, ɷɜɪɢɫɬɢɱɟɫɤɢɟ ɚɥɝɨɪɢɬɦɵ, 
ɪɨɛɚɫɬɧɨɫɬɶ ɪɟɲɟɧɢɣ, ɬɚɛɭ-ɩɨɢɫɤ, ɚɝɥɨɦɟɪɚɬɢɜɧɚɹ ɤɥɚɫɬɟɪɢɡɚɰɢɹ. 

 

The article deals with the problem which is of relevance nowadays: vehicle routing 

problem. This problem is considered in order to reduce delivery costs of the distributor. 

The solution of this problem allows to optimize and reorganize structure of the company 

and decrease using of recourses. The model of the vehicle routing problem, i. e. the use of 

different approaches, tools and algorithms to obtain a better result is investigated. Dividing 

this problem on sub-problems gives opportunity for using different approaches in solving 

vehicle routing problem. The algorithm for solving the vehicle routing problem is pro-

posed. The main idea of this algorithm is to use agglomerative clustering, tabu search, and 

union of the clusters sequentially. The program module for every method is developed. 

There is an opportunity to make use of parallel computing, as a result of clustering-based 

approach. The proposed algorithm of the vehicle routing problem is checked with solving a 

real problem. Problem location is defined in Dnipro city. The visualization of every step of 

solving is presented as combining Google Maps API and JavaScript in web implementa-

tion. The quasi-optimal solution of the considered problem is obtained and its robustness is 

checked. The critical values which lead to rapid increase in the transportation cost is 

found. Randomly data perturbation is also tested. Graphical implementation for every test 

is considered to create applied interpretation of results. Research results can be applied to 

obtain a solution to the vehicle routing problem and reduce delivery costs of the distribu-

tor. The idea of creating an interface for software, the use of other clustering algorithms, 

introduction of another algorithm of union of the clusters, and the use of different ap-

proaches for checking the robustness of vehicle routing problem solution is considered as a 

further research. 

Keywords: transport routing, heuristic algorithms, robustness of solutions, taboo-

search, agglomeration clustering.  

ȼɫɬɭɩ. Ɂ ɦɟɬɨɸ ɡɦɟɧɲɟɧɧɹ ɜɢɬɪɚɬ ɤɨɦɩɚɧɿʀ-ɞɢɫɬɪɢɛ’ɸɬɨɪɚ, ɭ ɪɨɛɨɬɿ ɛɭɞɟ 
ɪɨɡɝɥɹɧɭɬɚ ɡɚɞɚɱɚ ɦɚɪɲɪɭɬɢɡɚɰɿʀ ɬɪɚɧɫɩɨɪɬɭ. Ɋɨɡɜ’ɹɡɨɤ ɰɿєʀ ɡɚɞɚɱɿ ɞɨɡɜɨɥɹє  
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ɨɩɬɢɦɿɡɭɜɚɬɢ ɪɨɛɨɬɭ ɩɿɞɩɪɢєɦɫɬɜɚ ɬɚ ɡɚɨɳɚɞɢɬɢ ɪɟɫɭɪɫɢ. ȼ ɰɿɣ ɪɨɛɨɬɿ 
ɞɨɫɥɿɞɠɭєɬɶɫɹ ɦɨɞɟɥɶ ɡɚɞɚɱɿ ɦɚɪɲɪɭɬɢɡɚɰɿʀ ɬɪɚɧɫɩɨɪɬɭ, ɚ ɫɚɦɟ ɜɢɤɨɪɢɫɬɚɧɧɹ 
ɪɿɡɧɢɯ ɩɿɞɯɨɞɿɜ, ɡɚɫɨɛɿɜ ɬɚ ɚɥɝɨɪɢɬɦɿɜ ɡ ɦɟɬɨɸ ɨɬɪɢɦɚɧɧɹ ɤɪɚɳɨɝɨ ɪɟɡɭɥɶ- 
ɬɚɬɭ. ȿɮɟɤɬɢɜɧɿɫɬɶ ɞɨɫɥɿɞɠɟɧɧɹ ɰɿєʀ ɬɟɦɢ ɡɭɦɨɜɥɟɧɚ ɩɪɚɤɬɢɱɧɨɸ ɰɿɧɧɿɫɬɸ 
ɩɪɢ ɜɟɥɢɤɿɣ ɫɤɥɚɞɧɨɫɬɿ ɚɥɝɨɪɢɬɦɭ ɪɨɡɜ’ɹɡɚɧɧɹ. ɇɚɫɚɦɩɟɪɟɞ, ɫɩɪɨɛɢ 
ɤɨɦɛɿɧɭɜɚɧɧɹ ɪɿɡɧɢɯ ɟɬɚɩɿɜ ɪɨɡɜ’ɹɡɚɧɧɹ ɬɚ ɡɚɫɬɨɫɭɜɚɧɧɹ ɞɥɹ ɰɶɨɝɨ ɪɿɡɧɢɯ 
ɦɟɬɨɞɿɜ є ɚɤɬɭɚɥɶɧɢɦ ɿ ɰɿɤɚɜɢɦ ɡ ɦɟɬɨɸ ɡɧɚɯɨɞɠɟɧɧɹ ɧɨɜɢɯ 
ɤɜɚɡɿɨɩɬɢɦɚɥɶɧɢɯ ɪɨɡɜ’ɹɡɤɿɜ ɡɚ ɦɿɧɿɦɚɥɶɧɢɣ ɱɚɫ ɜɢɤɨɧɚɧɧɹ ɚɥɝɨɪɢɬɦɿɜ. 

ɉɨɩɟɪɟɞɧɿɦ ɪɟɡɭɥɶɬɚɬɨɦ ɪɨɛɨɬɢ є ɩɭɛɥɿɤɚɰɿɹ [3], ɭ ɹɤɿɣ ɛɭɥɨ ɪɨɡɝɥɹɧɭɬɨ 
ɥɨɝɿɫɬɢɤɭ ɭɤɪɚʀɧɫɶɤɨɝɨ ɞɢɫɬɪɢɛ’ɸɬɨɪɚ ɩɪɨɞɭɤɬɿɜ ɯɚɪɱɭɜɚɧɧɹ. Ƚɨɥɨɜɧɨɸ 
ɦɟɬɨɸ ɩɭɛɥɿɤɚɰɿʀ ɛɭɥɨ ɡɧɢɠɟɧɧɹ ɜɢɬɪɚɬ ɤɨɦɩɚɧɿʀ ɭ ɜɢɤɨɪɢɫɬɚɧɧɿ ɬɪɚɧɫɩɨɪɬɭ. 
Ɍɚɤɨɠ ɟɮɟɤɬɢɜɧɢɣ ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɩɪɨɩɨɧɨɜɚɧɨ ɭ [1]. ɍ ɪɨɛɨɬɿ ɛɭɥɚ 
ɪɨɡɝɥɹɧɭɬɚ ɡɚɞɚɱɚ ɦɚɪɲɪɭɬɢɡɚɰɿʀ ɬɪɚɧɫɩɨɪɬɭ ɡ ɨɛɦɟɠɟɧɧɹɦɢ, ɞɨɫɥɿɞɠɟɧɿ 
ɞɟɹɤɿ ɩɿɞɯɨɞɢ ɪɨɡɜ’ɹɡɚɧɧɹ ɬɚ ɨɬɪɢɦɚɧɨ ɟɮɟɤɬɢɜɧɢɣ ɚɥɝɨɪɢɬɦ. Ⱥɥɶɬɟɪɧɚɬɢɜɨɸ 
ɡɚɩɪɨɩɨɧɨɜɚɧɢɯ ɚɥɝɨɪɢɬɦɿɜ ɭ ɪɨɛɨɬɿ [1] ɫɬɚɥɢ ɩɿɞɯɨɞɢ, ɧɚɜɟɞɟɧɿ ɭ [2]. Ȼɭɜ 
ɨɩɢɫɚɧɢɣ ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɦɚɪɲɪɭɬɢɡɚɰɿʀ ɬɪɚɧɫɩɨɪɬɭ ɬɚ 
ɩɪɨɜɟɞɟɧɚ ɨɰɿɧɤɚ ɟɮɟɤɬɢɜɧɨɫɬɿ. 

Ɋɟɡɭɥɶɬɚɬɨɦ ɡɚɫɬɨɫɭɜɚɧɧɹ ɡɚɩɪɨɩɨɧɨɜɚɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɞɥɹ ɨɫɧɨɜɧɨʀ ɡɚɞɚɱɿ, 
ɛɭɞɟ ɨɬɪɢɦɚɧɧɹ ʀʀ ɤɜɚɡɿɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ. Ɇɟɬɨɸ ɞɨɫɥɿɞɠɟɧɧɹ є 
ɩɟɪɟɜɿɪɤɚ ɪɨɛɚɫɬɧɨɫɬɿ ɪɨɡɜ’ɹɡɤɿɜ ɬɚ ɜɞɚɥɨɫɬɿ ɩɨєɞɧɚɧɧɹ ɚɥɝɨɪɢɬɦɿɜ, ɳɨ 
ɡɚɫɬɨɫɨɜɚɧɿ ɛɟɡɩɨɫɟɪɟɞɧɶɨ ɭ ɪɨɛɨɬɿ. 

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ. Ɂɚɞɚɱɚ ɦɚɪɲɪɭɬɢɡɚɰɿʀ ɬɪɚɧɫɩɨɪɬɭ ɦɨɠɟ ɛɭɬɢ 
ɫɮɨɪɦɭɥɶɨɜɚɧɚ ɧɚɫɬɭɩɧɢɦ ɱɢɧɨɦ. ɇɟɯɚɣ ( , )G V A= – ɝɪɚɮ ɡ ɪɟɛɪɚɦɢ A ɹɤɢɣ 
ɜɢɡɧɚɱɚєɬɶɫɹ {( , ) : , , }i j i jA v v v v V i j=   , ɚ {0,1,..., }V N=  – ɦɧɨɠɢɧɚ n+1 
ɜɟɪɲɢɧ, ɞɟ ɜɟɪɲɢɧɚ 0 – ɰɟ ɞɟɩɨ, ɚ ɿɧɲɿ ɜɟɪɲɢɧɢ – ɰɟ ɦɿɫɬɚ ɱɢ ɤɥɿєɧɬɢ, ɹɤɿ 
ɛɭɞɭɬɶ ɨɛɫɥɭɝɨɜɭɜɚɬɢɫɹ. Ⱦɥɹ ɤɨɠɧɨɝɨ ɪɟɛɪɚ ( , )i j , i j  ɡɚɞɚɧɚ ɧɟɜɿɞ’єɦɧɚ 
ɦɚɬɪɢɰɹ ɜɿɞɫɬɚɧɟɣ ( )ijD C= , ɞɟ ijC  ɦɨɠɟ ɛɭɬɢ ɿɧɬɟɪɩɪɟɬɨɜɚɧɨ ɹɤ ɫɩɪɚɜɠɧɹ 
ɜɿɞɫɬɚɧɶ, ɱɚɫ ɚɛɨ ɜɚɪɬɿɫɬɶ ɩɨɞɨɪɨɠɿ. Ɇɚєɦɨ N ɤɥɿєɧɬɿɜ, ɹɤɿ ɩɨɜɢɧɧɿ ɛɭɬɢ 
ɜɿɞɜɿɞɚɧɿ K ɬɪɚɧɫɩɨɪɬɧɢɦɢ ɡɚɫɨɛɚɦɢ. Ɇɚɤɫɢɦɚɥɶɧɨ ɞɨɡɜɨɥɟɧɚ ɞɨɜɠɢɧɚ 
ɦɚɪɲɪɭɬɭ ɞɥɹ k-ɝɨ ɬɪɚɧɫɩɨɪɬɧɨɝɨ ɡɚɫɨɛɭ – kD . Ɇɚɬɟɦɚɬɢɱɧɟ ɮɨɪɦɭɥɸɜɚɧɧɹ 
ɡɚɞɚɱɿ: 
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ɐɿɥɶɨɜɢɣ ɮɭɧɤɰɿɨɧɚɥ (1) ɜɢɡɧɚɱɚє ɡɚɝɚɥɶɧɭ ɜɚɪɬɿɫɬɶ ɪɨɡɜ’ɹɡɤɭ. Ɉɛɦɟɠɟɧɧɹ 
(3) ɨɡɧɚɱɚɸɬɶ, ɳɨ ɜɫɿ ɬɪɚɧɫɩɨɪɬɧɿ ɡɚɫɨɛɢ, ɹɤɿ ɜɢʀɯɚɥɢ ɡ ɞɟɩɨ ɩɨɜɟɪɧɭɬɶɫɹ 
ɧɚɡɚɞ. Ɉɛɦɟɠɟɧɧɹ (4) ɝɚɪɚɧɬɭє, ɳɨ ɤɨɠɧɢɣ ɤɥɿєɧɬ ɛɭɞɟ ɬɨɱɤɨɸ ɡɭɩɢɧɤɢ ɧɚ 
ɦɚɪɲɪɭɬɿ. Ɉɛɦɟɠɟɧɧɹ (6) ɜɿɞɨɛɪɚɠɚє ɧɚɹɜɧɿɫɬɶ ɯɨɱɚ ɛ ɨɞɧɨɝɨ ɬɪɚɧɫɩɨɪɬɧɨɝɨ 
ɡɚɫɨɛɭ. Ɋɨɡɜ’ɹɡɨɤ ɬɚɤɨʀ ɡɚɞɚɱɿ ɞɨɡɜɨɥɹє ɦɿɧɿɦɿɡɭɜɚɬɢ ɬɪɚɧɫɩɨɪɬɧɿ ɜɢɬɪɚɬɢ 
ɩɿɞɩɪɢєɦɫɬɜɚ. ȼɜɚɠɚɬɢɦɟɦɨ, ɳɨ ɧɚ ɩɿɞɩɪɢєɦɫɬɜɿ ɧɚ ɤɨɠɧɨɦɭ ɬɪɚɧɫɩɨɪɬɧɨɦɭ 
ɡɚɫɨɛɿ ɩɪɚɰɸє ɨɞɢɧ ɚɝɟɧɬ, ɬɨɛɬɨ ɤɿɥɶɤɿɫɬɶ ɚɝɟɧɬɿɜ ɬɚ ɤɿɥɶɤɿɫɬɶ ɬɪɚɧɫɩɨɪɬɧɢɯ 
ɡɚɫɨɛɿɜ ɫɩɿɜɩɚɞɚє ɿ ɞɨɪɿɜɧɸє K . ɇɟɯɚɣ i ɜɿɞɩɨɜɿɞɚє ɡɚɪɨɛɿɬɧɿɣ ɩɥɚɬɧɿ ɿ-ɝɨ 
ɤɭɪ’єɪɚ ɡɚ ɨɞɢɧ  ɪɨɛɨɱɢɣ ɞɟɧɶ ɬɚ i  – ɜɢɬɪɚɬɢ ɧɚ ɭɬɪɢɦɚɧɧɹ i-ɝɨ 
ɬɪɚɧɫɩɨɪɬɧɨɝɨ ɡɚɫɨɛɭ ɭ ɚɜɬɨɩɚɪɤɭ. Ɂɚɡɧɚɱɢɦɨ, ɳɨ ɰɟ ɦɨɠɭɬɶ ɛɭɬɢ ɜɢɬɪɚɬɢ ɧɚ 
ɪɟɦɨɧɬ ɬɪɚɧɫɩɨɪɬɧɢɯ ɡɚɫɨɛɿɜ ɚɛɨ ʀɯ ɩɪɨɤɚɬ. Ɍɨɞɿ ɦɨɠɧɚ ɡɚɞɚɬɢ ɜɢɬɪɚɬɢ 
ɩɨɜ’ɹɡɚɧɿ ɡ ɡɚɪɨɛɿɬɧɨɸ ɩɥɚɬɨɸ ɬɚ ɭɬɪɢɦɚɧɧɹɦ ɬɪɚɧɫɩɨɪɬɧɢɯ ɡɚɫɨɛɿɜ 
ɧɚɫɬɭɩɧɢɦ ɱɢɧɨɦ: 
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( ) ( )
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k k
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R K   
=

= + = +  (7) 
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 Z F R= +  (9) 

Ɏɭɧɤɰɿɨɧɚɥ R ɭ ɮɨɪɦɭɥɿ (7) ɩɨɡɧɚɱɚє ɡɚɝɚɥɶɧɭ ɜɚɪɬɿɫɬɶ ɭɬɪɢɦɚɧɧɹ 
ɚɜɬɨɩɚɪɤɭ. Ɏɭɧɤɰɿɨɧɚɥ F ɭ ɮɨɪɦɭɥɿ (8) ɜɿɞɩɨɜɿɞɚє ɡɚɝɚɥɶɧɿɣ ɞɨɜɠɢɧɿ 
ɦɚɪɲɪɭɬɭ ɜɫɿєʀ ɡɚɞɚɱɿ. ɍ ɮɨɪɦɭɥɿ (7) ɪɨɡɝɥɹɞɚɸɬɶɫɹ ɿɞɟɧɬɢɱɧɿ ɬɪɚɧɫɩɨɪɬɧɿ 
ɡɚɫɨɛɢ ɬɚ ɜɢɬɪɚɬɢ ɧɚ ɧɢɯ. Ɍɟ ɠ ɫɚɦɟ ɫɬɨɫɭєɬɶɫɹ ɡɚɪɨɛɿɬɧɨʀ ɩɥɚɬɧɿ ɚɝɟɧɬɿɜ. Ɍɨɞɿ 
ɜ ɪɚɦɤɚɯ ɩɿɞɩɪɢєɦɫɬɜɚ ɡɚɞɚɱɭ ɦɚɪɲɪɭɬɢɡɚɰɿʀ ɬɪɚɧɫɩɨɪɬɭ ɡ ɨɛɦɟɠɟɧɧɹɦɢ 
ɦɨɠɧɚ ɩɪɟɞɫɬɚɜɢɬɢ ɭ ɜɢɝɥɹɞɿ ɡɚɞɚɱɿ ɦɿɧɿɦɿɡɚɰɿʀ ɮɭɧɤɰɿɨɧɚɥɭ Z: 
 minZ →  (10) 

ȼɚɠɥɢɜɢɦ ɨɛɦɟɠɟɧɧɹɦ ɪɨɛɨɬɢ ɚɝɟɧɬɿɜ є ɬɪɢɜɚɥɿɫɬɶ ɪɨɛɨɱɨɝɨ ɞɧɹ. Ɍɨɛɬɨ 
ɧɟɨɛɯɿɞɧɨ ɞɨɞɚɬɢ ɞɨ ɨɛɦɟɠɟɧɶ ɧɚɫɬɭɩɧɭ ɭɦɨɜɭ: ɱɚɫ, ɡɚɬɪɚɱɟɧɢɣ ɧɚ 
ɜɢɤɨɧɚɧɧɹ ɩɟɪɟɜɟɡɟɧɶ ɭ ɪɚɦɤɚɯ ɨɞɧɨɝɨ ɦɚɪɲɪɭɬɭ ɩɨɜɢɧɟɧ ɧɟ ɩɟɪɟɜɢɳɭɜɚɬɢ 
ɬɪɢɜɚɥɿɫɬɶ ɪɨɛɨɱɨɝɨ ɞɥɹ T. Ⱦɥɹ ɰɶɨɝɨ ɪɨɡɝɥɹɧɟɦɨ ɧɚɫɬɭɩɧɟ ɨɛɦɟɠɟɧɧɹ: 
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ɞɟ ijt ɪɨɡɪɚɯɨɜɭєɬɶɫɹ ɡɚ ɧɚɫɬɭɩɧɨɸ ɮɨɪɦɭɥɨɸ: 
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h
= =  

h - ɫɟɪɟɞɧɹ ɲɜɢɞɤɿɫɬɶ ɪɭɯɭ ɭ ɦɿɫɬɿ 
(12) 

Ɇɟɬɨɞ ɪɨɡɜ’ɹɡɚɧɧɹ. Ⱦɥɹ ɬɨɝɨ, ɳɨɛ ɪɨɡɜ’ɹɡɚɬɢ ɡɚɞɚɱɭ ɦɚɪɲɪɭɬɢɡɚɰɿʀ 
ɬɪɚɧɫɩɨɪɬɭ, ɫɩɪɨɛɭєɦɨ ɪɨɡɛɢɬɢ ʀʀ ɧɚ ɱɚɫɬɢɧɢ ɿ ɡɚɩɪɨɩɨɧɭɜɚɬɢ ɚɥɝɨɪɢɬɦɢ ɞɥɹ 
ɪɨɡɜ’ɹɡɚɧɧɹ ɤɨɠɧɨʀ ɡ ɧɢɯ. Ɍɚɤ ɹɤ ɦɢ ɦɚєɦɨ ɞɟɤɿɥɶɤɚ ɬɪɚɧɫɩɨɪɬɧɢɯ ɡɚɫɨɛɿɜ, ɬɨ 
ɛɭɥɨ ɛ ɥɨɝɿɱɧɢɦ ɪɨɡɞɿɥɢɬɢ ɦɧɨɠɢɧɭ ɜɟɪɲɢɧ V ɧɚ ɞɟɤɿɥɶɤɚ ɩɿɞɦɧɨɠɢɧ 

,  1,iV i K=  ɬɚɤɢɯ, ɳɨ 
1

K

i
i

V V
=

= , i jV V = , i j , ɟɥɟɦɟɧɬɢ ɹɤɢɯ ɡɧɚɯɨɞɢɥɢɫɶ 

ɝɟɨɝɪɚɮɿɱɧɨ ɩɨɪɹɞ ɬɚ ʀɯ ɤɿɥɶɤɿɫɬɶ ɛɭɥɚ ɨɛɦɟɠɟɧɚ. Ɍɨɞɿ ɛ ɞɥɹ ɤɨɠɧɨʀ 
ɩɿɞɦɧɨɠɢɧɢ iV V ,  1,i K=  ɦɨɠɧɚ ɛɭɥɨ ɛ ɩɨɫɬɚɜɢɬɢ ɭ ɜɿɞɩɨɜɿɞɧɿɫɬɶ 
ɬɪɚɧɫɩɨɪɬɧɢɣ ɡɚɫɿɛ ɬɚ ɚɝɟɧɬɚ.  Ɍɨɞɿ ɩɪɢ ɤɿɥɶɤɨɫɬɿ ɬɪɚɧɫɩɨɪɬɧɢɯ ɡɚɫɨɛɿɜ K ɡ 
ɦɧɨɠɢɧɢ ɜɟɪɲɢɧ V ɦɨɠɧɚ ɨɬɪɢɦɚɬɢ ɧɚɫɬɭɩɧɭ ɦɧɨɠɢɧɭ: 
 

1{ ,..., }KW V V=   (13) 

Ɍɨɞɿ ɞɥɹ ɤɨɠɧɨɝɨ ɚɝɟɧɬɚ ɩɨɫɬɚє ɡɚɞɚɱɚ ɜɿɞɜɿɞɚɬɢ ɩɟɜɧɭ ɧɟɜɟɥɢɤɭ ɤɿɥɶɤɿɫɬɶ 
ɤɥɿєɧɬɿɜ, ɫɬɚɪɬɭɸɱɢ ɡ ɞɟɩɨ ɿ ɩɨɜɟɪɬɚɸɱɢɫɶ ɧɚɡɚɞ. ɉɪɢ ɰɶɨɦɭ ɧɟɨɛɯɿɞɧɨ 
ɜɪɚɯɨɜɭɜɚɬɢ ɨɛɦɟɠɟɧɧɹ (11) ɧɚ ɬɪɢɜɚɥɿɫɬɶ ɪɨɛɨɱɨɝɨ ɞɧɹ. Ɍɚɤɿ ɦɿɪɤɭɜɚɧɧɹ 
ɜɿɞɩɨɜɿɞɚɸɬɶ ɡɚɞɚɱɿ ɤɨɦɿɜɨɹɠɟɪɚ: ɧɟɯɚɣ ( , )kG V A= , kV W  – ɝɪɚɮ ɡ ɪɟɛɪɚɦɢ 
A ɹɤɢɣ ɜɢɡɧɚɱɚєɬɶɫɹ {( , ) : , , }i j i j kA v v v v V i j=   . Ⱦɥɹ ɤɨɠɧɨɝɨ ɪɟɛɪɚ 
( , ),  i j i j  ɡɚɞɚɧɚ ɧɟɜɿɞ’єɦɧɚ ɦɚɬɪɢɰɹ ɜɿɞɫɬɚɧɟɣ ( )ijD C= , ɞɟ ijC  ɦɨɠɟ ɛɭɬɢ 
ɿɧɬɟɪɩɪɟɬɨɜɚɧɨ ɹɤ ɫɩɪɚɜɠɧɹ ɜɿɞɫɬɚɧɶ, ɱɚɫ ɚɛɨ ɜɚɪɬɿɫɬɶ ɩɨɞɨɪɨɠɿ. Ɍɨɞɿ ɦɚє 
ɦɿɫɰɟ ɧɚɫɬɭɩɧɟ ɮɨɪɦɭɥɸɜɚɧɧɹ ɡɚɞɚɱɿ: 
 

ij ij
i j

F C X


=  (14) 

ɡɚ ɬɚɤɢɦɢ ɨɛɦɟɠɟɧɧɹɦɢ: 
 

1 1

1,  1,  , ,  
k kV V

ij ij k
i j

X X i j V i j
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= =     (15) 

 
,

1,  ( ,2 2)ij k k
i j S

X S S V S V


 −    −  (16) 

 {1,0},  ( , )ijX i j A   (17) 

Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɰɿєʀ ɡɚɞɚɱɿ ɡɚɫɬɨɫɭєɦɨ ɟɜɪɢɫɬɢɱɧɢɣ ɚɥɝɨɪɢɬɦ ɬɚɛɭ-
ɩɨɲɭɤɭ. Ʉɪɨɤ 1. ɇɟɯɚɣ ɡɚɞɚɧɚ ɦɧɨɠɢɧɚ 

11{ ,..., }k NV x x= , ɞɟ 
11 1,..., ( )Nx x N N  - 

ɬɨɱɤɢ. Ȼɭɞɭєɦɨ ɩɨɱɚɬɤɨɜɢɣ ɪɨɡɜ’ɹɡɨɤ  ɪɿɲɟɧɧɹ 
11{ ,..., }Ns x x= . Ɂɧɚɯɨɞɢɦɨ 

ɞɨɜɠɢɧɭ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ (14) ɬɚ ɡɚɩɢɫɭєɦɨ ʀʀ ɭ minF . ɉɨɡɧɚɱɢɦɨ ɱɟɪɟɡ ( )N s  - 

ɦɧɨɠɢɧɭ ɜɫɿɯ ɦɨɠɥɢɜɢɯ ɫɭɫɿɞɧɿɯ ɜɟɪɲɢɧ. Ƚɟɧɟɪɭєɦɨ ɩɭɫɬɢɣ ɫɩɢɫɨɤ ɡɚɛɨɪɨɧ 
 . Ɂɚɞɚєɦɨ ɱɢɫɥɨ maxK  – ɤɿɥɶɤɿɫɬɶ ɦɨɠɥɢɜɢɯ ɿɬɟɪɚɰɿɣ. ɉɨɤɥɚɞɚєɦɨ k = 1. 
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Ʉɪɨɤ 2. Ɂɧɚɯɨɞɢɦɨ ɧɨɜɢɣ ɪɨɡɜ’ɹɡɨɤ x  ɬɚɤɢɣ, ɳɨ ( )x N s , 

( )
( ) min ( )

y N s
F x F y


= , ɬɚ ɩɟɪɟɯɿɞ ɡ ɬɨɱɤɢ s ɞɨ ɬɨɱɤɢ x  ɧɟ ɡɚɛɨɪɨɧɟɧɢɣ ɚɛɨ 

min ( )F F x . ɉɟɪɟɯɨɞɢɦɨ ɞɨ ɤɪɨɤɭ 3. 
Ʉɪɨɤ 3. ɉɟɪɟɯɨɞɢɦɨ ɡ ɬɨɱɤɢ s  ɞɨ ɬɨɱɤɢ x . Ⱦɨɞɚєɦɨ ɬɨɱɤɭ s  ɞɨ ɫɩɢɫɤɭ 

ɡɚɛɨɪɨɧ. Ɂɦɿɧɸєɦɨ min ( )F F x= . ɉɟɪɟɯɨɞɢɦɨ ɞɨ ɤɪɨɤɭ 4. 
Ʉɪɨɤ 4. ɉɟɪɟɜɿɪɹєɦɨ ɨɛɦɟɠɟɧɧɹ ɧɚ ɤɿɥɶɤɿɫɬɶ ɿɬɟɪɚɰɿɣ: maxk K . əɤɳɨ ɌȺɄ, 

ɬɨ ɩɨɤɥɚɞɚєɦɨ 1k k= +  ɬɚ ɩɟɪɟɯɨɞɢɦɨ ɞɨ ɤɪɨɤɭ 2. əɤɳɨ ɇІ – ɩɟɪɟɯɨɞɢɦɨ ɞɨ 
ɤɪɨɤɭ 5. 

Ʉɪɨɤ 5. Ɉɬɪɢɦɚɥɢ ɦɿɧɿɦɚɥɶɧɢɣ ɪɟɡɭɥɶɬɚɬ minf F= . Ɂɭɩɢɧɹєɦɨɫɶ.  
Ⱥɥɝɨɪɢɬɦ ɨɩɢɫɚɧɢɣ. 
ȼɢɤɨɪɢɫɬɨɜɭɸɱɢ ɰɟɣ ɚɥɝɨɪɢɬɦ, ɦɢ ɦɨɠɟɦɨ ɪɨɡɜ'ɹɡɚɬɢ ɡɚɞɚɱɭ ɤɨɦɿɜɨɹɠɟɪɚ 

ɞɥɹ ɤɨɠɧɨɝɨ ɚɝɟɧɬɚ. ɋɥɿɞ ɡɚɡɧɚɱɢɬɢ, ɳɨ є ɞɟɤɿɥɶɤɚ ɜɚɪɿɚɧɬɿɜ ɩɨɛɭɞɨɜɢ 
ɩɨɱɚɬɤɨɜɨɝɨ ɪɨɡɜ’ɹɡɤɭ s . ɉɟɪɲ ɡɚ ɜɫɟ, ɛɭɥɨ ɛ ɞɨɰɿɥɶɧɨ ɩɨɛɭɞɭɜɚɬɢ ɣɨɝɨ 
ɩɨɱɢɧɚɸɱɢ ɡ 0 ɜɟɪɲɢɧɢ – ɞɟɩɨ. Ɉɞɧɚɤ ɞɥɹ ɩɨɞɚɥɶɲɢɯ ɦɿɪɤɭɜɚɧɶ ɫɩɪɨɛɭєɦɨ 
ɫɩɨɱɚɬɤɭ ɪɨɡɜ’ɹɡɭɜɚɬɢ ɡɚɞɚɱɭ ɞɥɹ ɤɨɠɧɨʀ ɦɧɨɠɢɧɢ ( 1, )jV j K= , ɩɨɱɢɧɚɸɱɢ ɡ 
ɞɟɹɤɨʀ ɬɨɱɤɢ. Ɋɨɡɝɥɹɧɟɦɨ ɬɨɱɤɭ 0 0x = – ɞɟɩɨ. Ⱦɥɹ ɪɟɚɥɿɡɚɰɿʀ ɰɿєʀ ɿɞɟʀ 
ɧɟɨɛɯɿɞɧɨ, ɡɝɿɞɧɨ ɡ ɚɥɝɨɪɢɬɦɨɦ, ɡɧɚɬɢ ɩɨɱɚɬɤɨɜɭ ɬɨɱɤɭ ɦɚɪɲɪɭɬɭ ɞɥɹ 
ɤɨɠɧɨɝɨ ɤɥɚɫɬɟɪɭ ( 1, )jV j K= . ɉɪɢɪɨɞɧɶɨ ɛɭɥɨ ɛ ɨɛɪɚɬɢ ɞɥɹ ɤɨɠɧɨɝɨ jV  ɬɚɤɭ 

ɬɨɱɤɭ j jp V , ɞɥɹ ɹɤɨʀ 0( , ) minx y → , ( 1, )jy V j K  = , ɞɟ ɮɭɧɤɰɿɸ ɜɿɞɫɬɚɧɿ 
  ɦɨɠɧɚ ɥɟɝɤɨ ɡɚɦɿɧɢɬɢ ɡɧɚɱɟɧɧɹɦɢ ɡ ɦɚɬɪɢɰɿ ɜɿɞɫɬɚɧɟɣ ( )ijD C= . Ⱦɥɹ ɬɨɝɨ, 
ɳɨɛ ɨɬɪɢɦɚɬɢ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧɢ W  ɩɨ ɮɨɪɦɭɥɿ (13), ɡɚɫɬɨɫɭєɦɨ ɚɥɝɨɪɢɬɦ 
ɤɥɚɫɬɟɪɢɡɚɰɿʀ. ȼ ɪɚɦɤɚɯ ɪɨɛɨɬɢ ɛɭɜ ɨɛɪɚɧɢɣ ɨɞɢɧ ɡ ɚɥɝɨɪɢɬɦɿɜ ɿєɪɚɪɯɿɱɧɨʀ 
ɤɥɚɫɬɟɪɢɡɚɰɿʀ – ɚɝɥɨɦɟɪɚɬɢɜɧɚ ɤɥɚɫɬɟɪɢɡɚɰɿɹ. Ⱥɝɥɨɦɟɪɚɬɢɜɧɚ ɤɥɚɫɬɟɪɢɡɚɰɿɹ 
ɧɟ ɜɢɦɚɝɚє ɤɨɧɤɪɟɬɢɡɚɰɿʀ ɤɿɥɶɤɨɫɬɿ ɤɥɚɫɬɟɪɿɜ, ɬɨɛɬɨ ɿɫɧɭє ɦɨɠɥɢɜɿɫɬɶ ɜɢɛɨɪɭ 
ɤɿɥɶɤɨɫɬɿ ɤɥɚɫɬɟɪɿɜ, ɨɫɤɿɥɶɤɢ ɛɭɞɭєɬɶɫɹ ɞɟɪɟɜɨ. Ʉɪɿɦ ɬɨɝɨ, ɚɥɝɨɪɢɬɦ ɧɟ 
ɱɭɬɥɢɜɢɣ ɞɨ ɜɢɛɨɪɭ ɦɟɬɪɢɤɢ ɜɿɞɫɬɚɧɿ: ɜɫɿ ɜɨɧɢ, ɹɤ ɩɪɚɜɢɥɨ, ɩɪɚɰɸɸɬɶ 
ɨɞɧɚɤɨɜɨ ɞɨɛɪɟ, ɬɨɞɿ ɹɤ ɡ ɿɧɲɢɦɢ ɚɥɝɨɪɢɬɦɚɦɢ ɤɥɚɫɬɟɪɢɡɚɰɿʀ ɜɢɛɿɪ ɦɟɬɪɢɤɢ 
ɜɿɞɫɬɚɧɿ є ɤɪɢɬɢɱɧɢɦ. ɇɟɯɚɣ ɡɚɞɚɧɚ ɦɧɨɠɢɧɚ ɬɨɱɨɤ {1,2,..., }V N= . Ɂɚɡɧɚɱɢɦɨ, 
ɳɨ ɧɚ ɰɶɨɦɭ ɟɬɚɩɿ ɞɟɩɨ ɜɿɞɨɤɪɟɦɥɸєɬɶɫɹ ɜɿɞ ɡɚɝɚɥɶɧɨʀ ɦɧɨɠɢɧɢ V . Ɉɩɢɲɟɦɨ 
ɚɥɝɨɪɢɬɦ ɚɝɥɨɦɟɪɚɬɢɜɧɨʀ ɤɥɚɫɬɟɪɢɡɚɰɿʀ:  

Ʉɪɨɤ 1. ɇɟɯɚɣ ɤɨɠɧɢɣ ɟɥɟɦɟɧɬ ɦɧɨɠɢɧɢ V  ɫɤɥɚɞɚє ɫɜɿɣ ɜɥɚɫɧɢɣ ɤɥɚɫɬɟɪ 
1{ ,..., }NV V . ɉɟɪɟɯɨɞɢɦɨ ɞɨ ɤɪɨɤɭ 2. 
Ʉɪɨɤ 2. Ɉɛ’єɞɧɭєɦɨ ɧɚɣɛɥɢɠɱɿ ɤɥɚɫɬɟɪɢ, ɧɚɩɪɢɤɥɚɞ iV  ɬɚ jV . ɉɟɪɟɯɨɞɢɦɨ 

ɞɨ ɤɪɨɤɭ 3.  
Ɂɚɭɜɚɠɢɦɨ, ɳɨ ɨɛ’єɞɧɚɧɧɹ ɤɥɚɫɬɟɪɿɜ, ɡɚɫɬɨɫɨɜɚɧɟ ɧɚ ɤɪɨɰɿ 2, ɦɨɠɟ ɛɭɬɢ 

ɪɟɚɥɿɡɨɜɚɧɟ ɧɚɫɬɭɩɧɢɦ ɱɢɧɨɦ: ɞɥɹ ɬɨɝɨ, ɳɨɛ ɨɛ’єɞɧɚɬɢ ɤɥɚɫɬɟɪɢ iV  ɬɚ 

jV , ( , 1, ; )i j K i j=  ɧɟɨɛɯɿɞɧɨ ɜɢɡɧɚɱɢɬɢ ɧɨɜɢɣ ɤɥɚɫɬɟɪ nV  , ɹɤɢɣ ɛɭɞɟ ɦɿɫɬɢɬɢ 
ɤɥɿєɧɬɿɜ ɨɛɨɯ ɤɥɚɫɬɟɪɿɜ  iV  ɬɚ jV ; ɜɿɞɫɬɚɧɶ ɞɨ ɞɟɩɨ min{ , },n i j i ip p p p V=   ɬɚ 

j jp V ; ɡɚɝɚɥɶɧɚ ɞɨɜɠɢɧɚ ɦɚɪɲɪɭɬɭ ɫɤɥɚɞɚɬɢɦɟ 
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( , 1, )n i j ij jif f f i j K = + + + = . ɉɪɢ ɨɛ’єɞɧɚɧɧɿ ɤɥɚɫɬɟɪɿɜ ɞɨɪɟɱɧɨ ɡɧɚɬɢ 
ɦɿɧɿɦɚɥɶɧɭ ɜɿɞɫɬɚɧɶ ɦɿɠ ɤɨɠɧɢɦ ɡ ɧɢɯ. Ⱦɥɹ ɰɶɨɝɨ ɜɢɡɧɚɱɢɦɨ ɤɜɚɞɪɚɬɧɭ 
ɦɚɬɪɢɰɸ ( )ijB = , ɞɟ ij - ɞɨɜɠɢɧɚ ɧɚɣɤɨɪɨɬɲɨʀ ɜɿɞɫɬɚɧɿ ɜɿɞ ɤɥɚɫɬɟɪɭ iV  ɞɨ 
ɤɥɚɫɬɟɪɭ jV . Ɋɨɡɝɥɹɧɟɦɨ ɚɥɝɨɪɢɬɦ ɨɛ’єɞɧɚɧɧɹ ɤɥɚɫɬɟɪɿɜ. 

Ʉɪɨɤ 3. ɉɟɪɟɜɿɪɹєɦɨ ɤɿɥɶɤɿɫɬɶ ɤɥɚɫɬɟɪɿɜ N . əɤɳɨ 1N =  ɚɛɨ ɜɢɤɨɧɚɧɢɣ 
ɿɧɲɢɣ ɤɪɢɬɟɪɿɣ ɡɭɩɢɧɤɢ, ɬɨ ɡɭɩɢɧɹєɦɨɫɶ, ɿɧɚɤɲɟ ɩɟɪɟɯɨɞɢɦɨ ɞɨ ɤɪɨɤɭ 2. 

Ⱦɥɹ ɩɨɞɚɥɶɲɨɝɨ ɨɩɢɫɭ ɚɥɝɨɪɢɬɦɭ ɜɜɟɞɟɦɨ ɜɿɞɫɬɚɧɶ ( , )i jd V V , ɹɤɚ 
ɜɢɡɧɚɱɚєɬɶɫɹ ɧɚɫɬɭɩɧɨɸ ɮɨɪɦɭɥɨɸ:  
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ɍ ɮɨɪɦɭɥɿ (18)  ( , ) x xC x x C  =  ɩɨɡɧɚɱɚє ɜɿɞɫɬɚɧɶ ɦɿɠ ɬɨɱɤɚɦɢ x  ɬɚ x  ɡ 
ɦɚɬɪɢɰɿ ɜɿɞɫɬɚɧɟɣ ( )ijD C= . Ʉɪɢɬɟɪɿєɦ ɡɭɩɢɧɤɢ ɚɥɝɨɪɢɬɦɭ є ɨɛɦɟɠɟɧɧɹ ɧɚ 
ɦɿɧɿɦɚɥɶɧɭ ɜɿɞɫɬɚɧɶ ɦɿɠ ɤɥɚɫɬɟɪɚɦɢ. Ɋɟɡɭɥɶɬɚɬɨɦ ɡɚɫɬɨɫɭɜɚɧɧɹ ɚɥɝɨɪɢɬɦɭ 
ɚɝɥɨɦɟɪɚɬɢɜɧɨʀ ɤɥɚɫɬɟɪɢɡɚɰɿʀ ɛɭɞɟ ɧɨɜɚ ɦɧɨɠɢɧɚ 1{ ,..., }KW V V= , ɞɟ 
1 K N  ; ( 1, )jV j K= – ɤɥɚɫɬɟɪ, ɜ ɹɤɨɦɭ ɦɿɫɬɹɬɶɫɹ ɞɟɹɤɿ ɬɨɱɤɢ ɩɨɱɚɬɤɨɜɨʀ 
ɦɧɨɠɢɧɢ {1,..., }V N= . 

Ⱥɥɝɨɪɢɬɦ ɨɩɢɫɚɧɢɣ. 
Ɏɨɪɦɚɥɶɧɨ K ɜɢɡɧɚɱɚє ɤɿɥɶɤɿɫɬɶ ɨɬɪɢɦɚɧɢɯ ɤɥɚɫɬɟɪɿɜ ɩɪɢ ɡɚɫɬɨɫɭɜɚɧɧɿ 

ɚɥɝɨɪɢɬɦɭ ɚɝɥɨɦɟɪɚɬɢɜɧɨʀ ɤɥɚɫɬɟɪɢɡɚɰɿʀ. Ɉɬɪɢɦɚɜɲɢ ɩɨɞɿɥ ɦɧɨɠɢɧɢ W  ɡɚ 
(13), ɩɨɫɬɚє ɩɢɬɚɧɧɹ ɩɪɨ ɡɦɟɧɲɟɧɧɹ ɤɿɥɶɤɨɫɬɿ ɚɝɟɧɬɿɜ ɬɚ ɬɪɚɧɫɩɨɪɬɧɢɯ 
ɡɚɫɨɛɿɜ, ɳɨ ɛɟɡɩɨɫɟɪɟɞɧɶɨ ɩɪɢɜɟɞɟ ɞɨ ɡɦɟɧɲɟɧɧɹ ɜɢɬɪɚɬ (7). Ɂɚɫɬɨɫɭєɦɨ 
ɨɛɦɟɠɟɧɧɹ  ɧɚ ɬɪɢɜɚɥɿɫɬɶ ɪɨɛɨɱɨɝɨ ɞɧɹ ɞɥɹ ɤɨɠɧɨɝɨ ɤɥɚɫɬɟɪɭ (11). Ⱦɥɹ 
ɤɨɠɧɨɝɨ ɟɥɟɦɟɧɬɭ ( 1, )jV W j K =  ɡɧɚɣɞɟɦɨ ɞɨɜɠɢɧɭ ɨɩɬɢɦɚɥɶɧɨɝɨ ɲɥɹɯɭ 

( 1, )jf j K= , ɡɚɫɬɨɫɭɜɚɜɲɢ ɚɥɝɨɪɢɬɦ ɬɚɛɭ-ɩɨɲɭɤɭ. 
ɇɟɯɚɣ ɡɚɞɚɧɨ ɮɭɧɤɰɿɨɧɚɥ ɡɚɝɚɥɶɧɨʀ ɜɚɪɬɨɫɬɿ ( )Z W  ɡɚ ɮɨɪɦɭɥɨɸ (9), ɹɤɢɣ 

ɞɨɪɿɜɧɸє ɡɚɝɚɥɶɧɿɣ ɜɚɪɬɨɫɬɿ ɭɫɿɯ ɤɥɚɫɬɟɪɿɜ, ɹɤɿ ɦɿɫɬɹɬɶɫɹ ɭ ɦɧɨɠɢɧɿ W . 
ɉɪɢɦɿɬɤɚ. Ɏɭɧɤɰɿɨɧɚɥ ( )Z W  ɦɨɠɟ ɛɭɬɢ ɜɢɡɧɚɱɟɧɢɣ ɹɤ ɫɭɦɚ ɡɧɚɱɟɧɶ ɞɥɹ 

ɜɫɿɯ ( 1, )jV W j K =  ɬɚ ɪɨɡɪɚɯɨɜɭɜɚɬɢɫɹ ɡɚ (9). 
Ʉɪɨɤ 1. ɇɟɯɚɣ ɜɯɿɞɧɢɦ ɪɨɡɜ’ɹɡɤɨɦ ɛɭɞɟ ɦɧɨɠɢɧɚ 1{ ,..., }KW V V= , ɹɤɚ 

ɦɿɫɬɢɬɶ K  ɤɥɚɫɬɟɪɿɜ. ɇɟɯɚɣ ɿɫɧɭɸɬɶ ɞɨɞɚɬɤɨɜɿ ɦɧɨɠɢɧɢ oldS  ɬɚ newS . Ⱦɨɞɚɦɨ 
ɜɫɿ ɟɥɟɦɟɧɬɢ ɡ ɦɧɨɠɢɧɢ W  ɞɨ ɦɧɨɠɢɧɢ oldS . 

Ʉɪɨɤ 2. Ɉɛɱɢɫɥɢɦɨ ɡɧɚɱɟɧɧɹ cost = ( )oldZ S . 

Ʉɪɨɤ 3. ɉɟɪɟɜɿɪɢɦɨ ɤɿɥɶɤɿɫɬɶ ɟɥɟɦɟɧɬɿɜ: 1oldS  . əɤɳɨ ɇІ, ɬɨ ɩɟɪɟɯɨɞɢɦɨ 
ɞɨ ɤɪɨɤɭ 6. Іɧɚɤɲɟ ɨɛɢɪɚєɦɨ ɨɩɬɢɦɚɥɶɧɭ ɤɨɦɛɿɧɚɰɿɸ ɤɥɚɫɬɟɪɿɜ iV  ɬɚ jV , ɞɥɹ 
ɹɤɢɯ i j , ɨɛ’єɞɧɭєɦɨ ʀɯ ɬɚ ɞɨɞɚєɦɨ ɞɨ newS . ɉɟɪɟɯɨɞɢɦɨ ɞɨ ɤɪɨɤɭ 4. 
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Ʉɪɨɤ 4. ɉɟɪɟɜɿɪɢɦɨ ɱɢ ɩɨɤɪɚɳɢɜɫɹ ɪɨɡɜ’ɹɡɨɤ: cost ( )newZ S . əɤɳɨ ɌȺɄ, 
ɬɨ ɩɟɪɟɯɨɞɢɦɨ ɞɨ ɤɪɨɤɭ 5. əɤɳɨ ɇІ, ɬɨ ɩɟɪɟɯɨɞɢɦɨ ɞɨ ɤɪɨɤɭ 6. 

Ʉɪɨɤ 5. ɉɟɪɟɜɿɪɢɦɨ ɨɛɦɟɠɟɧɧɹ ɧɚ ɬɪɢɜɚɥɿɫɬɶ ɪɨɛɨɱɨɝɨ ɞɧɹ (11). əɤɳɨ ɡɚ 
ɦɟɠɿ 8 ɝɨɞɢɧ ɧɟ ɜɢɣɲɥɢ, ɬɨ ɡɚɦɿɧɸєɦɨ ɜɫɿ ɟɥɟɦɟɧɬɢ ɭ ɦɧɨɠɢɧɿ oldS  

ɟɥɟɦɟɧɬɚɦɢ ɦɧɨɠɢɧɢ newS  ɬɚ ɩɟɪɟɯɨɞɢɦɨ ɞɨ ɤɪɨɤɭ 2. Іɧɚɤɲɟ ɩɟɪɟɯɨɞɢɦɨ ɞɨ 
ɤɪɨɤɭ 6. 

Ʉɪɨɤ 6. Ɂɭɩɢɧɹєɦɨɫɹ. Ɇɧɨɠɢɧɚ oldS  ɬɚ ʀʀ ɜɚɪɬɿɫɬɶ ( )oldZ S  є ɧɨɜɢɦ 
ɩɨɤɪɚɳɟɧɢɦ ɪɨɡɜ’ɹɡɤɨɦ. Ɏɨɪɦɭєɦɨ ɧɨɜɭ ɦɧɨɠɢɧɭ * { : , 1, }j j oldW V V S j K=  = . 

ɉɪɢɦɿɬɤɚ. ɉɿɞ ɨɩɬɢɦɚɥɶɧɨɸ ɤɨɦɛɿɧɚɰɿєɸ ɤɥɚɫɬɟɪɿɜ ɦɨɠɧɚ ɪɨɡɭɦɿɬɢ 
ɩɨєɞɧɚɧɧɹ ɤɥɚɫɬɟɪɿɜ iV  ɬɚ jV  ɞɨ ɬɢɯ ɩɿɪ, ɩɨɤɢ ɧɟ ɛɭɞɟ ɨɬɪɢɦɚɧɚ ɦɿɧɿɦɚɥɶɧɚ 
ɜɚɪɬɿɫɬɶ Z .  

Ⱥɥɝɨɪɢɬɦ ɨɩɢɫɚɧɢɣ. 
ɇɚɜɟɞɟɦɨ ɡɚɝɚɥɶɧɢɣ ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ  ɡɚɞɚɱɿ ɦɚɪɲɪɭɬɢɡɚɰɿʀ 

ɬɪɚɧɫɩɨɪɬɭ:  
ɇɟɯɚɣ ɡɚɞɚɧɚ ɦɧɨɠɢɧɚ {1,2,..., }V N=  ɬɚ ɬɨɱɤɚ 0x - ɞɟɩɨ. ɇɟɯɚɣ ɬɚɤɨɠ 

ɜɿɞɨɦɚ ɦɚɬɪɢɰɹ ɜɿɞɫɬɚɧɟɣ ( )ijD C= . 

Ʉɪɨɤ 1. Ɂɚɫɬɨɫɭєɦɨ ɞɨ ɦɧɨɠɢɧɢ {1,2,..., }V N=  ɚɥɝɨɪɢɬɦ ɚɝɥɨɦɟɪɚɬɢɜɧɨʀ 
ɤɥɚɫɬɟɪɢɡɚɰɿʀ. ȼ ɪɟɡɭɥɶɬɚɬɿ ɨɬɪɢɦɚєɦɨ ɦɧɨɠɢɧɭ 1{ ,..., }KW V V= , ɞɟ 

( 1, )jV W j K =  – ɤɥɚɫɬɟɪ, ɹɤɢɣ ɦɿɫɬɢɬɶ ɜ ɫɨɛɿ ɞɟɹɤɿ ɬɨɱɤɢ ɡ ɩɨɱɚɬɤɨɜɨʀ 
ɦɧɨɠɢɧɢ. ɉɟɪɟɯɨɞɢɦɨ ɞɨ ɤɪɨɤɭ 2. 

Ʉɪɨɤ 2. Ⱦɨ ɤɨɠɧɨɝɨ ɤɥɚɫɬɟɪɭ ( 1, )jV W j K =  ɡɚɫɬɨɫɭєɦɨ ɬɚɛɭ-ɩɨɲɭɤ ɿ 

ɨɬɪɢɦɚєɦɨ ɡɧɚɱɟɧɧɹ ( 1, )jf j K=  – ɤɜɚɡɿɨɩɬɢɦɚɥɶɧɚ ɞɨɜɠɢɧɚ ɲɥɹɯɭ ɧɚ 
ɤɥɚɫɬɟɪɿ. ɉɟɪɟɯɨɞɢɦɨ ɞɨ ɤɪɨɤɭ 3. 

Ʉɪɨɤ 3. Ɂɚɫɬɨɫɭєɦɨ ɞɨ ɦɧɨɠɢɧɢ 1{ ,..., }KW V V=  ɚɥɝɨɪɢɬɦ ɨɛ’єɞɧɚɧɧɹ 
ɤɥɚɫɬɟɪɿɜ ɿ ɨɬɪɢɦɚєɦɨ ɦɧɨɠɢɧɭ * { : , 1, }j j oldW V V S j K=  =  ɬɚ ɡɧɚɱɟɧɧɹ *( )Z W  

– ɤɜɚɡɿɨɩɬɢɦɚɥɶɧɭ ɜɚɪɬɿɫɬɶ ɞɨɫɬɚɜɤɢ ɞɥɹ ɡɚɞɚɱɿ ɦɚɪɲɪɭɬɢɡɚɰɿʀ ɬɪɚɧɫɩɨɪɬɭ. 
Ⱥɥɝɨɪɢɬɦ ɨɩɢɫɚɧɢɣ. 
Ⱥɧɚɥɿɡ ɪɟɡɭɥɶɬɚɬɿɜ. ɉɟɪɟɜɿɪɢɦɨ ɡɚɩɪɨɩɨɧɨɜɚɧɢɣ ɚɥɝɨɪɢɬɦ ɧɚ ɪɟɚɥɶɧɿɣ 

ɡɚɞɚɱɿ ɡɦɟɧɲɟɧɧɹ ɜɢɬɪɚɬ ɤɨɦɩɚɧɿʀ-ɞɢɫɬɪɢɛ’ɸɬɨɪɚ. Ɂɚ ɝɟɨɝɪɚɮɿɱɧɭ ɥɨɤɚɰɿɸ 
ɜɢɛɟɪɟɦɨ ɦ. Ⱦɧɿɩɪɨ. Ʉɨɠɧɚ ɝɟɨɝɪɚɮɿɱɧɚ ɬɨɱɤɚ ɛɭɞɟ ɩɪɟɞɫɬɚɜɥɟɧɚ ɞɜɨɦɚ 
ɤɨɨɪɞɢɧɚɬɚɦɢ ɞɨɜɠɢɧɨɸ ɬɚ ɲɢɪɨɬɨɸ. Ɂɚ ɩɨɱɚɬɤɨɜɭ ɬɨɱɤɭ 0x  – ɞɟɩɨ ɛɭɞɟ 
ɨɛɪɚɧɚ ɬɨɱɤɚ ɡ ɧɚɫɬɭɩɧɢɦɢ ɤɨɨɪɞɢɧɚɬɚɦɢ: 

0 (lat,lng) (48.458297,35.055854)x = = . 

Ⱦɥɹ ɬɨɱɨɤ-ɤɥɿєɧɬɿɜ ɪɨɡɝɥɹɞɚɥɢɫɹ ɧɚɫɬɭɩɧɿ ɤɚɬɟɝɨɪɿʀ ɦɿɫɰɶ: ɚɩɬɟɤɢ, ɤɚɮɟ, 
ɩɨɲɬɨɜɿ ɜɿɞɞɿɥɟɧɧɹ, ɛɚɧɤɢ. ȼ ɪɚɦɤɚɯ ɪɨɛɨɬɢ ɡɚɝɚɥɶɧɚ ɤɿɥɶɤɿɫɬɶ ɬɨɱɨɤ-ɤɥɿєɧɬɿɜ 
ɫɤɥɚɞɚє 100 ɬɨɱɨɤ. Ⱦɥɹ ɨɬɪɢɦɚɧɧɹ ɞɚɧɢɯ ɜɿɞɫɬɚɧɟɣ ɦɿɠ ɤɨɠɧɨɸ ɬɨɱɤɨɸ, 
ɜɢɤɨɪɢɫɬɨɜɭєɬɶɫɹ ɫɟɪɜɿɫ Google API Matrix Distance. Ⱦɥɹ ɜɿɡɭɚɥɿɡɚɰɿʀ ɩɪɨɰɟɫɭ 
ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɛɭɞɟ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢɫɹ ɜɟɛ-ɿɧɬɟɪɮɟɣɫ ɿɧɬɟɝɪɨɜɚɧɢɣ ɡ 
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Google Maps API, ɧɚɩɢɫɚɧɢɣ ɧɚ ɦɨɜɿ ɩɪɨɝɪɚɦɭɜɚɧɧɹ JavaScript. ɇɚ ɪɢɫ. 1 
ɡɨɛɪɚɠɟɧɿ ɜɫɿ ɬɨɱɤɢ-ɤɥɿєɧɬɢ, ɹɤɢɯ ɧɟɨɛɯɿɞɧɨ ɜɿɞɜɿɞɚɬɢ. 

Ɂɚɫɬɨɫɭєɦɨ ɚɥɝɨɪɢɬɦ ɤɥɚɫɬɟɪɢɡɚɰɿʀ ɞɨ ɜɯɿɞɧɢɯ ɞɚɧɢɯ: ɪɟɡɭɥɶɬɚɬ 
ɡɨɛɪɚɠɟɧɢɣ ɧɚ ɪɢɫ. 2. Ɂɚɫɬɨɫɭєɦɨ ɨɤɪɟɦɨ ɞɥɹ ɤɨɠɧɨɝɨ ɤɥɚɫɬɟɪɭ ɩɪɨɰɟɞɭɪɭ 
ɬɚɛɭ-ɩɨɲɭɤɭ. Ɂɚ ɩɨɱɚɬɤɨɜɭ ɬɨɱɤɭ ɧɚ ɤɨɠɧɨɦɭ ɤɥɚɫɬɟɪɿ ɛɭɥɨ ɨɛɪɚɧɨ 
ɧɚɣɛɥɢɠɱɭ ɬɨɱɤɭ ɞɨ 0x  - ɞɟɩɨ. Ⱦɥɹ ɬɨɝɨ, ɳɨɛ ɨɬɪɢɦɚɬɢ ɜɚɪɬɿɫɬɶ ɜɿɞɜɿɞɚɧɧɹ 
ɤɥɚɫɬɟɪɭ ɧɟɨɛɯɿɞɧɨ ɜɢɤɨɪɢɫɬɚɬɢ ɚɤɬɭɚɥɶɧɭ ɜɚɪɬɿɫɬɶ ɩɚɥɶɧɨɝɨ 30 ɝɪɧ ɡɚ 1 ɥɿɬɪ. 
Ɂɚ ɬɪɚɧɫɩɨɪɬɧɢɣ ɡɚɫɿɛ ɛɭɜ ɨɛɪɚɧɢɣ ɚɜɬɨɦɨɛɿɥɶ «ȽȺɁ-3302-ɏɏɏ» ɩɪɢɞɚɬɧɢɣ 
ɞɥɹ ɩɟɪɟɜɨɡɭ ɬɨɜɚɪɿɜ ɜɚɝɨɸ ɞɨ 1.5 ɬɨɧɢ. ȼɢɬɪɚɬɚ ɧɚ ɩɚɥɶɧɟ ɫɤɥɚɞɚє 16 ɥɿɬɪɿɜ 
ɧɚ 100 ɤɦ. Ɂɚɪɨɛɿɬɧɚ ɩɥɚɬɚ ɤɭɪ’єɪɿɜ ɫɤɥɚɞɚє 1200 ɝɪɧ ɡɚ 1 ɪɨɛɨɱɢɣ ɞɟɧɶ. 
ȼɢɬɪɚɬɢ ɧɚ ɭɬɪɢɦɚɧɧɹ ɚɜɬɨɩɚɪɤɭ ɫɤɥɚɞɚє 1500 ɝɪɧ. Ⱦɨ ɜɚɪɬɨɫɬɿ ɜɿɞɜɿɞɚɧɧɹ 
ɤɥɚɫɬɟɪɭ ɫɥɿɞ ɞɨɞɚɬɢ ɜɢɬɪɚɬɢ (7). Ɋɟɡɭɥɶɬɚɬɢ ɡɚɫɬɨɫɭɜɚɧɧɹ ɬɚɛɭ-ɩɨɲɭɤɭ 
ɧɚɜɟɞɟɧɿ ɭ ɬɚɛɥɢɰɿ 1. Ɂɚɝɚɥɶɧɚ ɜɚɪɬɿɫɬɶ ɞɨɫɬɚɜɤɢ ɬɨɜɚɪɿɜ ɧɚ ɞɚɧɨɦɭ ɟɬɚɩɿ 
ɫɬɚɧɨɜɢɬɶ 30 440 ɝɪɧ. Ɂɦɟɧɲɢɦɨ ɜɚɪɬɿɫɬɶ ɞɨɫɬɚɜɤɢ ɬɨɜɚɪɿɜ, ɡɚɫɬɨɫɭɜɚɜɲɢ 
ɚɥɝɨɪɢɬɦ ɨɛ’єɞɧɚɧɧɹ ɤɥɚɫɬɟɪɿɜ. Ⱦɥɹ ɰɶɨɝɨ ɩɨɛɭɞɭєɦɨ ɦɚɬɪɢɰɸ ɧɚɣɦɟɧɲɢɯ 
ɜɿɞɫɬɚɧɟɣ ( )ijB =  ɦɿɠ ɤɥɚɫɬɟɪɚɦɢ. 

  
Ɋɢɫ. 1. Ɂɨɛɪɚɠɟɧɧɹ ɬɨɱɨɤ-ɤɥɿєɧɬɿɜ ɧɚ 
ɤɚɪɬɿ. 

Ɋɢɫ. 2. Ɂɚɫɬɨɫɭɜɚɧɧɹ ɚɥɝɨɪɢɬɦɭ 
ɤɥɚɫɬɟɪɢɡɚɰɿʀ 

Ɍɚɛɥɢɰɹ 1 
Ɋɟɡɭɥɶɬɚɬ ɡɚɫɬɨɫɭɜɚɧɧɹ ɬɚɛɭ-ɩɨɲɭɤɭ ɞɥɹ ɤɨɠɧɨɝɨ ɤɥɚɫɬɟɪɭ 

ɇɨɦɟɪ 
ɤɥɚɫɬɟɪɭ 

ȼɿɞɫɬɚɧɶ ɧɚ ɤɥɚɫɬɟɪɿ, ɦ ȼɿɞɫɬɚɧɶ ɞɨ ɞɟɩɨ, ɦ ȼɢɬɪɚɬɢ, 
ɝɪɧ 

0 23307 23307 2930 
1 22156 12764 2920 
2 46537 4171 3160 
3 28904 11696 2980 
4 24547 13755 2940 
5 58606 646 3280 
6 41689 4116 3110 
7 31230 8663 3010 
8 43312 3702 3130 
9 28335 13452 2980 
  Ɂɚɝɚɥɨɦ: 30440 
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ɉɨɫɥɿɞɨɜɧɟ ɡɚɫɬɨɫɭɜɚɧɧɹ ɚɥɝɨɪɢɬɦɭ ɜɿɞɨɛɪɚɠɟɧɨ ɧɚ ɪɢɫ. 3 ɬɚ ɧɚ ɪɢɫ. 4. ȼ 
ɪɟɡɭɥɶɬɚɬɿ ɛɭɥɨ ɨɬɪɢɦɚɧɨ 5 ɤɥɚɫɬɟɪɿɜ ɡ ɡɚɝɚɥɶɧɢɦɢ ɜɢɬɪɚɬɚɦɢ ɧɚ ɞɨɫɬɚɜɤɭ 
16791 ɝɪɧ. Ɂɦɟɧɲɟɧɧɹ ɜɢɬɪɚɬ ɞɨɫɹɝɚєɬɶɫɹ ɜ ɫɢɥɭ ɡɦɟɧɲɟɧɧɹ ɤɿɥɶɤɨɫɬɿ ɚɝɟɧɬɿɜ 
ɬɚ ɬɪɚɧɫɩɨɪɬɧɢɯ ɡɚɫɨɛɿɜ. Ɍɚɤɢɦ ɱɢɧɨɦ, ɛɭɜ ɨɬɪɢɦɚɧɢɣ ɤɜɚɡɿɨɩɬɢɦɚɥɶɧɢɣ 
ɪɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ ɦɚɪɲɪɭɬɢɡɚɰɿʀ ɬɪɚɧɫɩɨɪɬɭ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɪɟɚɥɶɧɢɯ ɞɚɧɢɯ 
ɡɚ ɧɚɜɟɞɟɧɢɦ ɚɥɝɨɪɢɬɦɨɦ. 

  
Ɋɢɫ. 3. Ⱦɪɭɝɚ ɿɬɟɪɚɰɿɹ ɩɪɨɰɟɫɭ 
ɨɛ’єɞɧɚɧɧɹ ɤɥɚɫɬɟɪɿɜ.  

Ɋɢɫ. 4. ɒɨɫɬɚ(ɨɫɬɚɧɧɹ) ɿɬɟɪɚɰɿɹ 
ɩɪɨɰɟɫɭ ɨɛ’єɞɧɚɧɧɹ ɤɥɚɫɬɟɪɿɜ. 
 

 
ɉɟɪɟɣɞɟɦɨ ɞɨ ɩɟɪɟɜɿɪɤɢ ɪɨɛɚɫɬɧɨɫɬɿ ɪɨɡɜ’ɹɡɤɿɜ ɰɿєʀ ɡɚɞɚɱɿ. Ɂɚɫɬɨɫɭєɦɨ 

ɦɨɞɢɮɿɤɚɰɿɸ ɞɥɹ  ɦɚɬɪɢɰɿ ɜɿɞɫɬɚɧɟɣ ( )ijD C= , ɚ ɫɚɦɟ ɡɛɿɥɶɲɢɦɨ ɤɨɠɧɟ 

ɡɧɚɱɟɧɧɹ ( , 0, )ijC i j N=  ɧɚ ɞɟɹɤɢɣ ɜɿɞɫɨɬɨɤ. Ɋɟɡɭɥɶɬɚɬ ɡɚɫɬɨɫɭɜɚɧɧɹ 
ɿɬɟɪɚɰɿɣɧɨɝɨ ɩɪɨɰɟɫɭ ɡɨɛɪɚɠɟɧɢɣ ɧɚ ɪɢɫ. 5. ȼɢɞɿɥɹєɬɶɫɹ ɪɿɡɤɟ ɡɛɿɥɶɲɟɧɧɹ 
ɜɚɪɬɨɫɬɿ ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ ɧɚ ɩɪɨɦɿɠɤɭ ɜɿɞ 100% ɞɨ 105%, ɳɨ ɡɭɦɨɜɥɸєɬɶɫɹ 
ɞɨɞɚɜɚɧɧɹɦ ɳɟ ɨɞɧɨɝɨ ɤɥɿєɧɬɭ. Ɍɚɤɢɣ ɪɟɡɭɥɶɬɚɬ ɿɧɬɟɪɩɪɟɬɭєɬɶɫɹ, ɹɤ 
ɩɪɨɛɥɟɦɢ ɬɪɚɮɿɤɭ ɭ ɦ. Ⱦɧɿɩɪɨ, ɹɤɿ ɩɪɢɡɜɨɞɹɬɶ ɞɨ ɪɨɫɬɭ ɜɚɪɬɨɫɬɿ ɞɨɫɬɚɜɤɢ 
ɬɨɜɚɪɿɜ ɞɥɹ ɤɨɦɩɚɧɿʀ-ɞɢɫɬɪɢɛ’ɸɬɨɪɚ ɧɚ 14%.  
 

Ɍɚɛɥɢɰɹ 2 
ɉɪɨɰɟɫ ɩɨєɞɧɚɧɧɹ ɤɥɚɫɬɟɪɿɜ 

№ 
ɿɬɟɪɚɰɿʀ 

 

Ʉɿɥɶɤɿɫɬɶ 
ɤɥɚɫɬɟɪɿɜ, ɲɬ. 

ɉɟɪɟɥɿɤ ɤɥɚɫɬɟɪɿɜ Ɂɚɬɪɚɬɢ, ɝɪɧ. 

1 10 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 30440 
2 9 0, 1, (2,4), 3, 5, 6, 7, 8, 9 27709 
3 8 (0,3), 1, (2,4), 5, 6, 7, 8, 9 24959 
4 7 (0,3), (1,8), (2,4), 5, 6, 7, 9 22216 
5 6 (0,3), (1,8), (2,4,7), 5, 6, 9 19493 
6 5 (0,3), (1,8), (2,4,7), (5, 6), 9 16791 

 
ɉɪɢɦɿɬɤɚ. ɉɨɡɧɚɱɟɧɧɹ ɬɢɩɭ (1,2,…) ɭ ɬɚɛɥɢɰɿ 2 ɜɿɞɩɨɜɿɞɚє ɨɞɧɨɦɭ ɤɥɚɫɬɟɪɭ ɬɚ ɧɟɫɟ 
ɿɧɮɨɪɦɚɰɿɸ ɩɪɨ ɧɨɦɟɪɢ ɤɥɚɫɬɟɪɿɜ, ɳɨ ɨɛ’єɞɧɭɸɬɶɫɹ ɬɚ ʀɯ ɩɨɪɹɞɨɤ. 
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Ⱦɥɹ ɜɢɡɧɚɱɟɧɧɹ ɡɚɝɚɥɶɧɨʀ ɩɨɜɟɞɿɧɤɢ ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ ɦɚɪɲɪɭɬɢɡɚɰɿʀ 
ɬɪɚɧɫɩɨɪɬɭ ɨɰɿɧɢɦɨ ɪɿɫɬ ɜɚɪɬɨɫɬɿ ɩɪɢ ɜɢɩɚɞɤɨɜɨɦɭ ɧɟɜɟɥɢɤɨɦɭ (ɧɟ ɛɿɥɶɲɟ 
10%) ɡɛɭɪɟɧɧɿ ɤɨɠɧɨʀ ɜɿɞɫɬɚɧɿ ɦɚɬɪɢɰɿ ( )ijD C= .Ɍɚɤɨɠ ɡɚɥɢɲɢɦɨ ɞɟɹɤɢɣ 

ɫɬɚɬɢɱɧɢɣ ɤɪɨɤ ɡɛɿɥɶɲɟɧɧɹ ɧɚ ɤɨɠɧɨɦɭ ɟɬɚɩɿ – 10%. 

 
Ɋɢɫ. 5. Ɂɚɥɟɠɧɿɫɬɶ ɪɨɫɬɭ ɜɚɪɬɨɫɬɿ ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ ɜɿɞ 
ɜɿɞɫɨɬɤɭ ɡɛɭɪɟɧɧɹ ɞɚɧɢɯ 

 
Ɋɟɡɭɥɶɬɚɬɢ ɬɚɤɨɝɨ ɚɧɚɥɿɡɭ ɡɚɡɧɚɱɟɧɿ ɧɚ ɪɢɫ. 7. ɇɚ ɤɨɠɧɨɦɭ ɟɬɚɩɿ 

ɡɛɿɥɶɲɟɧɧɹ ɩɪɨɰɟɫ ɩɨɜɬɨɪɸɜɚɜɫɹ 10 ɪɚɡɿɜ ɬɚ ɨɛɢɪɚɥɢɫɹ ɦɿɧɿɦɚɥɶɧɟ, ɫɟɪɟɞɧє 
ɬɚ ɦɚɤɫɢɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ ɜɚɪɬɨɫɬɿ ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ. Ɉɬɪɢɦɚɧɿ ɪɟɡɭɥɶɬɚɬɢ 
ɫɜɿɞɱɚɬɶ ɩɪɨ ɬɟ, ɳɨ ɜ ɪɚɡɿ ɞɨɜɿɥɶɧɢɯ ɩɟɪɟɛɨʀɜ ɬɪɚɮɿɤɭ ɜɚɪɬɿɫɬɶ ɪɨɡɜ’ɹɡɤɭ 
ɡɪɨɫɬɚє ɧɟɥɿɧɿɣɧɨ. Ⱦɥɹ ɧɚɣɝɿɪɲɨɝɨ ɜɢɩɚɞɤɭ ɧɟ ɩɨɦɿɱɟɧɨ ɪɿɡɤɨʀ ɡɦɿɧɢ ɜɚɪɬɨɫɬɿ. 
Ʉɨɠɟɧ ɩɟɪɟɝɢɧ ɞɥɹ ɜɢɩɚɞɤɭ ɦɚɤɫɢɦɚɥɶɧɨʀ ɜɚɪɬɨɫɬɿ ɜɿɞɩɨɜɿɞɚє ɩɨɹɜɿ ɧɨɜɨɝɨ 
ɚɝɟɧɬɭ ɬɚ ɬɪɚɧɫɩɨɪɬɧɨɝɨ ɡɚɫɨɛɭ. Ⱦɥɹ ɦɿɧɿɦɚɥɶɧɨɝɨ ɜɢɩɚɞɤɭ ɿɫɧɭє ɡɧɚɱɟɧɧɹ 
ɩɪɢ ɡɛɭɪɟɧɧɿ ɧɚ 70-90% ɡ’ɹɜɥɹєɬɶɫɹ ɫɩɚɞ ɜɚɪɬɨɫɬɿ ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ 
ɦɚɪɲɪɭɬɢɡɚɰɿʀ ɬɪɚɧɫɩɨɪɬɭ, ɹɤɢɣ ɜɿɞɩɨɜɿɞɚє ɡɦɟɧɲɟɧɧɸ ɤɿɥɶɤɨɫɬɿ ɤɭɪ'єɪɿɜ ɿ 
ɬɪɚɧɫɩɨɪɬɧɨɝɨ ɡɚɫɨɛɭ. ȼ ɫɟɪɟɞɧɶɨɦɭ ɚɥɝɨɪɢɬɦ ɩɨɤɚɡɭє ɪɿɜɧɨɦɿɪɧɟ ɡɪɨɫɬɚɧɧɹ 
ɩɪɢ ɜɢɩɚɞɤɨɜɢɯ ɡɛɭɪɟɧɧɹɯ ɜɢɩɚɞɤɨɜɢɯ ɞɿɥɹɧɨɤ ɞɨɪɿɝ.  

ɋɩɪɨɛɭєɦɨ ɩɨ ɱɟɪɡɿ ɡɛɿɥɶɲɭɜɚɬɢ ɦɿɧɿɦɚɥɶɧɿ ɜɿɞɫɬɚɧɿ ɞɨ ɤɨɠɧɨɝɨ ɤɥɚɫɬɟɪɭ ɿ 
ɜɢɡɧɚɱɚɬɢ ɹɤɟ ɡɛɭɪɟɧɧɹ ɩɪɢɡɜɟɞɟ ɞɨ ɧɚɣɝɿɪɲɨɝɨ ɪɟɡɭɥɶɬɚɬɭ. Ƚɪɚɮɿɱɧɢɣ 
ɪɟɡɭɥɶɬɚɬ ɬɚɤɨɝɨ ɡɛɭɪɟɧɧɹ ɞɚɧɢɯ ɡɨɛɪɚɠɟɧɨ ɧɚ ɪɢɫ. 6. Ɉɬɪɢɦɚɧɢɣ ɪɟɡɭɥɶɬɚɬ 
ɫɜɿɞɱɢɬɶ, ɳɨ ɿɫɧɭє ɤɥɚɫɬɟɪ, ɩɪɢ ɜɿɞɞɚɥɟɧɧɿ ɹɤɨɝɨ ɜɚɪɬɿɫɬɶ ɨɬɪɢɦɚɧɨɝɨ 
ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ ɡɪɨɫɬɚє ɧɚ 16%. ɇɚ ɪɢɫ. 9 ɜɿɞɬɜɨɪɟɧɢɣ ɦɿɧɿɦɚɥɶɧɢɣ ɦɚɪɲɪɭɬ 
ɦɿɠ ɰɢɦɢ ɤɥɚɫɬɟɪɚɦɢ, ɹɤɢɣ ɥɟɠɢɬɶ ɱɟɪɟɡ ɉɿɜɞɟɧɧɢɣ ɦɿɫɬ. 

Ɉɬɪɢɦɚɧɟ ɪɿɡɤɟ ɡɛɿɥɶɲɟɧɧɹ ɜɚɪɬɨɫɬɿ ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ ɦɨɠɧɚ 
ɿɧɬɟɪɩɪɟɬɭɜɚɬɢ ɹɤ ɧɟ ɬɿɥɶɤɢ ɜɿɞɞɚɥɟɧɧɹ ɤɥɚɫɬɟɪɿɜ ɨɞɢɧ ɜɿɞ ɨɞɧɨɝɨ, ɚ ɣ ɳɟ ɹɤ 
ɞɨɪɨɠɧɿ ɩɪɨɛɥɟɦɢ ɧɚ ɦɚɪɲɪɭɬɿ Ⱥ-B. 

ɍ ɜɢɩɚɞɤɭ ɩɟɪɟɤɪɢɬɬɹ ɉɿɜɞɟɧɧɨɝɨ ɦɨɫɬɭ, ɪɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ ɡɛɿɥɶɲɭєɬɶɫɹ ɧɚ 
16%. ɋɥɿɞ ɡɚɭɜɚɠɢɬɢ, ɳɨ ɜ ɰɶɨɦɭ ɜɢɩɚɞɤɭ ɧɟ ɜɪɚɯɨɜɭєɬɶɫɹ ɡɦɿɧɢ ɡɚɝɚɥɶɧɨɝɨ 
ɬɪɚɮɿɤɭ ɩɪɢ ɩɟɪɟɤɪɢɬɬɿ ɉɿɜɞɟɧɧɨɝɨ ɦɨɫɬɭ. 
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Ɋɢɫ. 6. Ɂɚɥɟɠɧɿɫɬɶ ɪɨɫɬɭ ɜɚɪɬɨɫɬɿ ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ ɜɿɞ 
ɡɛɭɪɟɧɧɹ ɦɿɧɿɦɚɥɶɧɢɯ ɜɿɞɫɬɚɧɟɣ ɦɿɠ ɤɥɚɫɬɟɪɚɦɢ 

 

  

Ɋɢɫ. 7. Ɂɚɥɟɠɧɿɫɬɶ ɪɨɫɬɭ ɜɚɪɬɨɫɬɿ 
ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ ɜɿɞ ɜɿɞɫɨɬɤɭ 
ɜɢɩɚɞɤɨɜɨɝɨ ɡɛɭɪɟɧɧɹ ɞɚɧɢɯ 

Ɋɢɫ. 8. Ʉɿɥɶɤɿɫɬɶ ɤɥɿєɧɬɿɜ ɞɥɹ ɦɿɧɿɦɚɥɶɧɨɝɨ, 
ɫɟɪɟɞɧɶɨɝɨ ɬɚ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɜɢɩɚɞɤɭ. 

 

 
Ɋɢɫ. 9. Ƚɟɨɝɪɚɮɿɱɧɟ ɡɨɛɪɚɠɟɧɧɹ ɦɿɧɿɦɚɥɶɧɨɝɨ ɦɚɪɲɪɭɬɭ ɦɿɠ  

ɤɥɚɫɬɟɪɚɦɢ 1 ɬɚ 8. 
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ȼɢɫɧɨɜɤɢ. Ɂɚɩɪɨɩɨɧɨɜɚɧɨ ɚɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɦɚɪɲɪɭɬɢɡɚɰɿʀ 
ɬɪɚɧɫɩɨɪɬɭ, ɹɤɢɣ ɩɨɞɿɥɹє ɩɪɨɰɟɫ ɪɨɡɜ’ɹɡɚɧɧɹ ɧɚ ɞɟɤɿɥɶɤɚ ɩɨɫɥɿɞɨɜɧɢɯ ɟɬɚɩɿɜ. 
ɉɪɨɜɟɞɟɧɚ ɩɟɪɟɜɿɪɤɚ ɪɨɛɚɫɬɧɨɫɬɿ ɪɨɡɜ’ɹɡɤɿɜ ɡɚɞɚɱɿ ɧɚ ɪɟɚɥɶɧɨɦɭ ɩɪɢɤɥɚɞɿ. 
Ɂɧɚɣɞɟɧɧɿ ɡɧɚɱɟɧɧɹ ɡɛɭɪɟɧɧɹ ɡɚ ɹɤɢɯ ɧɚɹɜɧɢɣ ɲɜɢɞɤɢɣ ɡɪɿɫɬ ɜɚɪɬɨɫɬɿ 
ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ. Ɋɟɡɭɥɶɬɚɬɢ ɞɨɫɥɿɞɠɟɧɧɹ ɦɨɠɭɬɶ ɛɭɬɢ ɡɚɫɬɨɫɨɜɚɧɿ ɞɥɹ 
ɨɬɪɢɦɚɧɧɹ ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ ɦɚɪɲɪɭɬɢɡɚɰɿʀ ɬɪɚɧɫɩɨɪɬɭ ɬɚ ɡɦɟɧɲɟɧɧɹ ɜɢɬɪɚɬ 
ɤɨɦɩɚɧɿʀ-ɞɢɫɬɪɢɛ’ɸɬɨɪɚ. Ⱦɥɹ ɩɨɞɚɥɶɲɢɯ ɞɨɫɥɿɞɠɟɧɶ ɪɨɡɝɥɹɞɚєɬɶɫɹ ɿɞɟɹ 
ɫɬɜɨɪɟɧɧɹ ɿɧɬɟɪɮɟɣɫɭ ɞɥɹ ɩɪɨɝɪɚɦɧɨɝɨ ɡɚɛɟɡɩɟɱɟɧɧɹ, ɜɢɤɨɪɢɫɬɚɧɧɹ ɿɧɲɢɯ 
ɚɥɝɨɪɢɬɦɿɜ ɤɥɚɫɬɟɪɢɡɚɰɿʀ, ɜɢɤɨɪɢɫɬɚɧɧɹ ɧɨɜɢɯ ɩɿɞɯɨɞɿɜ ɞɥɹ ɨɰɿɧɤɢ 
ɪɨɛɚɫɬɧɨɫɬɿ ɪɨɡɜ’ɹɡɤɿɜ ɡɚɞɚɱɿ. 

 
Ȼɿɛɥɿɨɝɪɚɮɿɱɧɿ ɩɨɫɢɥɚɧɧɹ 
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*Ɂɚɩɨɪɨɠɫɤɢɣ ɧɚɰɢɨɧɚɥɶɧɵɣ ɭɧɢɜɟɪɫɢɬɟɬ, **Ɂɚɩɨɪɨɠɫɤɢɣ ɧɚɰɢɨɧɚɥɶɧɵɣ ɬɟɯɧɢɱɟɫɤɢɣ 
ɭɧɢɜɟɪɫɢɬɟɬ 

 

ɄȼȺɁɂɉɈɅɇɈɌȺ ɄɅȺɋɋȺ ɁȺȾȺɑ ɇȺ ȽɊȺɎȺɏ  

«ȼȿɋ-ɆɂɇɂɆȺɄɋɇɈȿ ɊȿȻɊɈ» 

Ⱦɨɤɚɡɚɧɚ ɬɟɨɪɟɦɚ ɨ ɤɜɚɡɢɩɨɥɧɨɬɟ ɞɜɭɤɪɢɬɟɪɢɚɥɶɧɵɯ ɡɚɞɚɱ ɧɚ ɝɪɚɮɚɯ, ɰɟɥɟɜɚɹ 
ɮɭɧɤɰɢɹ ɤɨɬɨɪɵɯ ɫɨɫɬɨɢɬ ɢɡ ɭɫɥɨɜɢɣ «ɜɟɫ-ɦɢɧɢɦɚɤɫɧɨɟ ɪɟɛɪɨ», ɩɪɢɱɟɦ ɩɨ ɩɟɪɜɨɦɭ 
ɤɪɢɬɟɪɢɸ ɞɨɩɭɫɬɢɦɵɟ ɪɟɲɟɧɢɹ ɢɦɟɸɬ ɩɨɫɬɨɹɧɧɨɟ ɱɢɫɥɨ ɪɟɛɟɪ. ɉɪɟɞɥɨɠɟɧɚ 
ɦɟɬɨɞɢɤɚ ɢɡɭɱɟɧɢɹ ɫɜɨɣɫɬɜ, ɫɬɪɭɤɬɭɪɵ ɢ ɨɰɟɧɤɢ ɦɨɳɧɨɫɬɟɣ ɦɧɨɠɟɫɬɜɚ ɞɨɩɭɫɬɢɦɵɯ 
ɪɟɲɟɧɢɣ, ɩɚɪɟɬɨɜɫɤɨɝɨ ɦɧɨɠɟɫɬɜɚ ɢ ɩɨɥɧɨɝɨ ɦɧɨɠɟɫɬɜɚ ɚɥɶɬɟɪɧɚɬɢɜ ɡɚɞɚɱ 
ɜɵɞɟɥɟɧɧɨɝɨ ɤɥɚɫɫɚ. ɉɪɟɞɥɨɠɟɧɵ ɩɨɥɢɧɨɦɢɚɥɶɧɵɟ ɚɥɝɨɪɢɬɦɵ ɪɟɲɟɧɢɹ ɢɡɭɱɚɟɦɵɯ 
ɡɚɞɚɱ.  

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɦɧɨɝɨɤɪɢɬɟɪɢɚɥɶɧɚɹ ɨɩɬɢɦɢɡɚɰɢɹ, ɩɚɪɟɬɨɜɫɤɨɟ ɦɧɨɠɟɫɬɜɨ, 
ɩɨɥɧɨɟ ɦɧɨɠɟɫɬɜɨ ɚɥɶɬɟɪɧɚɬɢɜ, ɤɜɚɡɢɩɨɥɧɚɹ ɡɚɞɚɱɚ.  

 

Ɂɚɞɚɱɿ ɛɚɝɚɬɨɤɪɢɬɟɪɿɚɥɶɧɨʀ ɨɩɬɢɦɿɡɚɰɿʀ ɜ ɡɚɝɚɥɶɧɿɣ ɩɨɫɬɚɧɨɜɰɿ ɧɟ ɦɚɸɬɶ 
ɨɱɟɜɢɞɧɨɝɨ ɪɿɲɟɧɧɹ, ɳɨ ɩɨɪɨɞɠɭє ɛɟɡɥɿɱ ɩɿɞɯɨɞɿɜ ɭ ɜɢɡɧɚɱɟɧɧɿ ɧɚɣɛɿɥɶɲ «ɜɞɚɥɨɝɨ» ɡ 
ɞɟɹɤɨʀ ɫɭɤɭɩɧɨɫɬɿ ɪɿɲɟɧɶ, ɹɤɿ ɜɿɞɩɨɜɿɞɚɸɬɶ ɩɨɫɬɚɜɥɟɧɢɦ ɭɦɨɜɚɦ. Ɉɞɧɢɦ ɿɡ ɲɥɹɯɿɜ 
ɮɨɪɦɚɥɶɧɨɝɨ ɜɢɡɧɚɱɟɧɧɹ ɦɧɨɠɢɧɢ ɦɨɠɥɢɜɢɯ ɚɥɶɬɟɪɧɚɬɢɜɧɢɯ ɪɿɲɟɧɶ є ɜɢɞɿɥɟɧɧɹ 
ɩɚɪɟɬɨɜɫɶɤɨʀ ɦɧɨɠɢɧɢ, ɦɧɨɠɢɧɢ ɧɟɩɨɤɪɚɳɭɜɚɧɢɯ ɚɥɶɬɟɪɧɚɬɢɜ. ɋɜɨɸ 
ɩɪɨɞɭɤɬɢɜɧɿɫɬɶ ɩɿɞɬɜɟɪɞɢɜ ɲɥɹɯ ɜɢɜɱɟɧɧɹ ɞɟɹɤɢɯ ɤɥɚɫɿɜ ɛɚɝɚɬɨɤɪɢɬɟɪɿɚɥɶɧɢɯ 
ɡɚɞɚɱ, ɰɿɥɶɨɜɿ ɮɭɧɤɰɿʀ ɹɤɢɯ ɦɚɸɬɶ ɩɟɜɧɿ ɜɥɚɫɬɢɜɨɫɬɿ. Ȼɭɥɚ ɜɜɟɞɟɧɚ ɤɨɧɰɟɩɰɿɹ ɩɨɜɧɢɯ 
ɡɚɞɚɱ, ɞɥɹ ɹɤɢɯ ɜɢɤɨɧɭєɬɶɫɹ ɪɿɜɧɿɫɬɶ ɦɧɨɠɢɧɢ ɞɨɩɭɫɬɢɦɢɯ ɪɿɲɟɧɶ, ɦɧɨɠɢɧɢ ɉɚɪɟɬɨ 
ɿ ɩɨɜɧɨɝɨ ɧɚɛɨɪɭ ɚɥɶɬɟɪɧɚɬɢɜ.  

ɍ ɩɨɩɟɪɟɞɧɿɯ ɪɨɛɨɬɚɯ ɚɜɬɨɪɚɦɢ ɜɜɟɞɟɧɨ ɩɨɧɹɬɬɹ ɤɜɚɡɿɩɨɜɧɨɬɢ.  ɍ ɫɬɚɬɬɿ ɜɢɞɿɥɟɧɨ 
ɤɥɚɫ ɞɜɨɤɪɢɬɟɪɿɚɥɶɧɢɯ ɡɚɞɚɱ. Ⱦɨɩɭɫɬɢɦɟ ɪɿɲɟɧɧɹ ɡɚ ɩɟɪɲɢɦ ɤɪɢɬɟɪɿєɦ ɜ ɰɢɯ 
ɡɚɞɚɱɚɯ ɦɚє ɩɨɫɬɿɣɧɟ ɱɢɫɥɨ ɪɟɛɟɪ, ɿ ɰɿɥɶɨɜɚ ɮɭɧɤɰɿɹ ɦɿɫɬɢɬɶ ɤɪɢɬɟɪɿɣ ɜɚɝɢ ɿ ɤɪɢɬɟɪɿɣ 
ɦɿɧɿɦɚɤɫɧɨɝɨ ɪɟɛɪɚ. ɉɪɟɞɫɬɚɜɧɢɤɚɦɢ ɰɶɨɝɨ ɤɥɚɫɭ ɨɛɪɚɧɿ ɡɚɞɚɱɚ ɧɚ ɝɪɚɮɿ ɡɚɝɚɥɶɧɨʀ 
ɫɬɪɭɤɬɭɪɢ ɬɚ ɡɚɞɚɱɚ ɧɚ ɞɜɨɞɨɥɶɧɨɦɭ ɝɪɚɮɿ, ɞɨɩɭɫɬɢɦɿ ɪɿɲɟɧɧɹ ɹɤɢɯ ɦɚɸɬɶ ɩɨɫɬɿɣɧɭ 
ɤɿɥɶɤɿɫɬɶ ɪɟɛɟɪ. ɋɮɨɪɦɨɜɚɧɚ ɦɟɬɨɞɢɤɚ ɜɢɜɱɟɧɧɹ ɜɥɚɫɬɢɜɨɫɬɟɣ ɿ ɨɰɿɧɤɢ ɩɨɬɭɠɧɨɫɬɟɣ 
ɞɨɩɭɫɬɢɦɨʀ ɦɧɨɠɢɧɢ ɪɿɲɟɧɶ, ɩɚɪɟɬɨɜɫɤɨʀ ɦɧɨɠɢɧɢ ɿ ɩɨɜɧɨʀ ɦɧɨɠɢɧɢ ɚɥɶɬɟɪɧɚɬɢɜ 
ɞɥɹ ɡɚɞɚɱ ɜɢɞɿɥɟɧɨɝɨ ɤɥɚɫɭ. Ⱦɨɜɟɞɟɧɨ ɬɟɨɪɟɦɭ ɩɪɨ ɤɜɚɡɿɩɨɜɧɨɬɭ ɡɚɞɚɱ ɜɢɞɿɥɟɧɨɝɨ 
ɤɥɚɫɭ. Ɉɬɪɢɦɚɧɨ ɨɰɿɧɤɢ ɞɥɹ ɞɜɨɯ ɩɪɟɞɫɬɚɜɧɢɤɿɜ ɰɶɨɝɨ ɤɥɚɫɭ: «ɩɪɨ ɨɫɬɨɜɧɟ ɞɟɪɟɜɨ ɿ 
ɦɢɧɢɦɚɤɫɧɟ ɪɟɛɪɨ», «ɩɪɨ ɞɨɫɤɨɧɚɥɟ ɩɚɪɨɫɩɨɥɭɱɟɧɧɹ ɧɚ ɞɜɨɞɨɥɶɧɨɦɭ ɝɪɚɮɿ ɿ 
ɦɿɧɿɦɚɤɫɧɟ ɪɟɛɪɨ». Ɂɚɩɪɨɩɨɧɨɜɚɧɨ ɩɨɥɿɧɨɦɿɚɥɶɧɿ ɚɥɝɨɪɢɬɦɢ ɜɢɪɿɲɟɧɧɹ 
ɞɨɫɥɿɞɠɭɜɚɧɢɯ ɡɚɞɚɱ. Ⱦɚɧɨ ɨɰɿɧɤɢ ɨɛɱɢɫɥɸɜɚɥɶɧɨʀ ɫɤɥɚɞɧɨɫɬɿ ɰɢɯ ɚɥɝɨɪɢɬɦɿɜ. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɛɚɝɚɬɨɤɪɢɬɟɪɿɚɥɶɧɚ ɨɩɬɢɦɿɡɚɰɿɹ, ɩɚɪɟɬɨɜɫɶɤɚ ɦɧɨɠɢɧɚ, ɩɨɜɧɚ 
ɦɧɨɠɢɧɚ ɚɥɶɬɟɪɧɚɬɢɜ, ɤɜɚɡɿɩɨɜɧɚ ɡɚɞɚɱɚ. 

 

The tasks of multi-criteria optimization in the general formulation do not have a trivial 

solution, which gives rise to a multitude of approaches in determining the most “success-

ful” solution from a certain set of solutions that satisfy the problem conditions. One of the 

ways of formal defining of the possible alternative solution set is to isolate the Pareto set, 

i.e. the set of unimprovable alternatives. The previously developed approach  
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was applied for studying some classes of multi-criteria problems, the objective functions of 

which have certain properties, and its productivity was confirmed. The concept of complete 

problems was introduced, for which the equality of the sets of feasible solutions, the Pareto 

and the full set of alternatives was fulfilled. In previous works, the authors introduced the 

concept of quasi-completeness. In the article the class of two-criterion problems, for which 

the admissible solution for the first criterion has a constant number of edges, and objective 

function contains the criterion of weight and the criterion of the minimax edge, is 

distinguished. The problem on the graph of the general structure and the problem on the 

bichromatic graph, for which the feasible solutions have a constant number of edges, were 

selected as representatives of this class. A method for studying the properties and 

estimating the powers of an admissible set of solutions, a Pareto set and a complete set of 

alternatives for the problems of the selected class, has been formulated. A theorem on the 

quasi-completeness for the selected class problems is proved. There were obtained 

estimates for two representatives of this class: “about a spanning tree and a minimax 
edge”, “about a perfect matching on a bichromatic graph and a minimax edge”. 

Polynomial algorithms for solving the problems under study are proposed. Estimates of 

the computational complexity of these algorithms are given. 

Keywords: multi-criteria optimization, Pareto set, full set of alternatives, quasi-complete 

problem. 

 

ȼɜɟɞɟɧɢɟ. Ɂɚɞɚɱɢ ɦɧɨɝɨɤɪɢɬɟɪɢɚɥɶɧɨɣ ɨɩɬɢɦɢɡɚɰɢɢ ɜ ɨɛɳɟɣ ɩɨɫɬɚɧɨɜɤɟ 
ɧɟ ɢɦɟɸɬ ɬɪɢɜɢɚɥɶɧɨɝɨ ɪɟɲɟɧɢɹ, ɱɬɨ ɩɨɪɨɠɞɚɟɬ ɦɧɨɠɟɫɬɜɨ ɩɨɞɯɨɞɨɜ ɜ 
ɨɩɪɟɞɟɥɟɧɢɢ ɧɚɢɛɨɥɟɟ «ɭɞɚɱɧɨɝɨ» ɢɡ ɧɟɤɨɬɨɪɨɣ ɫɨɜɨɤɭɩɧɨɫɬɢ ɪɟɲɟɧɢɣ, 
ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɩɨɫɬɚɜɥɟɧɧɵɦ ɭɫɥɨɜɢɹɦ. Ɉɞɧɢɦ ɢɡ ɩɭɬɟɣ ɮɨɪɦɚɥɶɧɨɝɨ 
ɨɩɪɟɞɟɥɟɧɢɹ ɦɧɨɠɟɫɬɜɚ ɜɨɡɦɨɠɧɵɯ ɚɥɶɬɟɪɧɚɬɢɜɧɵɯ ɪɟɲɟɧɢɣ ɹɜɥɹɟɬɫɹ 
ɜɵɞɟɥɟɧɢɟ ɩɚɪɟɬɨɜɫɤɨɝɨ ɦɧɨɠɟɫɬɜɚ, ɦɧɨɠɟɫɬɜɚ ɧɟɭɥɭɱɲɚɟɦɵɯ ɚɥɶɬɟɪɧɚɬɢɜ 
[1]. ȼ ɪɚɛɨɬɚɯ [4,7] ɩɪɨɞɟɦɨɧɫɬɪɢɪɨɜɚɧɵ ɜɨɡɦɨɠɧɨɫɬɢ ɢɫɩɨɥɶɡɨɜɚɧɢɹ 
ɩɨɥɧɨɝɨ ɦɧɨɠɟɫɬɜɚ ɚɥɶɬɟɪɧɚɬɢɜ, ɜɵɞɟɥɹɟɦɨɝɨ ɢɡ ɩɚɪɟɬɨɜɫɤɨɝɨ ɦɧɨɠɟɫɬɜɚ. 
ɋɜɨɸ ɩɪɨɞɭɤɬɢɜɧɨɫɬɶ ɩɨɞɬɜɟɪɞɢɥ ɩɭɬɶ ɢɡɭɱɟɧɢɹ ɧɟɤɨɬɨɪɵɯ ɤɥɚɫɫɨɜ 
ɦɧɨɝɨɤɪɢɬɟɪɢɚɥɶɧɵɯ ɡɚɞɚɱ, ɰɟɥɟɜɵɟ ɮɭɧɤɰɢɢ ɤɨɬɨɪɵɯ ɨɛɥɚɞɚɸɬ 
ɨɩɪɟɞɟɥɟɧɧɵɦɢ ɫɜɨɣɫɬɜɚɦɢ. Ɍɚɤ ɛɵɥɨ ɜɜɟɞɟɧɨ ɩɨɧɹɬɢɟ ɩɨɥɧɵɯ ɡɚɞɚɱ, ɞɥɹ 
ɤɨɬɨɪɵɯ ɜɵɩɨɥɧɹɥɨɫɶ ɪɚɜɟɧɫɬɜɨ ɦɧɨɠɟɫɬɜ ɞɨɩɭɫɬɢɦɵɯ ɪɟɲɟɧɢɣ, 
ɩɚɪɟɬɨɜɫɤɨɝɨ ɢ ɩɨɥɧɨɝɨ ɦɧɨɠɟɫɬɜɚ ɚɥɶɬɟɪɧɚɬɢɜ. Ȼɵɥɢ ɨɩɪɟɞɟɥɟɧɵ ɤɥɚɫɫɵ 
ɩɨɥɧɵɯ ɡɚɞɚɱ [2,4,6,7]. 

ȼ ɫɬɚɬɶɟ [5] ɚɜɬɨɪɚɦɢ ɜɜɟɞɟɧɨ ɩɨɧɹɬɢɟ ɤɜɚɡɢɩɨɥɧɨɬɵ, ɫɮɨɪɦɭɥɢɪɨɜɚɧɵ 
ɧɟɨɛɯɨɞɢɦɵɟ ɢ ɞɨɫɬɚɬɨɱɧɵɟ ɭɫɥɨɜɢɹ ɧɚɥɢɱɢɹ ɫɜɨɣɫɬɜɚ ɩɨɥɧɨɬɵ ɢ 
ɤɜɚɡɢɩɨɥɧɨɬɵ ɞɥɹ ɤɥɚɫɫɚ ɞɜɭɤɪɢɬɟɪɢɚɥɶɧɵɯ ɡɚɞɚɱ, ɰɟɥɟɜɚɹ ɮɭɧɤɰɢɹ ɤɨɬɨɪɵɯ 
ɨɛɴɟɞɢɧɹɟɬ ɞɜɚ ɨɞɧɨɬɢɩɧɵɯ ɭɫɥɨɜɢɹ «ɜɟɫ-ɜɟɫ». ɉɪɨɜɟɞɟɧ ɚɧɚɥɢɡ ɫɬɪɭɤɬɭɪɵ ɢ 
ɨɰɟɧɤɢ ɦɨɳɧɨɫɬɟɣ ɦɧɨɠɟɫɬɜɚ ɞɨɩɭɫɬɢɦɵɯ ɪɟɲɟɧɢɣ (ɆȾɊ), ɩɚɪɟɬɨɜɫɤɨɝɨ 
ɦɧɨɠɟɫɬɜɚ (ɉɆ) ɢ ɩɨɥɧɨɝɨ ɦɧɨɠɟɫɬɜɚ ɚɥɶɬɟɪɧɚɬɢɜ (ɉɆȺ).  

Ɇɚɬɟɪɢɚɥ ɩɪɟɞɫɬɚɜɥɟɧɧɨɣ ɫɬɚɬɶɢ ɨɬɪɚɠɚɟɬ ɫɥɟɞɭɸɳɢɣ ɷɬɚɩ ɩɨ ɢɡɭɱɟɧɢɸ 
ɫɜɨɣɫɬɜ ɞɜɭɤɪɢɬɟɪɢɚɥɶɧɵɯ ɡɚɞɚɱ ɧɚ ɝɪɚɮɚɯ ɫ ɨɩɪɟɞɟɥɟɧɧɵɦɢ ɫɜɨɣɫɬɜɚɦɢ 
ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɢ. ɋɬɚɬɶɹ ɩɨɫɜɹɳɟɧɚ ɢɡɭɱɟɧɢɸ ɤɥɚɫɫɚ ɞɜɭɤɪɢɬɟɪɢɚɥɶɧɵɯ 
ɡɚɞɚɱ ɧɚ ɝɪɚɮɚɯ, ɰɟɥɟɜɚɹ ɮɭɧɤɰɢɹ ɤɨɬɨɪɵɯ ɨɛɴɟɞɢɧɹɟɬ ɪɚɡɧɨɬɢɩɧɵɟ ɭɫɥɨɜɢɹ 
«ɜɟɫ-ɤɪɢɬɢɱɟɫɤɨɟ ɪɟɛɪɨ». ɉɪɟɞɫɬɚɜɢɬɟɥɹɦɢ ɷɬɨɝɨ ɤɥɚɫɫɚ ɜɵɛɪɚɧɵ ɡɚɞɚɱɚ ɧɚ 
ɝɪɚɮɟ ɨɛɳɟɣ ɫɬɪɭɤɬɭɪɵ ɢ ɡɚɞɚɱɚ ɧɚ ɞɜɭɞɨɥɶɧɨɦ ɝɪɚɮɟ, ɞɨɩɭɫɬɢɦɵɟ ɪɟɲɟɧɢɹ 
ɤɨɬɨɪɵɯ ɢɦɟɸɬ ɩɨɫɬɨɹɧɧɨɟ ɤɨɥɢɱɟɫɬɜɨ ɪɟɛɟɪ. ɉɪɟɞɥɨɠɟɧɚ ɦɟɬɨɞɢɤɚ 
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ɢɡɭɱɟɧɢɹ ɫɜɨɣɫɬɜ, ɫɬɪɭɤɬɭɪɵ ɢ ɨɰɟɧɤɢ ɦɨɳɧɨɫɬɟɣ ɆȾɊ, ɉɆ, ɉɆȺ, ɚ ɬɚɤɠɟ 
ɩɨɥɢɧɨɦɢɚɥɶɧɵɟ ɚɥɝɨɪɢɬɦɵ ɪɟɲɟɧɢɹ ɢɡɭɱɚɟɦɵɯ ɡɚɞɚɱ. 

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ. ɋɢɦɜɨɥɨɦ Z , 3,1=  ɛɭɞɟɦ ɨɛɨɡɧɚɱɚɬɶ 
ɫɮɨɪɦɭɥɢɪɨɜɚɧɧɭɸ ɧɚ −n ɜɟɪɲɢɧɧɨɦ ɝɪɚɮɟ ),( EVG =  ɨɞɧɨɤɪɢɬɟɪɢɚɥɶɧɭɸ 

ɡɚɞɚɱɭ ɧɚɯɨɠɞɟɧɢɹ ɷɤɫɬɪɟɦɚɥɶɧɨɝɨ ɡɧɚɱɟɧɢɹ ɫɭɦɦɵ ɜɟɫɨɜ ɪɟɛɟɪ:  1Z - ɨɛ 
ɨɫɬɨɜɧɵɯ ɞɟɪɟɜɶɹɯ, 2Z - ɨ ɫɨɜɟɪɲɟɧɧɵɯ ɩɚɪɨɫɨɱɟɬɚɧɢɹɯ ɧɚ ɞɜɭɞɨɥɶɧɨɦ ɝɪɚɮɟ 
ɫ ɪɚɜɧɵɦɢ ɞɨɥɹɦɢ. Ⱦɥɹ ɡɚɞɚɱɢ 2Z  ɭɫɥɨɜɢɦɫɹ, ɱɬɨ ɦɧɨɠɟɫɬɜɨ ɜɟɪɲɢɧ V  

ɝɪɚɮɚ ( , )G V E=  ɪɚɫɩɚɞɚɟɬɫɹ ɧɚ ɞɜɚ ɪɚɜɧɨɦɨɳɧɵɯ ɧɟɩɟɪɟɫɟɤɚɸɳɢɯɫɹ 
ɩɨɞɦɧɨɠɟɫɬɜɚ 21,VV , = 21 VV , 21 VVV = . ȼɧɭɬɪɢ ɩɨɞɦɧɨɠɟɫɬɜ 21,VV  

ɜɟɪɲɢɧɵ ɧɟɫɦɟɠɧɵ. ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɝɪɚɮ ),( EVG =  ɞɜɭɞɨɥɶɧɵɣ, ɢ 21,VV -

ɦɧɨɠɟɫɬɜɚ ɜɟɪɲɢɧ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɩɟɪɜɨɣ ɢ ɜɬɨɪɨɣ ɞɨɥɟɣ. Ɂɚɞɚɱɢ 1Z  ɢ 2Z  

ɨɬɧɨɫɹɬɫɹ ɤ ɤɥɚɫɫɭ ɡɚɞɚɱ, ɞɨɩɭɫɬɢɦɵɟ ɪɟɲɟɧɢɹ ɤɨɬɨɪɵɯ ɢɦɟɸɬ ɩɨɫɬɨɹɧɧɨɟ 
ɱɢɫɥɨ ɪɟɛɟɪ. ɋɢɦɜɨɥɨɦ 3Z  ɛɭɞɟɦ ɨɛɨɡɧɚɱɚɬɶ ɫɮɨɪɦɭɥɢɪɨɜɚɧɧɭɸ ɧɚ n - 

ɜɟɪɲɢɧɧɨɦ ɝɪɚɮɟ ),( EVG =  ɨɞɧɨɤɪɢɬɟɪɢɚɥɶɧɭɸ ɡɚɞɚɱɭ ɧɚɯɨɠɞɟɧɢɹ 
ɦɢɧɢɦɚɥɶɧɨɝɨ ɡɧɚɱɟɧɢɹ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɜɟɫɚ ɪɟɛɪɚ, ɧɚɡɨɜɟɦ ɷɬɭ ɡɚɞɚɱɭ «ɨ 
ɦɢɧɢɦɚɤɫɧɨɦ ɪɟɛɪɟ».  

Ɇɧɨɠɟɫɬɜɨ ɜɫɟɯ ɞɨɩɭɫɬɢɦɵɯ ɪɟɲɟɧɢɣ ɡɚɞɚɱɢ Z  ɫ ɢɧɞɢɜɢɞɭɚɥɶɧɵɦ 
ɤɪɢɬɟɪɢɟɦ )(xF  ɨɛɨɡɧɚɱɢɦ ɱɟɪɟɡ }{  xX = , ɝɞɟ x = ),(  EV - ɩɨɞɝɪɚɮ ɝɪɚɮɚ 

,G  VV  , EE  ,   - ɢɧɞɢɜɢɞɭɚɥɶɧɵɣ ɧɨɦɟɪ ɤɪɢɬɟɪɢɹ. ɋɢɦɜɨɥɨɦ 
21 ,Z  

ɛɭɞɟɦ ɨɛɨɡɧɚɱɚɬɶ ɞɜɭɯɤɪɢɬɟɪɢɚɥɶɧɭɸ ɡɚɞɚɱɭ ɧɚ ɞɜɭɯɜɡɜɟɲɟɧɧɨɦ 
−n ɜɟɪɲɢɧɧɨɦ −m ɪɟɛɟɪɧɨɦ ɝɪɚɮɟ ɫ ɤɪɢɬɟɪɢɹɦɢ extrxF

i
→)( , 2,1=i  

ɜɟɤɬɨɪɧɨɣ ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɢ )(
2121 ,,  xF . ɂɧɞɟɤɫɵ i , 2,1=i  ɨɛɨɡɧɚɱɚɸɬ 

ɢɧɞɢɜɢɞɭɚɥɶɧɵɟ ɧɨɦɟɪɚ ɤɪɢɬɟɪɢɟɜ, ɩɪɢɱɟɦ ɩɨɪɹɞɨɤ ɤɪɢɬɟɪɢɟɜ )(xF
i

, 

ɨɩɪɟɞɟɥɹɟɬ ɨɱɟɪɟɞɧɨɫɬɶ ɪɟɲɟɧɢɹ ɡɚɞɚɱ 
i

Z .  

Ⱦɥɹ ɞɜɭɤɪɢɬɟɪɢɚɥɶɧɵɯ ɡɚɞɚɱ ɩɪɢɦɟɦ ɨɛɨɡɧɚɱɟɧɢɹ: 
} ,),,( {

2211212121 ,,  XxXxxxxxxX ===  - ɆȾɊ ɡɚɞɚɱɢ 
21 ,Z , ɝɞɟ 

),(
2121 ,  xxx = - ɞɨɩɭɫɬɢɦɨɟ ɪɟɲɟɧɢɟ ɡɚɞɚɱɢ 

21 ,Z , ɩɪɟɞɫɬɚɜɥɹɸɳɟɟ ɫɨɛɨɣ 
ɞɜɚ ɩɨɞɝɪɚɮɚ =

i
x ),(

i
EV  , 2,1=i  ɞɚɧɧɨɝɨ ɝɪɚɮɚ ),,( EVG = EE

i
 ; 

−
21,X ɦɨɳɧɨɫɬɶ ɦɧɨɠɟɫɬɜɚ ;

21 ,X
21,

~
X - ɩɚɪɟɬɨɜɫɤɨɟ ɦɧɨɠɟɫɬɜɨ 

ɞɜɭɯɤɪɢɬɟɪɢɚɥɶɧɨɣ ɡɚɞɚɱɢ 
21 ,Z , 

2121 ,,

~
 XX  ; 21 ,

0
X - ɩɨɥɧɨɟ ɦɧɨɠɟɫɬɜɨ 

ɚɥɶɬɟɪɧɚɬɢɜ, ɤɨɬɨɪɨɟ ɨɩɪɟɞɟɥɹɟɬɫɹ ɤɚɤ ɩɨɞɦɧɨɠɟɫɬɜɨ ɉɆ 

2121 ,,
0 ~

 XX  ɦɢɧɢɦɚɥɶɧɨɣ ɦɨɳɧɨɫɬɢ 21 ,
0

X  ɢ ɬɚɤɨɟ, ɱɬɨ 

)
~

()(
21212121 ,,,

0
,  XFXF = [4].   
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Ɇɧɨɝɨɤɪɢɬɟɪɢɚɥɶɧɭɸ ɡɚɞɚɱɭ 
21 ,Z  ɧɚɡɨɜɟɦ ɤɜɚɡɢɩɨɥɧɨɣ, ɟɫɥɢ ɞɥɹ ɆȾɊ 

21 ,X  ɫɭɳɟɫɬɜɭɸɬ ɬɚɤɢɟ ɩɚɪɚɦɟɬɪɵ ɜɟɤɬɨɪɧɨɣ ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɢ (ȼɐɎ) )(xF , 

ɩɪɢ ɤɨɬɨɪɵɯ ɦɚɤɫɢɦɚɥɶɧɵɟ ɦɨɳɧɨɫɬɢ ɆȾɊ, ɉɆ ɢ ɉɆȺ ɩɨɞɱɢɧɟɧɵ 
ɫɨɨɬɧɨɲɟɧɢɸ  

212121 ,,,
0 ~

 XXX =  [5]. 

ɉɪɢɫɜɨɢɦ ɤɚɠɞɨɦɭ ɪɟɛɪɭ Eet  , mt ,1=  n -ɜɟɪɲɢɧɧɨɝɨ ɝɪɚɮɚ ),,( EVG =  

mE =  ɩɚɪɭ ɜɟɫɨɜ )( ti e , 2,1=i , mt ,1= .  

ȼɵɞɟɥɢɦ ɤɥɚɫɫ ɞɜɭɯɤɪɢɬɟɪɢɚɥɶɧɵɯ ɡɚɞɚɱ, ȼɐɎ ɤɨɬɨɪɵɯ ɫɨɫɬɨɢɬ ɢɡ 
ɤɪɢɬɟɪɢɹ ɜɟɫɚ ɢ ɦɢɧɢɦɚɤɫɧɨɝɨ ɪɟɛɪɚ:  

 
))(),(())(),(()( 4121

xFxFxFxFxF  ==  ,                           (1) 

)(
1

xF = max)()()(
1

1114,11 →== 
 xEe

exx  ,                              (2) 

min)(max)( 23,13
1

→=


exF
xEe
 .                                     (3) 

Ɉɫɨɛɟɧɧɨɫɬɶɸ ɡɚɞɚɱ ɜɵɞɟɥɟɧɧɨɝɨ ɤɥɚɫɫɚ ɹɜɥɹɟɬɫɹ ɬɨ, ɱɬɨ ɤɚɠɞɨɟ ɢɡ 
ɞɨɩɭɫɬɢɦɵɯ ɪɟɲɟɧɢɣ 

i
x , 2,1=i  ɜ ɨɬɞɟɥɶɧɨɫɬɢ ɫɨɫɬɨɢɬ ɢɡ ɨɞɧɨɝɨ ɬɢɩɚ 

ɩɨɞɝɪɚɮɨɜ ɝɪɚɮɚ G , ɬɚɤɢɯ ɤɚɤ ɨɫɬɨɜɧɨɟ ɞɟɪɟɜɨ, ɫɨɜɟɪɲɟɧɧɨɟ ɩɚɪɨɫɨɱɟɬɚɧɢɟ 
ɢ ɪɟɛɪɨ. ɉɪɢɱɟɦ, ɬɢɩɵ ɩɨɞɝɪɚɮɨɜ 

1
x  ɢ 

2
x  ɧɟ ɫɨɜɩɚɞɚɸɬ. 

Ⱦɚɥɶɧɟɣɲɢɣ ɦɚɬɟɪɢɚɥ ɩɨɫɜɹɳɟɧ ɢɡɭɱɟɧɢɸ ɫɬɪɭɤɬɭɪɵ ɆȾɊ }{ 3,3, 11  xX = , 

ɉɆ 3,1

~
X , ɉɆȺ 3,

0
1X , 2,11 = , ɦɨɳɧɨɫɬɟɣ ɷɬɢɯ ɦɧɨɠɟɫɬɜ ɧɚ ɨɫɧɨɜɚɧɢɢ 

ɦɧɨɠɟɫɬɜ ɞɨɩɭɫɬɢɦɵɯ ɪɟɲɟɧɢɣ 
1X

ɢ 3X  ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ 
ɨɞɧɨɤɪɢɬɟɪɢɚɥɶɧɵɯ ɡɚɞɚɱ 

1
Z ɢ 3Z  ɫ ɰɟɥɟɜɵɦɢ ɮɭɧɤɰɢɹɦɢ )(

11  xF , )( 33 xF . 

ɉɨɥɭɱɟɧɧɵɟ ɪɟɡɭɥɶɬɚɬɵ ɩɨɡɜɨɥɹɬ ɫɞɟɥɚɬɶ ɜɵɜɨɞ ɨ ɧɚɥɢɱɢɢ ɢɥɢ ɨɬɫɭɬɫɬɜɢɢ 
ɫɜɨɣɫɬɜ ɩɨɥɧɨɬɵ ɢɥɢ ɤɜɚɡɢɩɨɥɧɨɬɵ ɞɥɹ ɡɚɞɚɱ ɜɵɞɟɥɟɧɧɨɝɨ ɤɥɚɫɫɚ 3,1

Z , 

2,11 = . 

Ɇɟɬɨɞ ɪɟɲɟɧɢɹ. ɉɨɫɬɪɨɢɦ ɚɥɝɨɪɢɬɦ   ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ 3,1
Z , 2,11 = . ɇɚ 

ɩɟɪɜɨɦ ɷɬɚɩɟ ɚɥɝɨɪɢɬɦɚ  ɮɨɪɦɢɪɭɟɬɫɹ ɆȾɊ }{
11


 xX = , MX =

1 , M,1=  

ɡɚɞɚɱɢ 
1

Z , ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɢɧɞɟɤɫɭ 1 . Ʉɚɠɞɨɟ ɞɨɩɭɫɬɢɦɨɟ ɪɟɲɟɧɢɟ 

11 


 Xx   ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɩɨɞɝɪɚɮ ),(
111








 EVx =  ɝɪɚɮɚ ),( EVG = , 

VV 
 1

, EE 
 1

. ɇɚ ɜɬɨɪɨɦ ɷɬɚɩɟ ɩɨ ɡɧɚɱɟɧɢɸ ɜɬɨɪɨɝɨ ɜɟɫɚ )(2 e , 
1

x
Ee ɧɚ 

ɤɚɠɞɨɦ ɩɨɞɝɪɚɮɟ 
1

x , M,1=  ɪɟɲɚɟɬɫɹ ɡɚɞɚɱɚ ɨ ɧɚɯɨɠɞɟɧɢɢ ɪɟɛɪɚ 
ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɜɟɫɚ )()( 22

1

eextre
x

Ee
extr 







= . ɉɪɢɦɟɧɢɜ ɷɬɨɬ ɩɪɢɟɦ ɞɥɹ ɤɚɠɞɨɝɨ 

ɧɨɦɟɪɚ ],1[ M , ɮɨɪɦɢɪɭɟɦ ɆȾɊ }{ 3,3, 11  xX =  ɡɚɞɚɱɢ 3,1
Z . Ⱦɥɹ ɤɚɠɞɨɝɨ 

ɞɨɩɭɫɬɢɦɨɝɨ ɪɟɲɟɧɢɹ 3,1
x  ɡɧɚɱɟɧɢɟ ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɢ ɨɩɪɟɞɟɥɟɧɨ ɜ ɜɢɞɟ 
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ɩɚɪɵ ))(),(( 31


 xFxF , ɝɞɟ )()(

11 1





  xxF = , )()( 23

  extrexF = . ɇɚ ɬɪɟɬɶɟɦ 
ɷɬɚɩɟ ɢɡ ɆȾɊ ɜɵɞɟɥɹɟɬɫɹ ɉɆ 3,1

~
X  ɫɨɝɥɚɫɧɨ ɤɪɢɬɟɪɢɹɦ (2)-(3). 

Ɋɚɫɫɦɨɬɪɢɦ ɫɬɪɭɤɬɭɪɭ ɆȾɊ 3,1
X , ɉɆ 3,1

~
X  ɢ ɉɆȺ 0

3,1
X  

ɡɚɞɚɱ 3,1
Z , 2,11 = . ȼ ɝɪɚɮɟ ),( EVG =  ɪɟɛɪɚ Ee  ɩɟɪɟɧɭɦɟɪɭɟɦ ɱɢɫɥɚɦɢ 

Emmett === ,,1)( . Ⱦɥɹ ɤɚɠɞɨɝɨ ɪɟɛɪɚ Eet   ɨɩɪɟɞɟɥɢɦ ɩɟɪɜɵɣ ɢ 
ɜɬɨɪɨɣ ɜɟɫ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ: 

tt 2)(1 = , )()( 102 trt  −= , Emmett === ,,1)( , 1
0 2 += mr .      (4) 

ȼɡɜɟɲɢɜɚɧɢɟ (4) ɨɛɟɫɩɟɱɢɜɚɟɬ ɪɚɜɧɵɟ ɫɭɦɦɵ ɩɟɪɜɵɯ ɜɟɫɨɜ ɪɟɛɟɪ ɬɨɥɶɤɨ 
ɞɥɹ ɫɨɜɩɚɞɚɸɳɢɯ ɩɨ ɦɧɨɠɟɫɬɜɭ ɪɟɛɟɪ ɩɨɞɝɪɚɮɨɜ. ɉɨɷɬɨɦɭ ɜɵɞɟɥɟɧɧɵɟ ɧɚ 
ɩɟɪɜɨɦ ɷɬɚɩɟ ɪɟɲɟɧɢɹ ɡɚɞɚɱ 3,1

Z , 2,11 =  ɩɨɩɚɪɧɨ ɪɚɡɥɢɱɧɵɟ ɩɨɞɝɪɚɮɵ 

}{
11


 xX = , MX =

1
, M,1=  ɧɟ ɢɦɟɸɬ ɫɨɜɩɚɞɚɸɳɢɯ ɡɧɚɱɟɧɢɣ ɩɨ 

ɤɪɢɬɟɪɢɸ (2).  
ɉɟɪɜɨɣ ɢɡ ɜɵɞɟɥɟɧɧɨɝɨ ɤɥɚɫɫɚ ɪɚɫɫɦɨɬɪɢɦ ɡɚɞɚɱɭ 3,1Z  «ɨɛ ɨɫɬɨɜɧɵɯ 

ɞɟɪɟɜɶɹɯ ɢ ɦɢɧɢɦɚɤɫɧɨɦ ɪɟɛɪɟ».   

ɂɡɭɱɢɦ ɫɬɪɭɤɬɭɪɭ ɆȾɊ 3,1X , ɉɆ 3,1

~
X  ɢ ɉɆȺ 0

3,1X  ɫ ɤɪɢɬɟɪɢɹɦɢ (1)-(3) 

ɩɪɢ 11 = . Ɇɨɳɧɨɫɬɶ ɆȾɊ 3,1X  ɡɚɞɚɱɢ 3,1Z  ɨɩɪɟɞɟɥɹɟɬɫɹ ɦɨɳɧɨɫɬɶɸ ɆȾɊ 1X  

ɡɚɞɚɱɢ 1Z , ɤɨɬɨɪɚɹ ɪɟɲɚɟɬɫɹ ɧɚ ɩɟɪɜɨɦ ɷɬɚɩɟ ɚɥɝɨɪɢɬɦɚ  . Ɇɧɨɠɟɫɬɜɨ 
}{ 11


xX =  ɨɛɴɟɞɢɧɹɟɬ ɨɫɬɨɜɧɵɟ ɞɟɪɟɜɶɹ ),( 11

 EVx = , 11 −= nE 
, M,1=  n -

ɜɟɪɲɢɧɧɨɝɨ ɝɪɚɮɚ ),,( EVG =  mE = , EE 
1 , mn −1 . Ɇɚɤɫɢɦɚɥɶɧɚɹ 

ɦɨɳɧɨɫɬɶ ɆȾɊ ɞɨɫɬɢɝɚɟɬɫɹ ɧɚ ɩɨɥɧɨɦ ɝɪɚɮɟ ɢ ɨɩɪɟɞɟɥɹɟɬɫɹ ɮɨɪɦɭɥɨɣ Ʉɷɥɢ 
2−nn [4].  

ɋɮɨɪɦɢɪɭɟɦ ɪɚɡɛɢɟɧɢɟ ɆȾɊ }{ 13,1


xX = , ),( 11

 EVx =  ɧɚ ɩɨɞɦɧɨɠɟɫɬɜɚ 

3,1
iX , )2(,1 +−= nmi  ɩɨ ɩɪɢɡɧɚɤɭ «ɧɚɢɦɟɧɶɲɢɣ ɧɨɦɟɪ )(et  ɪɟɛɪɚ 

1Ee », 


)2(,1

3,13,1
+−=

=
nmi

iXX ,  =3,13,1
ji XX , ji  , 21 +− nmi , 21 +− nmj . 

ɋɨɝɥɚɫɧɨ ɜɡɜɟɲɢɜɚɧɢɸ (4), ɧɚ ɷɥɟɦɟɧɬɚɯ ɩɨɞɦɧɨɠɟɫɬɜɚ 3,1
iX  ɰɟɥɟɜɚɹ 

ɮɭɧɤɰɢɹ )( 1


xF  ɛɭɞɟɬ ɩɪɢɧɢɦɚɬɶ ɪɚɡɥɢɱɧɵɟ ɡɧɚɱɟɧɢɹ ɩɨ ɤɪɢɬɟɪɢɸ )( 11


xF . 

Ɋɟɛɪɚ ɤɚɠɞɨɝɨ ɨɫɬɨɜɧɨɝɨ ɞɟɪɟɜɚ ɩɨɞɦɧɨɠɟɫɬɜɚ 3,1
iX , )2(1 +− nmi  

ɭɩɨɪɹɞɨɱɢɦ «ɩɨ ɜɨɡɪɚɫɬɚɧɢɸ ɧɨɦɟɪɨɜ )(et  ɪɟɛɟɪ 
1Ee » ɧɚ ɩɨɡɢɰɢɹɯ ɨɬ 1 ɞɨ 

1−n . ɉɭɫɬɶ ɪɟɲɟɧɢɹ ),( 111


EVx =  ɢ ),( 111


EVx =  ɨɬɥɢɱɚɸɬɫɹ ɬɨɥɶɤɨ 

ɪɟɛɪɚɦɢ 
t

e  ɢ 
t

e  ɧɚ 1−n  ɩɨɡɢɰɢɢ ɫ ɧɚɢɛɨɥɶɲɢɦɢ ɧɨɦɟɪɚɦɢ t  ɢ t  ɩɪɢ 

Mtt  1 , ɬ.ɟ. 



tt еEеE \\ 11 = . ɋɨɝɥɚɫɧɨ ɜɡɜɟɲɢɜɚɧɢɸ (4), 

)()( 11 
 tt ee  , ɱɬɨ ɨɡɧɚɱɚɟɬ )( 11


xF )( 11


xF .  

ɋɨɝɥɚɫɧɨ ɩɪɚɜɢɥɚɦ ɮɨɪɦɢɪɨɜɚɧɢɹ ɩɨɞɦɧɨɠɟɫɬɜɚ 3,1
iX , ɧɚ ɟɝɨ ɷɥɟɦɟɧɬɚɯ 

ɰɟɥɟɜɚɹ ɮɭɧɤɰɢɹ )( 1


xF  ɛɭɞɟɬ ɩɪɢɧɢɦɚɬɶ ɫɨɜɩɚɞɚɸɳɢɟ ɡɧɚɱɟɧɢɹ ɩɨ 



 ISSN 2074-5893 ɉɢɬɚɧɧɹ ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ ɿ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ.  ȼɢɩɭɫɤ 18 
 

 144 

ɤɪɢɬɟɪɢɸ )( 13


xF  (3). Ɋɟɛɪɨ, ɡɚɧɢɦɚɸɳɟɟ ɩɟɪɜɭɸ ɩɨɡɢɰɢɸ, ɢɦɟɟɬ 

ɧɚɢɦɟɧɶɲɢɣ ɧɨɦɟɪ )(et  ɢ ɦɚɤɫɢɦɚɥɶɧɵɣ ɜɟɫ 2 . ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɩɨ ɤɪɢɬɟɪɢɸ 

(3) ɪɟɲɟɧɢɹ 
1x ɢ 

1x  ɫɨɜɩɚɞɚɸɬ )()()()( max214max214

  exFexF === . 

Ɋɟɲɟɧɢɟɦ, ɤɨɬɨɪɨɟ ɦɨɠɟɬ ɜɨɣɬɢ ɜ ɉɆ, ɹɜɥɹɟɬɫɹ ɬɨɥɶɤɨ ɨɞɧɨ ɢɡ ɞɜɭɯ, ɚ 
ɢɦɟɧɧɨ 

1x . Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɫɩɪɚɜɟɞɥɢɜɨ ɧɟɪɚɜɟɧɫɬɜɨ 3,13,1

~
XX  .   

Ⱦɥɹ ɤɚɠɞɨɝɨ ɩɨɞɦɧɨɠɟɫɬɜɚ 3,1
iX  ɨɩɪɟɞɟɥɢɦ ɟɞɢɧɫɬɜɟɧɧɨɟ ɪɟɲɟɧɢɟ i

x1 , 

ɨɬɜɟɱɚɸɳɟɟ ɤɪɢɬɟɪɢɹɦ (2) ɢ (3). ɂɡ ɦɧɨɠɟɫɬɜɚ ɪɟɲɟɧɢɣ }{ 1

i
x , )2(,1 +−= nmi  

ɜɵɞɟɥɢɦ ɉɆ. əɜɥɹɟɬɫɹ ɫɩɪɚɜɟɞɥɢɜɵɦ ɧɟɪɚɜɟɧɫɬɜɨ 2
~

3,1 +− nmX . Ɉɱɟɜɢɞɧɨ 

ɜɵɩɨɥɧɟɧɢɟ ɪɚɜɟɧɫɬɜɚ ɦɨɳɧɨɫɬɟɣ ɉɆ ɢ ɉɆȺ 0
3,13,1

~
XX = . ɋɥɟɞɨɜɚɬɟɥɶɧɨ, 

ɦɨɠɧɨ ɭɬɜɟɪɠɞɚɬɶ, ɱɬɨ ɞɥɹ ɡɚɞɚɱɢ 3,1Z  ɜ ɩɨɫɬɚɧɨɜɤɟ (1)-(3) ɩɪɢ 11 =  

ɜɵɩɨɥɧɹɟɬɫɹ ɫɨɨɬɧɨɲɟɧɢɟ ɤɜɚɡɢɩɨɥɧɨɬɵ 3,13,1
0

3,1

~
XXX = . Ɂɚɦɟɬɢɦ, ɱɬɨ 

ɩɪɢ ɱɚɫɬɧɨɦ ɫɥɭɱɚɟ ɜɡɜɟɲɢɜɚɧɢɹ (4) ɨɛɟɫɩɟɱɢɜɚɟɬɫɹ ɟɞɢɧɫɬɜɟɧɧɨɫɬɶ ɪɟɲɟɧɢɹ 
ɉɆ ɢ ɉɆȺ 1

~
4,1

0
4,1 == XX . Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɜ ɨɫɬɨɜɧɨɦ ɞɟɪɟɜɟ 

1x  ɤɪɢɬɟɪɢɣ 

)( 13


xF  ɨɩɪɟɞɟɥɹɟɬɫɹ «ɧɚɢɦɟɧɶɲɢɦ ɧɨɦɟɪɨɦ )(et  ɪɟɛɪɚ 

1Ee ». ɇɨ ɷɬɨ 
ɨɡɧɚɱɚɟɬ, ɱɬɨ ɞɥɹ ɜɵɩɨɥɧɟɧɢɹ ɭɫɥɨɜɢɹ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɡɧɚɱɟɧɢɹ ɤɪɢɬɟɪɢɹ 

)( 11


xF , ɪɟɛɪɨ ɫ ɧɚɢɛɨɥɶɲɢɦ ɧɨɦɟɪɨɦ ɩɪɢɧɚɞɥɟɠɢɬ ɦɧɨɠɟɫɬɜɭ 

1E  

ɨɛɹɡɚɬɟɥɶɧɨ.  
Ⱦɟɥɚɟɦ ɜɵɜɨɞ, ɱɬɨ ɹɜɥɹɟɬɫɹ ɫɩɪɚɜɟɞɥɢɜɨɣ  
Ɍɟɨɪɟɦɚ 1. Ɂɚɞɚɱɚ 3,1Z  «ɨɛ ɨɫɬɨɜɧɵɯ ɞɟɪɟɜɶɹɯ ɢ ɦɢɧɢɦɚɤɫɧɨɦ ɪɟɛɪɟ» ɧɚ 

n -ɜɟɪɲɢɧɧɨɦ ɝɪɚɮɟ ),,( EVG =  mE =  ɫ ɜɟɤɬɨɪɧɨɣ ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɟɣ (1)-(3) 

ɞɥɹ 11 =  ɹɜɥɹɟɬɫɹ ɤɜɚɡɢɩɨɥɧɨɣ, ɬ.ɟ. ɜɵɩɨɥɧɹɟɬɫɹ ɫɨɨɬɧɨɲɟɧɢɟ 
ɤɜɚɡɢɩɨɥɧɨɬɵ 3,13,1

0
3,1

~
XXX = . ɉɪɢɱɟɦ ɦɨɳɧɨɫɬɶ ɆȾɊ ɧɟ ɩɪɟɜɵɲɚɟɬ 

ɤɨɥɢɱɟɫɬɜɚ ɨɫɬɨɜɧɵɯ ɞɟɪɟɜɶɟɜ ɜ ɩɨɥɧɨɦ n -ɜɟɪɲɢɧɧɨɦ ɝɪɚɮɟ 2
3,1

− nnX , ɚ 
ɞɥɹ ɦɨɳɧɨɫɬɟɣ ɉɆ ɢ ɉɆȺ ɧɟɪɚɜɟɧɫɬɜɨ ɜɵɩɨɥɧɹɟɬɫɹ  

2
~

3,1
0

3,1 +−= nmXX . 

Ɋɚɫɫɦɨɬɪɢɦ ɡɚɞɚɱɭ 3,2Z  «ɨ ɫɨɜɟɪɲɟɧɧɨɦ ɩɚɪɨɫɨɱɟɬɚɧɢɢ ɜ ɞɜɭɞɨɥɶɧɨɦ 
ɝɪɚɮɟ ɢ ɦɢɧɢɦɚɤɫɧɨɦ ɪɟɛɪɟ» ɜ ɩɨɫɬɚɧɨɜɤɟ (1)-(3) ɩɪɢ 21 = . Ⱦɥɹ ɚɧɚɥɢɡɚ 

ɫɬɪɭɤɬɭɪɵ ɆȾɊ 3,2X , ɉɆ 3,2

~
X  ɢ ɉɆȺ 0

3,2X  ɩɨɜɬɨɪɢɦ ɩɪɢɧɹɬɵɣ ɜɵɲɟ ɯɨɞ 
ɪɚɫɫɭɠɞɟɧɢɣ. Ɇɨɳɧɨɫɬɶ ɆȾɊ ɡɚɞɚɱɢ 3,2Z  ɨɩɪɟɞɟɥɹɟɬɫɹ ɦɨɳɧɨɫɬɶɸ 
ɦɧɨɠɟɫɬɜɚ ɞɨɩɭɫɬɢɦɵɯ ɪɟɲɟɧɢɣ ɡɚɞɚɱɢ 2Z , ɬ.ɟ. ɤɨɥɢɱɟɫɬɜɨɦ ɫɨɜɟɪɲɟɧɧɵɯ 
ɩɚɪɨɫɨɱɟɬɚɧɢɣ ),( 22

 EVx = , 
22

nE = ɧɚ ɞɜɭɞɨɥɶɧɨɦ ɝɪɚɮɟ 

),,( EVG = 21 VVV = , mE = , 
221

nVV == , EE 
2 . Ʉɨɥɢɱɟɫɬɜɨ 

ɫɨɜɟɪɲɟɧɧɵɯ ɩɚɪɨɫɨɱɟɬɚɧɢɣ ɧɚ ɞɜɭɞɨɥɶɧɨɦ ɝɪɚɮɟ G  ɨɩɪɟɞɟɥɹɟɬɫɹ 
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ɩɟɪɦɚɧɟɧɬɨɦ ɦɚɬɪɢɰɵ ɫɦɟɠɧɨɫɬɟɣ ɞɜɭɞɨɥɶɧɨɝɨ ɝɪɚɮɚ nnperA  . 

Ɇɚɤɫɢɦɚɥɶɧɚɹ ɦɨɳɧɨɫɬɶ ɆȾɊ ɞɨɫɬɢɝɚɟɬɫɹ ɧɚ ɩɨɥɧɨɦ ɝɪɚɮɟ G  ɩɪɢ 
( )2

2
nmE ==  ɢ ɨɩɪɟɞɟɥɹɟɬɫɹ ɮɨɪɦɭɥɨɣ ( ) !2

n [6]. 

ɋɮɨɪɦɢɪɭɟɦ ɪɚɡɛɢɟɧɢɟ ɆȾɊ }{ 23,2


xX = , ),( 22

 EVx =  ɧɚ 

ɩɨɞɦɧɨɠɟɫɬɜɚ 3,2
iX , 

2
,1
n

i =  ɩɨ ɩɪɢɡɧɚɤɭ «ɧɚɢɦɟɧɶɲɢɣ ɧɨɦɟɪ )(et  ɪɟɛɪɚ 

2Ee », 

)1(,1

3,23,2
+−=

=
nmi

iXX ,  =3,23,2
ji XX , ji  , 1

2
1 +− nmi , 

1
2

1 +− nmj . ɇɚ ɷɥɟɦɟɧɬɚɯ ɩɨɞɦɧɨɠɟɫɬɜɚ 3,2
iX  ɰɟɥɟɜɚɹ ɮɭɧɤɰɢɹ )( 2


xF  

ɛɭɞɟɬ ɩɪɢɧɢɦɚɬɶ ɪɚɡɥɢɱɧɵɟ ɡɧɚɱɟɧɢɹ ɩɨ ɤɪɢɬɟɪɢɸ )( 22


xF . ɍɩɨɪɹɞɨɱɢɦ 

ɪɟɛɪɚ ɤɚɠɞɨɝɨ ɫɨɜɟɪɲɟɧɧɨɝɨ ɩɚɪɨɫɨɱɟɬɚɧɢɹ ɦɧɨɠɟɫɬɜɚ }{ 22


xX =  ɧɚ 

ɩɨɡɢɰɢɹɯ ɨɬ 1 ɞɨ 
2

n . Ⱦɜɚ ɫɨɜɟɪɲɟɧɧɵɯ ɩɚɪɨɫɨɱɟɬɚɧɢɹ ),( 22


EVx =  ɢ 

),( 22


EVx =  ɦɨɝɭɬ ɨɬɥɢɱɚɸɬɫɹ ɦɢɧɢɦɭɦ ɞɜɭɦɹ ɩɚɪɚɦɢ ɪɟɛɟɪ, ɫɬɨɹɳɢɦɢ ɧɚ 

ɞɜɭɯ ɩɪɟɞɩɨɫɥɟɞɧɢɯ ɩɨɡɢɰɢɹɯ 1
2
−n  ɢ 

2
n . ɋɨɝɥɚɫɧɨ ɜɡɜɟɲɢɜɚɧɢɸ (4), ɛɭɞɟɬ 

ɜɵɩɨɥɧɹɬɶɫɹ ɨɞɧɨ ɢɡ ɧɟɪɚɜɟɧɫɬɜ )( 22


xF )( 22


xF  ɢɥɢ )( 22


xF )( 22


xF . ɉɨ 

ɩɪɚɜɢɥɚɦ ɩɨɫɬɪɨɟɧɢɹ ɩɨɞɦɧɨɠɟɫɬɜɚ 3,2
iX  ɰɟɥɟɜɚɹ ɮɭɧɤɰɢɹ )( 2


xF  ɛɭɞɟɬ 

ɩɪɢɧɢɦɚɬɶ ɫɨɜɩɚɞɚɸɳɢɟ ɡɧɚɱɟɧɢɹ ɩɨ ɤɪɢɬɟɪɢɸ )( 23


xF , ɬ.ɟ. ɜɵɩɨɥɧɹɟɬɫɹ 

ɫɨɨɬɧɨɲɟɧɢɟ )()()()( max223max223

  exFexF === . Ɋɟɲɟɧɢɟɦ, ɤɨɬɨɪɨɟ 
ɦɨɠɟɬ ɜɨɣɬɢ ɜ ɉɆ, ɹɜɥɹɟɬɫɹ ɬɨɥɶɤɨ ɨɞɧɨ ɢɡ ɞɜɭɯ. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, 
ɫɩɪɚɜɟɞɥɢɜɨ ɧɟɪɚɜɟɧɫɬɜɨ 3,23,2

~
XX  . Ⱦɥɹ ɤɚɠɞɨɝɨ ɩɨɞɦɧɨɠɟɫɬɜɚ 3,2

iX  

ɨɩɪɟɞɟɥɢɦ ɟɞɢɧɫɬɜɟɧɧɨɟ ɪɟɲɟɧɢɟ i
x2 . ɂɡ ɦɧɨɠɟɫɬɜɚ ɪɟɲɟɧɢɣ }{ 2

i
x ,

2
,1
n

i =  

ɜɵɞɟɥɢɦ ɉɆ. ȼɵɩɨɥɧɹɟɬɫɹ ɧɟɪɚɜɟɧɫɬɜɨ
2

~
3,2

nX  . Ɋɚɜɟɧɫɬɜɨ ɦɨɳɧɨɫɬɟɣ ɉɆ 

ɢ ɉɆȺ 0
3,23,2

~
XX =  ɫɩɪɚɜɟɞɥɢɜɨ. ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɦɨɠɧɨ ɭɬɜɟɪɠɞɚɬɶ, ɱɬɨ ɞɥɹ 

ɡɚɞɚɱɢ 3,2Z  ɜ ɩɨɫɬɚɧɨɜɤɟ (1)-(3) ɩɪɢ 31 =  ɜɵɩɨɥɧɹɟɬɫɹ ɫɨɨɬɧɨɲɟɧɢɟ 
ɤɜɚɡɢɩɨɥɧɨɬɵ 3,23,2

0
3,2

~
XXX = . 

ɋɩɪɚɜɟɞɥɢɜɚ ɫɥɟɞɭɸɳɚɹ  
Ɍɟɨɪɟɦɚ 2. Ɂɚɞɚɱɚ 3,2Z  «ɨ ɫɨɜɟɪɲɟɧɧɨɦ ɩɚɪɨɫɨɱɟɬɚɧɢɢ ɜ ɞɜɭɞɨɥɶɧɨɦ 

ɝɪɚɮɟ ɢ ɦɢɧɢɦɚɤɫɧɨɦ ɪɟɛɪɟ» ɧɚ ɞɜɭɞɨɥɶɧɨɦ ɝɪɚɮɟ ),,( EVG = 21 VVV = , 

mE = , 
221

nVV == ɫ ɜɟɤɬɨɪɧɨɣ ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɟɣ (1)-(3) ɩɪɢ 21 =  

ɹɜɥɹɟɬɫɹ ɤɜɚɡɢɩɨɥɧɨɣ, ɬ.ɟ. ɜɵɩɨɥɧɹɟɬɫɹ ɫɨɨɬɧɨɲɟɧɢɟ ɤɜɚɡɢɩɨɥɧɨɬɵ 
3,23,2

0
3,2

~
XXX = . ɉɪɢɱɟɦ ɦɨɳɧɨɫɬɶ ɆȾɊ ɧɟ ɩɪɟɜɵɲɚɟɬ ɤɨɥɢɱɟɫɬɜɚ 
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ɫɨɜɟɪɲɟɧɧɵɯ ɩɚɪɨɫɨɱɟɬɚɧɢɣ ɧɚ ɩɨɥɧɨɦ ɧɚ ɞɜɭɞɨɥɶɧɨɦ ɝɪɚɮɟ )!2(3,2
nX  , ɚ 

ɦɨɳɧɨɫɬɢ ɉɆ ɢ ɉɆȺ ɢɦɟɸɬ ɜɟɪɯɧɸɸ ɝɪɚɧɢɰɭ 
2

~
3,2

0
3,2

nXX = . 

Ɉɛɨɛɳɢɦ ɩɨɥɭɱɟɧɧɵɟ ɪɟɡɭɥɶɬɚɬɵ. 
Ɍɟɨɪɟɦɚ 3. Ⱦɜɭɤɪɢɬɟɪɢɚɥɶɧɚɹ ɡɚɞɚɱɚ 3,1

Z  ɫ ɜɟɤɬɨɪɧɨɣ ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɟɣ 
(1)-(3), ɞɨɩɭɫɬɢɦɨɟ ɪɟɲɟɧɢɟ ɤɨɬɨɪɨɣ ɩɨ ɤɪɢɬɟɪɢɸ 1  ɢɦɟɟɬ ɩɨɫɬɨɹɧɧɨɟ ɱɢɫɥɨ 
ɪɟɛɟɪ, ɹɜɥɹɟɬɫɹ ɤɜɚɡɢɩɨɥɧɨɣ, ɬ.ɟ. ɫɩɪɚɜɟɞɥɢɜɨ ɫɨɨɬɧɨɲɟɧɢɟ 

3,3,3,
0

111

~
 XXX = . Ɇɨɳɧɨɫɬɶ ɆȾɊ 3,1

X  ɨɩɪɟɞɟɥɹɟɬɫɹ ɦɨɳɧɨɫɬɶɸ ɆȾɊ 

ɡɚɞɚɱɢ 
1

Z . ɉɆ ɫɨɜɩɚɞɚɟɬ ɫ ɉɆȺ. Ɇɨɳɧɨɫɬɶ ɉɆ ɢ ɉɆȺ ɨɩɪɟɞɟɥɹɟɬɫɹ 
ɤɨɥɢɱɟɫɬɜɨɦ ɤɥɚɫɫɨɜ ɪɚɡɛɢɟɧɢɹ ɆȾɊ ɩɨ ɩɪɢɡɧɚɤɭ «ɧɚɢɛɨɥɶɲɢɣ ɜɬɨɪɨɣ ɜɟɫ 
ɪɟɛɪɚ». ȼɟɪɯɧɟɣ ɝɪɚɧɢɰɟɣ ɦɨɳɧɨɫɬɟɣ ɉɆ ɢ ɉɆȺ ɹɜɥɹɟɬɫɹ ɤɨɥɢɱɟɫɬɜɨ ɪɟɛɟɪ 
ɝɪɚɮɚ G . 

Ɋɚɫɫɦɨɬɪɢɦ ɚɥɝɨɪɢɬɦ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ 3,1Z , ɤɨɬɨɪɵɣ ɢɦɟɸɬ 
ɩɨɥɢɧɨɦɢɥɶɧɭɸ ɫɥɨɠɧɨɫɬɶ. ɇɚ ɩɟɪɜɨɦ ɷɬɚɩɟ ɪɟɛɪɚ ɭɩɨɪɹɞɨɱɢɜɚɸɬɫɹ ɩɨ 
ɡɧɚɱɟɧɢɸ ɜɬɨɪɨɝɨ ɜɟɫɚ )(2 e , Ee , mE =  ɡɚ ))log(( mmO  ɨɩɟɪɚɰɢɣ. Ⱦɚɥɟɟ 
ɩɨɜɬɨɪɹɟɦ mE =  ɪɚɡ ɩɪɨɰɟɞɭɪɭ ɩɨɫɬɪɨɟɧɢɹ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɨɫɬɨɜɧɨɝɨ 
ɞɟɪɟɜɚ ɚɥɝɨɪɢɬɦɨɦ Ʉɪɚɫɤɚɥɚ ( ))log(( mmO ) ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɩɟɪɜɵɯ ɜɟɫɨɜ 
ɪɟɛɟɪ )(1 e  ɩɪɢ ɭɫɥɨɜɢɢ ɨɛɹɡɚɬɟɥɶɧɨɝɨ ɧɚɥɢɱɢɹ ɪɟɛɪɚ, ɨɱɟɪɟɞɧɨɝɨ ɜ ɦɚɫɫɢɜɟ, 
ɭɩɨɪɹɞɨɱɟɧɧɨɦ ɧɚ ɩɟɪɜɨɦ ɷɬɚɩɟ [3]. ɂɡ ɩɨɥɭɱɟɧɧɵɯ ɪɟɲɟɧɢɣ ɮɨɪɦɢɪɭɟɦ ɉɆ 

3,1

~
X  ɡɚ )(mO ɨɩɟɪɚɰɢɣ. Ⱥɥɝɨɪɢɬɦ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ 3,1Z  ɢɦɟɟɬ 
ɜɵɱɢɫɥɢɬɟɥɶɧɭɸ ɫɥɨɠɧɨɫɬɶ )()()1))(log(( 4mOmOmmmO ++ .  

Ⱥɧɚɥɨɝɢɱɧɨ ɞɥɹ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ 3,2Z : E  ɪɚɡ ɩɨɜɬɨɪɹɟɬɫɹ ɩɪɨɰɟɞɭɪɚ 

ɩɨɫɬɪɨɟɧɢɹ ɫɨɜɟɪɲɟɧɧɵɯ ɩɚɪɨɫɨɱɟɬɚɧɢɣ ɧɚ ɞɜɭɞɨɥɶɧɨɦ ɝɪɚɮɟ ɚɥɝɨɪɢɬɦɨɦ ɫ 
ɜɵɱɢɫɥɢɬɟɥɶɧɨɣ ɫɥɨɠɧɨɫɬɶɸ )( 3nO [3]. Ⱥɥɝɨɪɢɬɦ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ 3,2Z  ɢɦɟɟɬ 
ɜɵɱɢɫɥɢɬɟɥɶɧɭɸ ɫɥɨɠɧɨɫɬɶ )()())log(( 53 nOnOEnnO + . 

ȼɵɜɨɞɵ. ȼ ɫɬɚɬɶɟ ɫɮɨɪɦɭɥɢɪɨɜɚɧɚ ɬɟɨɪɟɦɚ ɨ ɤɜɚɡɢɩɨɥɧɨɬɟ 
ɞɜɭɯɤɪɢɬɟɪɢɚɥɶɧɵɯ ɡɚɞɚɱ, ɢɦɟɸɳɢɯ ɩɨɫɬɨɹɧɧɨɟ ɱɢɫɥɨ ɪɟɛɟɪ ɞɨɩɭɫɬɢɦɨɝɨ 
ɪɟɲɟɧɢɹ ɩɨ ɩɟɪɜɨɦɭ ɤɪɢɬɟɪɢɸ, ɰɟɥɟɜɚɹ ɮɭɧɤɰɢɹ ɤɨɬɨɪɵɯ ɫɨɞɟɪɠɢɬ ɤɪɢɬɟɪɢɣ 
ɜɟɫɚ ɢ ɤɪɢɬɟɪɢɣ ɦɢɧɢɦɚɤɫɧɨɝɨ ɪɟɛɪɚ. ɋɮɨɪɦɢɪɨɜɚɧɚ ɦɟɬɨɞɢɤɚ ɢɡɭɱɟɧɢɹ 
ɫɜɨɣɫɬɜ ɢ ɨɰɟɧɤɢ ɦɨɳɧɨɫɬɟɣ ɞɨɩɭɫɬɢɦɨɝɨ ɦɧɨɠɟɫɬɜɚ ɪɟɲɟɧɢɣ, ɩɚɪɟɬɨɜɫɤɨɝɨ 
ɦɧɨɠɟɫɬɜɚ ɢ ɩɨɥɧɨɝɨ ɦɧɨɠɟɫɬɜɚ ɚɥɶɬɟɪɧɚɬɢɜ ɞɥɹ ɡɚɞɚɱ ɜɵɞɟɥɟɧɧɨɝɨ ɤɥɚɫɫɚ. 
ɉɨɥɭɱɟɧɵ ɨɰɟɧɤɢ ɞɥɹ ɞɜɭɯ ɩɪɟɞɫɬɚɜɢɬɟɥɟɣ ɷɬɨɝɨ ɤɥɚɫɫɚ: «ɨɛ ɨɫɬɨɜɧɨɦ 
ɞɟɪɟɜɟ ɢ ɦɢɧɢɦɚɤɫɧɨɝɨ ɪɟɛɪɟ», «ɨ ɫɨɜɟɪɲɟɧɧɨɦ ɩɚɪɨɫɨɱɟɬɚɧɢɢ ɧɚ 
ɞɜɭɞɨɥɶɧɨɦ ɝɪɚɮɟ ɢ ɦɢɧɢɦɚɤɫɧɨɦ ɪɟɛɪɟ». ɉɪɟɞɥɨɠɟɧɵ ɩɨɥɢɧɨɦɢɚɥɶɧɵɟ 
ɚɥɝɨɪɢɬɦɵ ɪɟɲɟɧɢɹ ɷɬɢɯ ɡɚɞɚɱ ɫ ɨɰɟɧɤɨɣ ɜɵɱɢɫɥɢɬɟɥɶɧɨɣ ɫɥɨɠɧɨɫɬɢ. 

 
Ȼɢɛɥɢɨɝɪɚɮɢɱɟɫɤɢɟ ɫɫɵɥɤɢ 
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Ⱥ.ɋ. Ɍɢɬɹɩɤɢɧ., ȼ.ɗ. ȼɨɥɤɨɜ  
Ɉɞɟɫɫɤаɹ ɧаɰɢɨɧаɥɶɧаɹ аɤаɞɟɦɢɹ ɩɢɳɟɜɵɯ ɬɟɯɧɨɥɨɝɢɣ 

 

ȽɊȺɇɂɑɇЫȿ ɍɋɅɈȼɂə ȼ ɁȺȾȺɑȺɏ ɂɋɋɅȿȾɈȼȺɇɂə  

ɍɋɌɈɃɑɂȼɈɋɌɂ ɉɅɈɋɄɈɃ ɋɌȺɐɂɈɇȺɊɇɈɃ  
ȾȿɌɈɇȺɐɂɈɇɇɈɃ ȼɈɅɇЫ 

 
Ɋɚɫɫɦɨɬɪɟɧɵ ɩɪɨɛɥɟɦɵ ɢɫɫɥɟɞɨɜɚɧɢɹ ɭɫɬɨɣɱɢɜɨɫɬɢ ɩɥɨɫɤɨɣ ɫɬɚɰɢɨɧɚɪɧɨɣ 

ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ. ɉɨɤɚɡɚɧɨ, ɱɬɨ ɝɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ ɞɥɹ ɞɜɭɯɮɪɨɧɬɨɜɨɣ ɦɨɞɟɥɢ 
ɩɨɡɜɨɥɹɸɬ ɨɰɟɧɢɬɶ ɨɫɧɨɜɧɵɟ ɩɚɪɚɦɟɬɪɵ ɜɧɭɬɪɟɧɧɟɣ ɫɬɪɭɤɬɭɪɵ ɝɚɡɨɜɨɣ ɞɟɬɨɧɚɰɢɢ. 
Ɍɚɤɚɹ ɦɨɞɟɥɶ ɦɨɠɟɬ ɫɥɭɠɢɬɶ ɨɫɧɨɜɨɣ ɞɥɹ ɪɚɡɪɚɛɨɬɤɢ ɦɚɬɟɦɚɬɢɱɟɫɤɨɝɨ ɢ 
ɩɪɨɝɪɚɦɦɧɨɝɨ ɨɛɟɫɩɟɱɟɧɢɹ ɢɧɬɟɥɥɟɤɬɭɚɥɶɧɨɣ ɫɢɫɬɟɦɵ ɩɨɞɞɟɪɠɤɢ ɩɪɢɧɹɬɢɹ 
ɪɟɲɟɧɢɣ ɩɨ ɩɪɨɛɥɟɦɚɦ ɜɡɪɵɜɨɛɟɡɨɩɚɫɧɨɫɬɢ ɢ ɜɡɪɵɜɨɡɚɳɢɬɵ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɭɫɬɨɣɱɢɜɨɫɬɶ, ɞɟɬɨɧɚɰɢɨɧɧɚɹ ɜɨɥɧɚ, ɝɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ. 
 

Ɋɨɡɝɥɹɧɭɬɨ ɩɪɨɛɥɟɦɢ ɞɨɫɥɿɞɠɟɧɧɹ ɫɬɿɣɤɨɫɬɿ ɩɥɨɫɤɨʀ ɫɬɚɰɿɨɧɚɪɧɨʀ ɞɟɬɨɧɚɰɿɣɧɨʀ 
ɯɜɢɥɿ. ɉɨɤɚɡɚɧɨ, ɳɨ ɝɪɚɧɢɱɧɿ ɭɦɨɜɢ ɞɥɹ ɞɜɭɯɮɪɨɧɬɨɜɨʀ ɦɨɞɟɥɿ ɞɨɡɜɨɥɹɸɬɶ ɨɰɿɧɢɬɢ 
ɨɫɧɨɜɧɿ ɩɚɪɚɦɟɬɪɢ ɜɧɭɬɪɿɲɧɶɨʀ ɫɬɪɭɤɬɭɪɢ ɝɚɡɨɜɨʀ ɞɟɬɨɧɚɰɿʀ. Ɍɚɤɚ ɦɨɞɟɥɶ ɦɨɠɟ 
ɫɥɭɠɢɬɢ ɨɫɧɨɜɨɸ ɞɥɹ ɪɨɡɪɨɛɤɢ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɬɚ ɩɪɨɝɪɚɦɧɨɝɨ ɡɚɛɟɡɩɟɱɟɧɧɹ 
ɿɧɬɟɥɟɤɬɭɚɥɶɧɨʀ ɫɢɫɬɟɦɢ ɩɿɞɬɪɢɦɤɢ ɩɪɢɣɧɹɬɬɹ ɪɿɲɟɧɶ ɡ ɩɢɬɚɧɶ ɜɢɛɭɯɨɛɟɡɩɟɤɢ ɿ 
ɜɢɛɭɯɨɡɚɯɢɫɬɭ. ȼɢɤɨɧɚɧɨ ɫɩɪɨɛɭ ɫɢɫɬɟɦɚɬɢɡɭɜɚɬɢ ɩɪɨɛɥɟɦɭ ɜɫɬɚɧɨɜɥɟɧɧɹ ɝɪɚɧɢɱɧɢɯ 
ɭɦɨɜ ɩɪɢ ɜɢɜɱɟɧɧɿ ɫɬɿɣɤɨɫɬɿ ɞɟɬɨɧɚɰɿɣɧɨʀ ɯɜɢɥɿ ɡ ɦɟɬɨɸ ɩɨɞɚɥɶɲɨɝɨ ɫɬɜɨɪɟɧɧɹ 
ɫɢɫɬɟɦɢ ɩɿɞɬɪɢɦɤɢ ɩɪɢɣɧɹɬɬɹ ɪɿɲɟɧɶ ɡ ɩɪɨɛɥɟɦ ɜɢɛɭɯɨɛɟɡɩɟɤɢ ɬɚ ɜɢɛɭɯɨɡɚɯɢɫɬɭ. 

Ɋɨɡɝɥɹɧɭɬɨ ɧɚɫɬɭɩɧɿ ɦɨɞɟɥɿ ɩɥɨɫɤɨʀ ɫɬɚɰɿɨɧɚɪɧɨʀ ɞɟɬɨɧɚɰɿɣɧɨʀ ɯɜɢɥɿ, ɞɥɹ ɹɤɢɯ 
ɡɞɿɣɫɧɸєɬɶɫɹ ɩɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ ɩɪɨ ɫɬɿɣɤɿɫɬɶ: 

1) ɦɨɞɟɥɶ ɞɟɬɨɧɚɰɿʀ ɑɟɩɦɟɧɚ-ɀɭɝɟ є ɧɚɣɩɪɨɫɬɿɲɨɸ ɦɨɞɟɥɥɸ, ɜ ɹɤɿɣ ɭɞɚɪɧɨ-

ɞɟɬɨɧɚɰɿɣɧɢɣ ɮɪɨɧɬ ɦɨɞɟɥɸєɬɶɫɹ ɩɪɹɦɢɦ ɫɬɪɢɛɤɨɦ ɭɳɿɥɶɧɟɧɧɹ, ɿ ɜɫɿ ɯɿɦɿɱɧɿ 
ɩɟɪɟɬɜɨɪɟɧɧɹ ɜɿɞɛɭɜɚɸɬɶɫɹ ɦɢɬɬєɜɨ, ɛɟɡɩɨɫɟɪɟɞɧɶɨ ɧɚ ɮɪɨɧɬɿ; 

2) ɞɜɭɯɮɪɨɧɬɨɜɚ (ɨɞɧɨɫɬɭɩɟɧɟɜɚ) ɦɨɞɟɥɶ ɡɚɫɧɨɜɚɧɚ ɧɚ ɩɪɢɩɭɳɟɧɧɿ, ɳɨ ɯɿɦɿɱɧɿ 
ɩɟɪɟɬɜɨɪɟɧɧɹ ɬɚɤɨɠ ɜɿɞɛɭɜɚɸɬɶɫɹ ɦɢɬɬєɜɨ, ɚɥɟ ɧɟ ɧɚ ɩɪɨɜɿɞɧɨɦɭ ɭɞɚɪɧɨɦɭ ɮɪɨɧɬɿ, ɚ 
ɜ ɞɟɹɤɿɣ ɩɥɨɳɢɧɿ (ɬɚɤ ɡɜɚɧɨɦɭ ɮɪɨɧɬɿ ɦɢɬɬєɜɨɝɨ ɡɝɨɪɹɧɧɹ), ɹɤɢɣ ɜɿɞɞɿɥɟɧɢɣ ɜɿɞ 
ɩɪɨɜɿɞɧɨɝɨ ɭɞɚɪɧɨɝɨ ɮɪɨɧɬɭ ɡɨɧɨɸ ɿɧɞɭɤɰɿʀ; 

3) ɛɚɝɚɬɨɫɬɭɩɟɧɟɜɚ ɦɨɞɟɥɶ, ɹɤɚ ɚɩɪɨɤɫɢɦɭє ɛɟɡɩɟɪɟɪɜɧɢɣ ɪɨɡɩɨɞɿɥ ɩɚɪɚɦɟɬɪɿɜ ɡɚ 
ɩɪɨɜɿɞɧɢɦ ɭɞɚɪɧɢɦ ɮɪɨɧɬɨɦ ɤɭɫɨɱɧɨ-ɩɨɫɬɿɣɧɨɸ ɮɭɧɤɰɿєɸ; 

4) ɦɨɞɟɥɶ ɡ ɛɟɡɩɟɪɟɪɜɧɢɦ ɪɨɡɩɨɞɿɥɨɦ ɩɚɪɚɦɟɬɪɿɜ ɡɚ ɩɪɨɜɿɞɧɢɦ ɭɞɚɪɧɢɦ ɮɪɨɧɬɨɦ, 
ɹɤɚ ɧɚɣɛɿɥɶɲ ɬɨɱɧɨ ɜɿɞɨɛɪɚɠɚє ɪɟɚɥɶɧɿ ɮɿɡɢɱɧɿ ɩɪɨɰɟɫɢ ɜ ɫɬɚɰɿɨɧɚɪɧɿɣ ɞɟɬɨɧɚɰɿɣɧɿɣ 
ɯɜɢɥɿ. 

ɐɿ ɦɨɞɟɥɿ ɩɪɢɧɰɢɩɨɜɨ ɜɿɞɪɿɡɧɹɸɬɶɫɹ ɝɪɚɧɢɱɧɢɦɢ ɭɦɨɜɚɦɢ, ɹɤɢɦ ɡɚɞɨɜɨɥɶɧɹɸɬɶ 
ɦɚɥɿ ɡɛɭɪɟɧɧɹ ɜ ɨɛɥɚɫɬɿ, ɳɨ ɪɨɡɞɿɥɹє ɨɛɥɚɫɬɿ ɜɢɯɿɞɧɨɝɨ ɝɨɪɸɱɨɝɨ ɫɟɪɟɞɨɜɢɳɚ ɬɚ 
ɩɪɨɞɭɤɬɿɜ ɞɟɬɨɧɚɰɿʀ. ɉɟɪɟɜɚɝɢ ɬɚ ɧɟɞɨɥɿɤɢ ɨɩɢɫɚɧɢɯ ɜɢɳɟ ɦɨɞɟɥɟɣ ɨɰɿɧɸɸɬɶɫɹ ɡ 
ɬɨɱɤɢ ɡɨɪɭ ɩɪɚɜɢɥɶɧɨɫɬɿ ɮɿɡɢɱɧɨɝɨ ɚɧɚɥɿɡɭ ɩɪɨɰɟɫɭ ɞɟɬɨɧɚɰɿʀ ɬɚ ɡ ɬɨɱɤɢ ɡɨɪɭ 
ɩɪɢɞɚɬɧɨɫɬɿ ɞɥɹ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɡɚɛɟɡɩɟɱɟɧɧɹ ІɋɉɉɊ ɡ ɩɪɨɛɥɟɦ ɜɢɛɭɯɨɛɟɡɩɟɤɢ ɬɚ 
ɜɢɛɭɯɨɡɚɯɢɫɬɭ. ɉɨɤɚɡɚɧɨ, ɳɨ ɝɪɚɧɢɱɧɿ ɭɦɨɜɢ ɞɥɹ ɞɜɭɯɮɪɨɧɬɨɜɨʀ ɦɨɞɟɥɿ ɞɨɡɜɨɥɹɸɬɶ 
ɨɰɿɧɢɬɢ ɨɫɧɨɜɧɿ ɩɚɪɚɦɟɬɪɢ ɜɧɭɬɪɿɲɧɶɨʀ ɫɬɪɭɤɬɭɪɢ ɝɚɡɨɜɨʀ ɞɟɬɨɧɚɰɿʀ. Ɍɚɤɚ ɦɨɞɟɥɶ 
ɦɨɠɟ ɫɥɭɠɢɬɢ ɨɫɧɨɜɨɸ ɞɥɹ ɪɨɡɪɨɛɤɢ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɬɚ ɩɪɨɝɪɚɦɧɨɝɨ ɡɚɛɟɡɩɟɱɟɧɧɹ 
ІɋɉɉɊ ɩɨ ɩɪɨɛɥɟɦɚɦ ɜɢɛɭɯɨɛɟɡɩɟɤɢ ɬɚ ɜɢɛɭɯɨɡɚɯɢɫɬɭ. 
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Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɫɬɿɣɤɿɫɬɶ, ɞɟɬɨɧɚɰɿɣɧɚ ɯɜɢɥɹ, ɝɪɚɧɢɱɧɿ ɭɦɨɜɢ. 
 

The research’s problems of a plane stationary detonation wave’s stability are consid-

ered. It is shown that the boundary conditions for the two-front model allow estimating the 

main parameters of the internal structure of gas detonation. Such a model can serve as the 

basis for development of mathematical support and software for an intellectual decision 

support system for the problems of explosion-proof and explosion protection. 

An attempt has been made to systematize the problem of setting boundary conditions in 

studies of the stability of a detonation wave in order to further create a decision support 

system (DSS) on problems of explosion safety and explosion protection. 

The following models of a plane stationary detonation wave were considered, which the 

stability problem is stated for:  

1) the Chapman-Jouget detonation model is the simplest model where the shock-

detonation front is modeled by a direct shock wave, and all chemical transformations are 

assumed to occur instantaneously, directly at the front; 

2) a two-front (single-stage, square-wave) model based on the assumption that chemical 

transformations also occur instantaneously, not on the leading shock front, but in a plane 

(called the instantaneous combustion front), which is separated from the leading shock 

front by the induction zone; 

3) a multistage model that approximates the continuous distribution of parameters be-

hind the leading shock front piecewise constant function; 

4) a model with a continuous distribution of parameters behind the leading shock front, 

which most accurately reflects the real physical processes in a stationary detonation wave. 

These models are fundamentally different in boundary conditions, which small pertur-

bations in the region separating the regions of the initial combustible medium and detona-

tion products satisfy. The advantages and disadvantages of the models described above are  

both assessed from the standpoint of the correctness of the physical analysis of the detona-

tion process and from the point of view of applicability for the mathematical support of 

DSS on problems of explosion safety and explosion protection. 

It is shown that the boundary conditions for the two-front model allow to estimate the 

main parameters of the internal structure of the gas detonation. Such model can be as the 

basis for the development of mathematical support and software of DSS for problems of 

explosion safety and explosion protection. 

Keywords: stability, detonation wave, boundary conditions. 

 

ȼɜɟɞɟɧɢɟ. Ʉ ɧɚɫɬɨɹɳɟɦɭ ɜɪɟɦɟɧɢ ɨɩɭɛɥɢɤɨɜɚɧɨ ɡɧɚɱɢɬɟɥɶɧɨɟ ɤɨɥɢɱɟɫɬɜɨ 
ɪɚɛɨɬ, ɩɨɫɜɹɳɟɧɧɵɯ ɬɟɨɪɟɬɢɱɟɫɤɢɦ ɢɫɫɥɟɞɨɜɚɧɢɹɦ ɭɫɬɨɣɱɢɜɨɫɬɢ ɩɥɨɫɤɨɣ 
ɫɬɚɰɢɨɧɚɪɧɨɣ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ ɜ ɝɚɡɨɜɵɯ ɫɦɟɫɹɯ [1-6]. Ɋɟɡɭɥɶɬɚɬɵ ɷɬɢɯ 
ɢɫɫɥɟɞɨɜɚɧɢɣ ɩɨɡɜɨɥɹɸɬ ɨɰɟɧɢɬɶ ɬɟɨɪɟɬɢɱɟɫɤɢ [6-9] ɨɫɧɨɜɧɵɟ ɷɥɟɦɟɧɬɵ 
ɩɪɨɫɬɪɚɧɫɬɜɟɧɧɨ-ɜɪɟɦɟɧɧɨɣ (ɩɭɥɶɫɚɰɢɨɧɧɨɣ) ɫɬɪɭɤɬɭɪɵ ɞɟɬɨɧɚɰɢɨɧɧɨɣ 
ɜɨɥɧɵ, ɧɚɛɥɸɞɚɟɦɵɟ ɷɤɫɩɟɪɢɦɟɧɬɚɥɶɧɨ [10-13], ɜ ɩɟɪɜɭɸ ɨɱɟɪɟɞɶ – 
ɜɧɭɬɪɟɧɧɢɟ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɟ ɦɚɫɲɬɚɛɵ (ɪɚɡɦɟɪ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɹɱɟɣɤɢ, 
ɱɚɫɬɨɬɭ ɩɭɥɶɫɚɰɢɣ). ȼ ɞɚɧɧɨɣ ɪɚɛɨɬɟ ɫɞɟɥɚɧɚ ɩɨɩɵɬɤɚ ɫɢɫɬɟɦɚɬɢɡɢɪɨɜɚɬɶ 
ɩɪɨɛɥɟɦɭ ɩɨɫɬɚɧɨɜɤɢ ɝɪɚɧɢɱɧɵɯ ɭɫɥɨɜɢɣ ɜ ɢɫɫɥɟɞɨɜɚɧɢɹɯ ɭɫɬɨɣɱɢɜɨɫɬɢ 
ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ ɫ ɰɟɥɶɸ ɞɚɥɶɧɟɣɲɟɝɨ ɫɨɡɞɚɧɢɹ ɢɧɬɟɥɥɟɤɬɭɚɥɶɧɨɣ 
ɫɢɫɬɟɦɵ ɩɨɞɞɟɪɠɤɢ ɩɪɢɧɹɬɢɹ ɪɟɲɟɧɢɣ (ɂɋɉɉɊ) ɩɨ ɩɪɨɛɥɟɦɚɦ 
ɜɡɪɵɜɨɛɟɡɨɩɚɫɧɨɫɬɢ ɢ ɜɡɪɵɜɨɡɚɳɢɬɵ [14]. 
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ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ. Ɋɚɫɫɦɨɬɪɢɦ ɪɚɡɥɢɱɧɵɟ ɦɨɞɟɥɢ ɩɥɨɫɤɨɣ 
ɫɬɚɰɢɨɧɚɪɧɨɣ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ, ɞɥɹ ɤɨɬɨɪɵɯ ɨɫɭɳɟɫɬɜɥɹɟɬɫɹ 
ɩɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ ɨɛ ɭɫɬɨɣɱɢɜɨɫɬɢ, ɚ ɢɦɟɧɧɨ: 

1) ɦɨɞɟɥɶ ɞɟɬɨɧɚɰɢɢ ɑɟɩɦɟɧɚ-ɀɭɝɟ – ɩɪɨɫɬɟɣɲɚɹ ɦɨɞɟɥɶ, ɜ ɤɨɬɨɪɨɣ 
ɭɞɚɪɧɨ-ɞɟɬɨɧɚɰɢɨɧɧɵɣ ɮɪɨɧɬ ɦɨɞɟɥɢɪɭɟɬɫɹ ɩɪɹɦɵɦ ɫɤɚɱɤɨɦ ɭɩɥɨɬɧɟɧɢɹ 
[11,15]. ɉɪɢ ɷɬɨɦ ɩɪɟɞɩɨɥɚɝɚɟɬɫɹ, ɱɬɨ ɜɫɟ ɯɢɦɢɱɟɫɤɢɟ ɩɪɟɜɪɚɳɟɧɢɹ 
ɩɪɨɢɫɯɨɞɹɬ ɦɝɧɨɜɟɧɧɨ, ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨ ɧɚ ɮɪɨɧɬɟ; 

2) ɞɜɭɯɮɪɨɧɬɨɜɚɹ (ɨɞɧɨɫɬɭɩɟɧɱɚɬɚɹ) ɦɨɞɟɥɶ (ɪɢɫ. 1), ɨɫɧɨɜɚɧɧɚɹ ɧɚ 
ɩɪɟɞɩɨɥɨɠɟɧɢɢ, ɱɬɨ ɯɢɦɢɱɟɫɤɢɟ ɩɪɟɜɪɚɳɟɧɢɹ ɬɚɤɠɟ ɩɪɨɢɫɯɨɞɹɬ ɦɝɧɨɜɟɧɧɨ, 
ɧɨ ɧɟ ɧɚ ɜɟɞɭɳɟɦ ɭɞɚɪɧɨɦ ɮɪɨɧɬɟ, ɚ ɜ ɧɟɤɨɬɨɪɨɣ ɩɥɨɫɤɨɫɬɢ (ɧɚɡɵɜɚɟɦɨɣ 
ɮɪɨɧɬɨɦ ɦɝɧɨɜɟɧɧɨɝɨ ɫɝɨɪɚɧɢɹ), ɤɨɬɨɪɚɹ ɨɬɞɟɥɟɧɚ ɨɬ ɜɟɞɭɳɟɝɨ ɭɞɚɪɧɨɝɨ 
ɮɪɨɧɬɚ ɡɨɧɨɣ ɢɧɞɭɤɰɢɢ, ɜ ɤɨɬɨɪɨɣ ɨɫɭɳɟɫɬɜɥɹɟɬɫɹ «ɩɨɞɝɨɬɨɜɤɚ» ɯɢɦɢɱɟɫɤɢɯ 
ɩɪɟɜɪɚɳɟɧɢɣ ɫ ɬɟɩɥɨɜɵɞɟɥɟɧɢɟɦ [11]; 

3) ɦɧɨɝɨɫɬɭɩɟɧɱɚɬɚɹ ɦɨɞɟɥɶ, ɚɩɩɪɨɤɫɢɦɢɪɭɸɳɚɹ ɧɟɩɪɟɪɵɜɧɨɟ 
ɪɚɫɩɪɟɞɟɥɟɧɢɟ ɩɚɪɚɦɟɬɪɨɜ ɡɚ ɜɟɞɭɳɢɦ ɭɞɚɪɧɵɦ ɮɪɨɧɬɨɦ ɤɭɫɨɱɧɨ-
ɩɨɫɬɨɹɧɧɨɣ ɮɭɧɤɰɢɟɣ (ɪɢɫ. 2); 

4) ɦɨɞɟɥɶ ɫ ɧɟɩɪɟɪɵɜɧɵɦ ɪɚɫɩɪɟɞɟɥɟɧɢɟɦ ɩɚɪɚɦɟɬɪɨɜ ɡɚ ɜɟɞɭɳɢɦ 
ɭɞɚɪɧɵɦ ɮɪɨɧɬɨɦ, ɤɨɬɨɪɚɹ ɧɚɢɛɨɥɟɟ ɬɨɱɧɨ ɨɬɨɛɪɚɠɚɟɬ ɪɟɚɥɶɧɵɟ ɮɢɡɢɱɟɫɤɢɟ 
ɩɪɨɰɟɫɫɵ ɜ ɫɬɚɰɢɨɧɚɪɧɨɣ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɟ. 

ɗɬɢ ɦɨɞɟɥɢ ɩɪɢɧɰɢɩɢɚɥɶɧɨ ɨɬɥɢɱɚɸɬɫɹ  ɝɪɚɧɢɱɧɵɦɢ ɭɫɥɨɜɢɹɦɢ, ɤɨɬɨɪɵɦ, 
ɩɪɢ ɪɟɲɟɧɢɢ ɡɚɞɚɱɢ ɨɛ ɭɫɬɨɣɱɢɜɨɫɬɢ, ɭɞɨɜɥɟɬɜɨɪɹɸɬ ɦɚɥɵɟ ɜɨɡɦɭɳɟɧɢɹ ɜ 
ɨɛɥɚɫɬɢ, ɪɚɡɞɟɥɹɸɳɟɣ ɨɛɥɚɫɬɢ ɢɫɯɨɞɧɨɣ ɝɨɪɸɱɟɣ ɫɪɟɞɵ ɢ ɩɪɨɞɭɤɬɨɜ 
ɞɟɬɨɧɚɰɢɢ. Ɂɚɞɚɱɚ ɫɨɫɬɨɢɬ ɜ ɬɨɦ, ɱɬɨɛɵ ɨɰɟɧɢɬɶ ɞɨɫɬɨɢɧɫɬɜɚ ɢ ɧɟɞɨɫɬɚɬɤɢ 
ɨɩɢɫɚɧɧɵɯ ɜɵɲɟ ɦɨɞɟɥɟɣ ɤɚɤ ɫ ɩɨɡɢɰɢɣ ɤɨɪɪɟɤɬɧɨɫɬɢ ɮɢɡɢɱɟɫɤɨɝɨ ɚɧɚɥɢɡɚ 
ɞɟɬɨɧɚɰɢɨɧɧɨɝɨ ɩɪɨɰɟɫɫɚ, ɬɚɤ ɢ ɫ ɬɨɱɤɢ ɡɪɟɧɢɹ ɩɪɢɦɟɧɢɦɨɫɬɢ ɞɥɹ 
ɦɚɬɟɦɚɬɢɱɟɫɤɨɝɨ ɨɛɟɫɩɟɱɟɧɢɹ ɂɋɉɉɊ ɩɨ ɩɪɨɛɥɟɦɚɦ ɜɡɪɵɜɨɛɟɡɨɩɚɫɧɨɫɬɢ ɢ 
ɜɡɪɵɜɨɡɚɳɢɬɵ. 

 
Ɋɢɫ. 1. ɋɯɟɦɚɬɢɱɟɫɤɢɣ ɩɪɨɮɢɥɶ ɞɚɜɥɟɧɢɹ ɜ ɞɜɭɯɮɪɨɧɬɨɜɨɣ ɦɨɞɟɥɢ 

ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ 
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Ɋɢɫ. 2. ɋɯɟɦɚɬɢɱɟɫɤɢɣ ɩɪɨɮɢɥɶ ɞɚɜɥɟɧɢɹ ɜ ɦɧɨɝɨɫɬɭɩɟɧɱɚɬɨɣ ɦɨɞɟɥɢ 

ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ 

 
Ɋɟɲɟɧɢɟ ɡɚɞɚɱɢ ɨɛ ɭɫɬɨɣɱɢɜɨɫɬɢ ɩɥɨɫɤɨɣ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ. 

Ɇɚɬɟɦɚɬɢɱɟɫɤɨɟ ɢɫɫɥɟɞɨɜɚɧɢɟ ɭɫɬɨɣɱɢɜɨɫɬɢ ɩɥɨɫɤɨɣ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ 
ɞɥɹ ɥɸɛɨɣ ɢɡ ɩɟɪɟɱɢɫɥɟɧɧɵɯ ɜɵɲɟ ɦɨɞɟɥɟɣ ɫɜɨɞɢɬɫɹ ɤ ɫɥɟɞɭɸɳɟɦɭ 
ɚɥɝɨɪɢɬɦɭ ɞɟɣɫɬɜɢɣ: 

– ɫɢɫɬɟɦɚ ɝɚɡɨɞɢɧɚɦɢɱɟɫɤɢɯ ɭɪɚɜɧɟɧɢɣ (ɤɨɬɨɪɵɦ ɭɞɨɜɥɟɬɜɨɪɹɸɬ 
ɩɚɪɚɦɟɬɪɵ ɩɨɬɨɤɚ ɜ ɫɬɚɰɢɨɧɚɪɧɨɣ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɟ), ɩɪɟɞɫɬɚɜɥɹɸɳɚɹ 
ɫɨɛɨɣ ɫɢɫɬɟɦɭ ɧɟɥɢɧɟɣɧɵɯ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɫ ɱɚɫɬɧɵɦɢ 
ɩɪɨɢɡɜɨɞɧɵɦɢ, ɥɢɧɟɚɪɢɡɭɟɬɫɹ; 

– ɜɵɛɨɪ ɜɢɞɚ ɢɫɤɨɦɵɯ ɦɚɥɵɯ ɜɨɡɦɭɳɟɧɢɣ (ɪɚɫɫɦɚɬɪɢɜɚɸɬɫɹ ɬɨɥɶɤɨ 
ɜɨɡɦɭɳɟɧɢɹ ɷɤɫɩɨɧɟɧɰɢɚɥɶɧɨɝɨ ɬɢɩɚ) ɩɨɡɜɨɥɹɟɬ ɩɟɪɟɣɬɢ ɨɬ ɫɢɫɬɟɦɵ 
ɥɢɧɟɣɧɵɯ ɨɞɧɨɪɨɞɧɵɯ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɫ ɱɚɫɬɧɵɦɢ 
ɩɪɨɢɡɜɨɞɧɵɦɢ ɤ ɫɢɫɬɟɦɟ ɨɛɵɤɧɨɜɟɧɧɵɯ ɥɢɧɟɣɧɵɯ ɨɞɧɨɪɨɞɧɵɯ 
ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ; ɧɚɯɨɠɞɟɧɢɟ ɨɛɳɟɝɨ ɪɟɲɟɧɢɹ ɷɬɨɣ ɫɢɫɬɟɦɵ 
ɭɪɚɜɧɟɧɢɣ ɩɨɡɜɨɥɹɟɬ ɡɚɩɢɫɚɬɶ ɱɚɫɬɧɵɟ ɪɟɲɟɧɢɹ ɥɢɧɟɚɪɢɡɨɜɚɧɧɨɣ ɫɢɫɬɟɦɵ 
ɭɪɚɜɧɟɧɢɣ ɫ ɱɚɫɬɧɵɦɢ ɩɪɨɢɡɜɨɞɧɵɦɢ; 

– ɩɨɞɫɬɚɧɨɜɤɚ ɱɚɫɬɧɵɯ ɪɟɲɟɧɢɣ ɜ ɥɢɧɟɚɪɢɡɨɜɚɧɧɵɟ ɝɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ 
(ɤɨɬɨɪɵɦɢ ɹɜɥɹɸɬɫɹ ɡɚɤɨɧɵ ɫɨɯɪɚɧɟɧɢɹ ɦɚɫɫɵ, ɢɦɩɭɥɶɫɚ ɢ ɷɧɟɪɝɢɢ) 
ɩɨɡɜɨɥɹɟɬ ɩɨɥɭɱɢɬɶ ɫɢɫɬɟɦɭ ɥɢɧɟɣɧɵɯ ɨɞɧɨɪɨɞɧɵɯ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ 
ɭɪɚɜɧɟɧɢɣ ɨɬɧɨɫɢɬɟɥɶɧɨ ɧɟɨɩɪɟɞɟɥɟɧɧɵɯ ɤɨɧɫɬɚɧɬ ɢɡ ɨɛɳɟɝɨ ɪɟɲɟɧɢɹ 
ɫɢɫɬɟɦɵ ɨɛɵɤɧɨɜɟɧɧɵɯ ɥɢɧɟɣɧɵɯ ɨɞɧɨɪɨɞɧɵɯ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ 
ɭɪɚɜɧɟɧɢɣ. ɍɫɥɨɜɢɟ ɧɟɬɪɢɜɢɚɥɶɧɨɫɬɢ ɪɟɲɟɧɢɹ ɫɢɫɬɟɦɵ ɥɢɧɟɣɧɵɯ 
ɨɞɧɨɪɨɞɧɵɯ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɭɪɚɜɧɟɧɢɣ ɩɪɢɜɨɞɢɬ ɤ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɦɭ 
ɭɪɚɜɧɟɧɢɸ ɨɬɧɨɫɢɬɟɥɶɧɨ ɧɟɤɨɬɨɪɨɝɨ ɩɚɪɚɦɟɬɪɚ (ɫɨɛɫɬɜɟɧɧɨɝɨ ɱɢɫɥɚ), ɡɧɚɤ 
ɤɨɬɨɪɨɝɨ ɩɨɡɜɨɥɹɟɬ ɞɟɥɚɬɶ ɜɵɜɨɞɵ ɨɛ ɭɫɬɨɣɱɢɜɨɫɬɢ ɢɥɢ ɧɟɭɫɬɨɣɱɢɜɨɫɬɢ 
ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ. 

Ɋɚɫɫɦɨɬɪɢɦ ɩɟɪɜɵɟ ɞɜɚ ɩɭɧɤɬɚ ɩɪɢɜɟɞɟɧɧɨɝɨ ɜɵɲɟ ɚɥɝɨɪɢɬɦɚ 
ɢɫɫɥɟɞɨɜɚɧɢɹ ɭɫɬɨɣɱɢɜɨɫɬɢ ɩɥɨɫɤɨɣ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ ɜ ɩɪɢɦɟɧɟɧɢɢ ɤ 
ɦɨɞɟɥɹɦ 1)-3). 
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Ɉɫɧɨɜɧɨɟ ɬɟɱɟɧɢɟ ɢɞɟɚɥɶɧɨɝɨ (ɧɟɜɹɡɤɨɝɨ) ɫɠɢɦɚɟɦɨɝɨ ɝɚɡɚ, ɨɩɢɫɵɜɚɟɬɫɹ 
ɫɢɫɬɟɦɨɣ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɫ ɱɚɫɬɧɵɦɢ ɩɪɨɢɡɜɨɞɧɵɦɢ ɗɣɥɟɪɚ, 
ɧɟɪɚɡɪɵɜɧɨɫɬɢ ɢ ɛɚɥɚɧɫɚ ɷɧɟɪɝɢɢ, ɤɨɬɨɪɵɟ ɜ ɩɪɟɞɩɨɥɨɠɟɧɢɢ ɨɬɫɭɬɫɬɜɢɹ 
ɦɚɫɫɨɜɵɯ ɫɢɥ ɜ ɞɜɭɦɟɪɧɨɦ ɫɥɭɱɚɟ ɢɦɟɸɬ ɫɥɟɞɭɸɳɢɣ ɜɢɞ: 
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ɝɞɟ ,p   – ɞɚɜɥɟɧɢɟ ɢ ɩɥɨɬɧɨɫɬɶ, ,x yu u  – ɩɪɨɟɤɰɢɢ ɫɤɨɪɨɫɬɢ ɧɚ ɤɨɨɪɞɢɧɚɬɧɵɟ 
ɨɫɢ ,x y , h – ɭɞɟɥɶɧɚɹ ɷɧɬɚɥɶɩɢɹ (ɬɟɩɥɨɫɨɞɟɪɠɚɧɢɟ). 

ɉɪɢ ɷɬɨɦ ɩɪɟɞɩɨɥɚɝɚɟɬɫɹ, ɱɬɨ ɡɚɜɢɫɢɦɨɫɬɶ ( ),h h p=   ɢɡɜɟɫɬɧɚ ɢ 
ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɨɞɧɭ ɢɡ ɮɨɪɦ ɭɪɚɜɧɟɧɢɹ ɫɨɫɬɨɹɧɢɹ ɝɚɡɚ. ȼ ɫɥɭɱɚɟ 
ɫɨɜɟɪɲɟɧɧɨɝɨ ɝɚɡɚ ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ ɩɪɨɢɡɜɨɥɶɧɨɣ ɚɞɞɢɬɢɜɧɨɣ ɩɨɫɬɨɹɧɧɨɣ: 
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ɝɞɟ   – ɨɬɧɨɲɟɧɢɟ ɬɟɩɥɨɟɦɤɨɫɬɟɣ ɩɪɢ ɩɨɫɬɨɹɧɧɨɦ ɞɚɜɥɟɧɢɢ ɢ ɨɛɴɟɦɟ. 

Ɉɞɧɨɪɨɞɧɵɣ ɩɨɬɨɤ ɝɚɡɚ, ɞɜɢɠɭɳɢɣɫɹ ɜ ɧɚɩɪɚɜɥɟɧɢɢ ɨɫɢ Ox  ɫ ɩɨɫɬɨɹɧɧɨɣ 
ɫɤɨɪɨɫɬɶɸ ju , ɩɨɥɧɨɫɬɶɸ ɨɩɪɟɞɟɥɹɟɬɫɹ ɩɨɫɬɨɹɧɧɵɦɢ ɩɚɪɚɦɟɬɪɚɦɢ jp  ɢ j , 

ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɦ ɫɬɚɰɢɨɧɚɪɧɵɦ ɡɚɤɨɧɚɦ ɫɨɯɪɚɧɟɧɢɹ ɦɚɫɫɵ, ɢɦɩɭɥɶɫɚ ɢ 
ɷɧɟɪɝɢɢ, ɩɪɢɱɟɦ ( ),j j jh p   – ɬɚɤɠɟ ɩɨɫɬɨɹɧɧɚɹ ɜɟɥɢɱɢɧɚ. ɇɚɥɚɝɚɹ ɧɚ ɷɬɨ 
ɨɫɧɨɜɧɨɟ ɬɟɱɟɧɢɟ ɦɚɥɵɟ ɜɨɡɦɭɳɟɧɢɹ, ɢɦɟɟɦ: 
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ɉɨɞɫɬɚɜɥɹɹ ɜ (1) ɜɵɪɚɠɟɧɢɹ ɞɥɹ ɜɨɡɦɭɳɟɧɢɣ (2) ɢ ɩɪɟɧɟɛɪɟɝɚɹ ɦɚɥɵɦɢ 

ɱɥɟɧɚɦɢ ɜɬɨɪɨɝɨ ɩɨɪɹɞɤɚ ɢ ɜɵɲɟ, ɩɨɥɭɱɢɦ ɥɢɧɟɚɪɢɡɨɜɚɧɧɭɸ ɫɢɫɬɟɦɭ 
ɭɪɚɜɧɟɧɢɣ: 
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ɝɞɟ ja  – ɫɤɨɪɨɫɬɶ ɡɜɭɤɚ. 

ɑɚɫɬɧɵɟ ɪɟɲɟɧɢɹ ɫɢɫɬɟɦɵ (3) ɢɳɟɦ ɜ ɜɢɞɟ: 
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,                                   (4) 

 
ɝɞɟ 2 /h =    – ɜɨɥɧɨɜɨɟ ɱɢɫɥɨ,   – ɞɥɢɧɚ ɜɨɥɧɵ ɜɨɡɦɭɳɟɧɢɹ ( 0  ),   – 

ɤɨɦɩɥɟɤɫɧɚɹ (ɜɨɨɛɳɟ ɝɨɜɨɪɹ) ɜɟɥɢɱɢɧɚ, i  – ɦɧɢɦɚɹ ɟɞɢɧɢɰɚ ( 2 1i = − ), 1 1, u  – 

ɯɚɪɚɤɬɟɪɧɵɟ ɩɥɨɬɧɨɫɬɶ ɢ ɫɤɨɪɨɫɬɶ, , , ,U W R P  – ɛɟɡɪɚɡɦɟɪɧɵɟ ɜɟɥɢɱɢɧɵ 
(ɮɭɧɤɰɢɢ ɛɟɡɪɚɡɦɟɪɧɨɣ ɜɟɥɢɱɢɧɵ hx ). 

ɉɨɞɫɬɚɧɨɜɤɚ (4) ɜ (3) ɩɪɢɜɨɞɢɬ ɤ ɫɢɫɬɟɦɟ ɨɛɵɤɧɨɜɟɧɧɵɯ ɥɢɧɟɣɧɵɯ 
ɨɞɧɨɪɨɞɧɵɯ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɩɟɪɜɨɝɨ ɩɨɪɹɞɤɚ ɨɬɧɨɫɢɬɟɥɶɧɨ 

, , ,U W R P , ɨɛɳɟɟ ɪɟɲɟɧɢɟ ɤɨɬɨɪɨɣ ɫɨɞɟɪɠɢɬ ɱɟɬɵɪɟ ɧɟɨɩɪɟɞɟɥɟɧɧɵɟ 
ɤɨɧɫɬɚɧɬɵ ( )1, 2, 3, 4jlA l = . ɋɨɨɬɜɟɬɫɬɜɟɧɧɨ, ɱɚɫɬɧɵɟ ɪɟɲɟɧɢɹ ɫɢɫɬɟɦɵ (3) 
ɩɪɟɞɫɬɚɜɥɹɸɬɫɹ ɜ ɜɢɞɟ ɫɭɩɟɪɩɨɡɢɰɢɢ ɱɟɬɵɪɟɯ ɬɢɩɨɜ ɜɨɡɦɭɳɟɧɢɣ, 
ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɬɟɦ ɠɟ ɱɟɬɵɪɟɦ ɧɟɨɩɪɟɞɟɥɟɧɧɵɦ ɤɨɧɫɬɚɧɬɚɦ: 
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ȼɨɡɦɭɳɟɧɢɟ «1» (ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ 1jA , 1jk ) ɢ ɜɨɡɦɭɳɟɧɢɟ «2» 

(ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ 2jA , 2jk ) ɹɜɥɹɸɬɫɹ ɚɤɭɫɬɢɱɟɫɤɢɦɢ ɜɨɡɦɭɳɟɧɢɹɦɢ, ɞɥɹ 
ɤɨɬɨɪɵɯ 0p  . ȼ ɱɚɫɬɧɨɦ ɫɥɭɱɚɟ ɨɞɧɨɝɨ ɢɡɦɟɪɟɧɢɹ (ɤɨɝɞɚ 0h =  ɢ 0yu = ) 

ɚɤɭɫɬɢɱɟɫɤɢɟ ɜɨɡɦɭɳɟɧɢɹ ɩɪɟɞɫɬɚɜɥɹɸɬ ɫɨɛɨɣ ɫɨɜɨɤɭɩɧɨɫɬɶ ɪɟɚɥɶɧɵɯ 
ɮɢɡɢɱɟɫɤɢ, ɪɚɫɩɪɨɫɬɪɚɧɹɸɳɢɯɫɹ ɧɚɜɫɬɪɟɱɭ ɞɪɭɝ ɞɪɭɝɭ ɩɥɨɫɤɢɯ ɡɜɭɤɨɜɵɯ 

ɜɨɥɧ. ȼɨɡɦɭɳɟɧɢɟ «3» (ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ 3jA , 3j

j

z
k = −


), ɞɥɹ ɤɨɬɨɪɨɝɨ 0p =  

ɢ 0 = , ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɬɚɤ ɧɚɡɵɜɚɟɦɨɟ ɜɢɯɪɟɜɨɟ ɜɨɡɦɭɳɟɧɢɟ. 

ȼɨɡɦɭɳɟɧɢɟ «4» (ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ 4jA , 3 4j j

j

z
k k= = −


), ɞɥɹ ɤɨɬɨɪɨɝɨ 

0x yu u = = , 0p = , ɧɨ 0  , ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɬɚɤ ɧɚɡɵɜɚɟɦɨɟ ɷɧɬɪɨɩɢɣɧɨɟ 
ɜɨɡɦɭɳɟɧɢɟ. ȼ ɫɚɦɨɦ ɞɟɥɟ, ɟɫɥɢ ɩɪɟɞɫɬɚɜɢɬɶ ɬɟɪɦɨɞɢɧɚɦɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ 
ɫɨɫɬɨɹɧɢɹ ɝɚɡɚ ɜ ɜɢɞɟ ( ),p s =  , ɬɨ ɨɱɟɜɢɞɧɨ, ɱɬɨ ɟɞɢɧɫɬɜɟɧɧɨɣ ɩɪɢɱɢɧɨɣ, 
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ɜɵɡɵɜɚɸɳɟɣ ɜɨɡɦɭɳɟɧɢɟ ɩɥɨɬɧɨɫɬɢ ɩɪɢ ɨɬɫɭɬɫɬɜɢɢ ɜɨɡɦɭɳɟɧɢɹ ɞɚɜɥɟɧɢɹ, 
ɦɨɠɟɬ ɛɵɬɶ ɬɨɥɶɤɨ ɜɨɡɦɭɳɟɧɢɟ ɷɧɬɪɨɩɢɢ. 

 

Ƚɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ ɧɚ ɭɞɚɪɧɨ-ɞɟɬɨɧɚɰɢɨɧɧɨɦ ɮɪɨɧɬɟ ɜ ɦɨɞɟɥɢ 
ɑɟɩɦɟɧɚ-ɀɭɝɟ. Ʉɥɚɫɫɢɱɟɫɤɚɹ ɦɨɞɟɥɶ ɫɬɚɰɢɨɧɚɪɧɨɣ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ 
ɑɟɩɦɟɧɚ-ɀɭɝɟ ɨɩɢɫɵɜɚɟɬ ɞɟɬɨɧɚɰɢɸ ɩɪɹɦɵɦ ɫɤɚɱɤɨɦ ɭɩɥɨɬɧɟɧɢɹ ɫ 
ɬɟɩɥɨɜɵɞɟɥɟɧɢɟɦ (ɡɚ ɫɱɟɬ ɢɡɦɟɧɟɧɢɹ ɯɢɦɢɱɟɫɤɨɝɨ ɫɨɫɬɚɜɚ), ɩɪɢ ɷɬɨɦ 
ɬɨɥɳɢɧɚ ɡɨɧɵ ɪɟɚɤɰɢɢ ɩɪɟɞɩɨɥɚɝɚɟɬɫɹ ɩɪɟɧɟɛɪɟɠɢɦɨ ɦɚɥɨɣ. ɉɨɜɟɪɯɧɨɫɬɶ 
ɪɚɡɪɵɜɚ, ɫɨɜɦɟɳɟɧɧɚɹ ɫ ɨɫɶɸ Oy , ɪɚɡɞɟɥɹɟɬ ɢɫɯɨɞɧɭɸ ɝɚɡɨɜɭɸ ɫɦɟɫɶ (x<0, 
ɩɚɪɚɦɟɬɪɵ ɫ ɢɧɞɟɤɫɨɦ «0») ɢ ɩɪɨɞɭɤɬɵ ɞɟɬɨɧɚɰɢɢ (x>0, ɩɚɪɚɦɟɬɪɵ ɫ 
ɢɧɞɟɤɫɨɦ «2»). ȼ ɫɬɚɰɢɨɧɚɪɧɨɦ ɫɨɫɬɨɹɧɢɢ ɡɚɤɨɧɵ ɫɨɯɪɚɧɟɧɢɹ ɦɚɫɫɵ, 
ɢɦɩɭɥɶɫɚ ɢ ɷɧɟɪɝɢɢ ɞɥɹ ɫɨɜɟɪɲɟɧɧɨɝɨ ɝɚɡɚ ɢɦɟɸɬ ɧɚ ɷɬɨɣ ɩɨɜɟɪɯɧɨɫɬɢ 
ɫɥɟɞɭɸɳɢɣ ɜɢɞ: 

 

0 0 2 2

2 2
0 0 0 2 2 2

2 2
0 0 0 2 2 2

0 0 2 21 2 1 2

u u

p u p u

p u p u
Q


  =  +  = + 
   + + = +
 −   − 

 ,                            (6) 

 
ɝɞɟ Q – ɭɞɟɥɶɧɨɟ ɬɟɩɥɨɜɵɞɟɥɟɧɢɟ ɩɪɢ ɯɢɦɢɱɟɫɤɨɣ ɪɟɚɤɰɢɢ. Ʉ ɭɪɚɜɧɟɧɢɹɦ (6) 
ɞɨɛɚɜɥɹɟɬɫɹ ɭɫɥɨɜɢɟ ɑɟɩɦɟɧɚ-ɀɭɝɟ ɫɚɦɨɩɨɞɞɟɪɠɢɜɚɸɳɟɣɫɹ ɞɟɬɨɧɚɰɢɢ 

2 2 2 2
2 2

2

p
u a


= =


 [11,16]. 

ȿɫɥɢ ɜ ɫɢɥɭ ɤɚɤɢɯ-ɥɢɛɨ ɫɥɭɱɚɣɧɵɯ ɩɪɢɱɢɧ (ɯɢɦɢɱɟɫɤɢɯ ɧɟɨɞɧɨɪɨɞɧɨɫɬɟɣ 
ɜ ɢɫɯɨɞɧɨɣ ɫɦɟɫɢ ɢ ɬ.ɩ.) ɜɨɡɧɢɤɚɸɬ ɦɚɥɵɟ ɜɨɡɦɭɳɟɧɢɹ ɩɚɪɚɦɟɬɪɨɜ ɩɨɬɨɤɚ, ɬɨ 
ɮɪɨɧɬ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ ɢɫɤɪɢɜɥɹɟɬɫɹ, ɜ ɪɟɡɭɥɶɬɚɬɟ ɱɟɝɨ ɩɨɜɟɪɯɧɨɫɬɶ 
ɪɚɡɪɵɜɚ ɢɫɩɵɬɵɜɚɟɬ ɫɥɚɛɨɟ ɜɨɡɦɭɳɟɧɢɟ ɜ ɜɢɞɟ ɦɚɥɨɝɨ ɫɦɟɳɟɧɢɹ ɜɞɨɥɶ ɨɫɢ 
Ox : 

 

( ) ( )0

1
, expy t A ihy i t

h
 = −  ,                                       (7) 

ɝɞɟ 
0

A – ɩɪɨɢɡɜɨɥɶɧɚɹ ɩɨɫɬɨɹɧɧɚɹ. 

ȼ ɫɢɥɭ ɫɜɟɪɯɡɜɭɤɨɜɨɣ ɫɤɨɪɨɫɬɢ ɞɟɬɨɧɚɰɢɢ ɨɛɥɚɫɬɶ ɢɫɯɨɞɧɨɣ ɝɚɡɨɜɨɣ ɫɦɟɫɢ 
«0» ɫɜɨɛɨɞɧɚ ɨɬ ɜɨɡɦɭɳɟɧɢɣ. Ƚɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ ɧɚ ɜɨɡɦɭɳɟɧɧɨɣ 
ɩɨɜɟɪɯɧɨɫɬɢ ɪɚɡɪɵɜɚ ɢɦɟɸɬ ɜɢɞ ɥɢɧɟɚɪɢɡɨɜɚɧɧɵɯ ɡɚɤɨɧɨɜ ɫɨɯɪɚɧɟɧɢɹ 
ɦɚɫɫɵ, ɢɦɩɭɥɶɫɚ ɢ ɷɧɟɪɝɢɢ: 
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ɝɞɟ 2 0

0 2

u

u


 = =


. 

ɉɨɞɫɬɚɜɥɹɹ ɱɚɫɬɧɵɟ ɪɟɲɟɧɢɹ (5) ɢ (7) ɜ ɝɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ (8), ɢɦɟɟɦ 
ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ ɞɥɹ ɧɚɯɨɠɞɟɧɢɹ ɫɨɛɫɬɜɟɧɧɨɝɨ ɱɢɫɥɚ z: 

 

( ) ( )( )2 2
2 22
2 22

1 1
1 1 2 1 1

2

z z z
M z M

 −  −     −  + − = − +               
                       (9) 

 
Ⱥɧɚɥɢɡ ɭɪɚɜɧɟɧɢɹ (9) ɩɨɤɚɡɵɜɚɟɬ, ɱɬɨ ɜ ɫɥɭɱɚɟ ɪɟɚɥɶɧɵɯ ɝɚɡɨɜɵɯ ɫɦɟɫɟɣ 

ɧɟɜɨɡɦɨɠɧɨ ɫɞɟɥɚɬɶ ɜɵɜɨɞ ɤɚɤ ɨɛ ɭɫɬɨɣɱɢɜɨɫɬɢ, ɬɚɤ ɢ ɨ ɧɟɭɫɬɨɣɱɢɜɨɫɬɢ 
ɞɟɬɨɧɚɰɢɢ, ɧɨ ɨɫɬɚɟɬɫɹ ɜɨɡɦɨɠɧɨɫɬɶ ɧɟɣɬɪɚɥɶɧɵɯ ɤɨɥɟɛɚɧɢɣ, 
ɩɪɟɞɫɬɚɜɥɹɸɳɚɹ ɫɨɛɨɣ ɬɚɤ ɧɚɡɵɜɚɟɦɵɣ ɫɨɦɧɢɬɟɥɶɧɵɣ ɫɥɭɱɚɣ ɜ ɬɟɨɪɢɢ 
ɭɫɬɨɣɱɢɜɨɫɬɢ, ɤɨɬɨɪɵɣ ɬɪɟɛɭɟɬ ɧɟɥɢɧɟɣɧɨɝɨ ɚɧɚɥɢɡɚ [1,2]. Ɇɚɬɟɦɚɬɢɱɟɫɤɢ 
ɬɚɤɚɹ ɫɢɬɭɚɰɢɹ ɨɛɭɫɥɨɜɥɟɧɚ ɩɪɢɦɟɧɟɧɢɟɦ ɝɪɚɧɢɱɧɵɯ ɭɫɥɨɜɢɣ (8), ɤɨɬɨɪɵɟ 
ɫɜɨɞɹɬ ɡɚɞɚɱɭ ɨɛ ɭɫɬɨɣɱɢɜɨɫɬɢ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ ɤ ɡɚɞɚɱɟ ɨɛ 
ɭɫɬɨɣɱɢɜɨɫɬɢ ɭɞɚɪɧɨɣ ɜɨɥɧɵ. Ɉɱɟɜɢɞɧɚ ɧɟɨɛɯɨɞɢɦɨɫɬɶ ɭɱɟɬɚ ɜ 
ɢɫɫɥɟɞɨɜɚɧɢɹɯ ɭɫɬɨɣɱɢɜɨɫɬɢ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ ɤɢɧɟɬɢɤɢ ɯɢɦɢɱɟɫɤɢɯ 
ɩɪɟɜɪɚɳɟɧɢɣ ɢ ɜɧɭɬɪɟɧɧɟɣ ɫɬɪɭɤɬɭɪɵ ɡɨɧɵ ɞɟɬɨɧɚɰɢɢ. 

Ƚɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ ɞɥɹ ɞɜɭɯɮɪɨɧɬɨɜɨɣ (ɨɞɧɨɫɬɭɩɟɧɱɚɬɨɣ) ɦɨɞɟɥɢ 
ɫɬɚɰɢɨɧɚɪɧɨɣ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ. Ⱦɜɭɯɮɪɨɧɬɨɜɚɹ ɦɨɞɟɥɶ (ɪɢɫ. 2) 
ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɬɚɰɢɨɧɚɪɧɭɸ ɞɟɬɨɧɚɰɢɨɧɧɭɸ ɜɨɥɧɭ ɜ ɢɞɟɚɥɶɧɨɦ ɝɚɡɟ ɜ ɜɢɞɟ 
ɤɨɦɩɥɟɤɫɚ ɢɡ ɭɞɚɪɧɨɣ ɜɨɥɧɵ ɢ ɫɥɟɞɭɸɳɟɝɨ ɡɚ ɧɟɣ ɧɚ ɨɩɪɟɞɟɥɟɧɧɨɦ 
ɪɚɫɫɬɨɹɧɢɢ L ɮɪɨɧɬɚ ɦɝɧɨɜɟɧɧɨɝɨ ɫɝɨɪɚɧɢɹ ɫ ɯɚɪɚɤɬɟɪɧɵɦ ɜɪɟɦɟɧɟɦ 
ɢɧɞɭɤɰɢɢ (ɡɚɞɟɪɠɤɢ ɜɨɫɩɥɚɦɟɧɟɧɢɹ) 1/L u =  [11]. ȼ ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ, 
ɫɜɹɡɚɧɧɨɣ ɫ ɞɟɬɨɧɚɰɢɨɧɧɵɦ ɮɪɨɧɬɨɦ ɜɵɞɟɥɹɸɬɫɹ ɬɪɢ ɨɛɥɚɫɬɢ ɬɟɱɟɧɢɹ: 
ɢɫɯɨɞɧɚɹ ɫɦɟɫɶ, ɭɞɚɪɧɨ-ɫɠɚɬɵɣ ɝɚɡ ɢ ɩɪɨɞɭɤɬɵ ɞɟɬɨɧɚɰɢɢ. ȼɨɡɧɢɤɧɨɜɟɧɢɟ 
ɦɚɥɵɯ ɜɨɡɦɭɳɟɧɢɣ ɢɫɤɪɢɜɥɹɟɬ ɤɚɤ ɭɞɚɪɧɵɣ ɮɪɨɧɬ, ɬɚɤ ɢ ɮɪɨɧɬ ɦɝɧɨɜɟɧɧɨɝɨ 
ɫɝɨɪɚɧɢɹ, ɢɡɦɟɧɹɹ ɩɪɨɬɹɠɟɧɧɨɫɬɶ ɡɨɧɵ ɢɧɞɭɤɰɢɢ. Ʌɢɧɟɚɪɢɡɨɜɚɧɧɵɟ 
ɝɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ ɢɦɟɸɬ ɫɥɟɞɭɸɳɢɣ ɜɢɞ: 
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ɉɪɢ ɷɬɨɦ, ɤɚɤ ɢ ɜ ɦɨɞɟɥɢ ɑɟɩɦɟɧɚ-ɀɭɝɟ, ɜ ɨɛɥɚɫɬɢ ɢɫɯɨɞɧɨɝɨ ɫɨɫɬɨɹɧɢɹ 

«0» ɜɨɡɦɭɳɟɧɢɹ ɨɬɫɭɬɫɬɜɭɸɬ. 
Ʉɢɧɟɬɢɤɚ ɯɢɦɢɱɟɫɤɨɣ ɪɟɚɤɰɢɢ ɧɚɤɥɚɞɵɜɚɟɬ ɧɚ ɜɨɡɦɭɳɟɧɢɹ ɬɪɟɛɨɜɚɧɢɟ [3], 

ɤɨɬɨɪɨɟ ɧɨɫɢɬ ɧɚɡɜɚɧɢɟ ɭɪɚɜɧɟɧɢɹ ɨɛɪɚɬɧɨɣ ɫɜɹɡɢ: 
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, ( ),f p T  – ɫɤɨɪɨɫɬɶ ɯɢɦɢɱɟɫɤɨɣ ɪɟɚɤɰɢɢ; 
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ɪɚɡɪɵɜɨɜ ɜ ɜɨɡɦɭɳɟɧɧɨɦ ɫɨɫɬɨɹɧɢɢ, ɭɞɚɪɧɨɝɨ ɮɪɨɧɬɚ ɢ ɮɪɨɧɬɚ 
ɜɨɫɩɥɚɦɟɧɟɧɢɹ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. 

ɍɪɚɜɧɟɧɢɟ ɨɛɪɚɬɧɨɣ ɫɜɹɡɢ (11) ɡɚɩɢɫɚɧɨ ɜ ɧɟɫɤɨɥɶɤɨ ɢɧɨɦ ɜɢɞɟ, ɱɟɦ ɜ [3] 
ɩɨ ɩɪɢɱɢɧɟ ɢɧɨɝɨ ɜɵɛɨɪɚ ɧɟɢɡɜɟɫɬɧɵɯ ɮɭɧɤɰɢɣ ɜ ɫɢɫɬɟɦɟ (1) (ɜ ɪɚɛɨɬɟ [3] ɜ 
ɤɚɱɟɫɬɜɟ ɧɟɢɡɜɟɫɬɧɨɣ ɮɭɧɤɰɢɢ ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɷɧɬɪɨɩɢɹ, ɚ ɧɟ ɩɥɨɬɧɨɫɬɶ). 
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ɉɨɞɫɬɚɧɨɜɤɚ ɱɚɫɬɧɵɯ ɪɟɲɟɧɢɣ ɥɢɧɟɚɪɢɡɨɜɚɧɧɵɯ ɝɚɡɨɞɢɧɚɦɢɱɟɫɤɢɯ 
ɭɪɚɜɧɟɧɢɣ ɨɫɧɨɜɧɨɝɨ ɬɟɱɟɧɢɹ (5) ɜ ɝɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ (10) ɢ ɭɪɚɜɧɟɧɢɟ 
ɨɛɪɚɬɧɨɣ ɫɜɹɡɢ (11), ɩɪɢɜɨɞɢɬ ɤ ɥɢɧɟɣɧɨɣ ɨɞɧɨɪɨɞɧɨɣ ɫɢɫɬɟɦɟ ɞɟɜɹɬɢ 
ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɭɪɚɜɧɟɧɢɣ, ɭɫɥɨɜɢɟ ɧɟɬɪɢɜɢɚɥɶɧɨɫɬɢ ɪɟɲɟɧɢɹ ɤɨɬɨɪɨɣ 
ɩɨɪɨɠɞɚɟɬ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ ɞɥɹ ɫɨɛɫɬɜɟɧɧɵɯ ɡɧɚɱɟɧɢɣ 
. z i=− ., ɩɨɥɭɱɟɧɧɨɟ ɜ ɜɢɞɟ ɪɚɜɟɧɫɬɜɚ ɧɭɥɸ ɨɩɪɟɞɟɥɢɬɟɥɹ 9-ɝɨ ɩɨɪɹɞɤɚ. 
Ɍɟɨɪɟɬɢɱɟɫɤɢɣ ɚɧɚɥɢɡ ɤɨɪɧɟɣ ɷɬɨɝɨ ɭɪɚɜɧɟɧɢɹ [3,4,6], ɩɨɡɜɨɥɢɥ 
ɫɮɨɪɦɭɥɢɪɨɜɚɬɶ ɤɪɢɬɟɪɢɢ ɧɟɭɫɬɨɣɱɢɜɨɫɬɢ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ, ɚ ɬɚɤɠɟ 
ɨɰɟɧɢɬɶ ɷɥɟɦɟɧɬɵ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɫɬɪɭɤɬɭɪɵ ɢ ɩɪɟɞɟɥɵ ɞɟɬɨɧɚɰɢɢ [6-8,14]. 
Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɩɪɢɦɟɧɟɧɢɟ ɞɜɭɯɮɪɨɧɬɨɜɨɣ ɦɨɞɟɥɢ (ɢ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ 
ɝɪɚɧɢɱɧɵɯ ɭɫɥɨɜɢɣ) ɤ ɢɫɫɥɟɞɨɜɚɧɢɸ ɧɟɭɫɬɨɣɱɢɜɨɫɬɢ ɢ ɫɬɪɭɤɬɭɪɵ 
ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ ɹɜɥɹɟɬɫɹ ɜɟɫɶɦɚ ɩɪɨɞɭɤɬɢɜɧɵɦ. Ɉɞɧɚɤɨ ɞɚɧɧɚɹ ɦɨɞɟɥɶ 
ɨɛɥɚɞɚɟɬ ɞɜɭɦɹ ɫɭɳɟɫɬɜɟɧɧɵɦɢ ɧɟɞɨɫɬɚɬɤɚɦɢ. 

ȼɨ-ɩɟɪɜɵɯ, ɞɜɭɯɮɪɨɧɬɨɜɚɹ ɦɨɞɟɥɶ ɫɬɚɰɢɨɧɚɪɧɨɣ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ 
ɧɟɚɞɟɤɜɚɬɧɨ ɨɬɨɛɪɚɠɚɟɬ ɮɢɡɢɱɟɫɤɢɟ ɩɪɨɰɟɫɫɵ ɩɪɢ ɞɟɬɨɧɚɰɢɢ 
ɤɨɧɞɟɧɫɢɪɨɜɚɧɧɵɯ ɜɡɪɵɜɱɚɬɵɯ ɜɟɳɟɫɬɜ (Ʉȼȼ) [17]. ɉɪɨɮɢɥɶ ɞɚɜɥɟɧɢɹ ɜ 
ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ ɜ Ʉȼȼ ɛɥɢɡɨɤ ɤ ɬɪɟɭɝɨɥɶɧɨɦɭ (Ɋɢɫ. 3), ɩɨɷɬɨɦɭ ɨɧ 
ɧɢɤɨɢɦ ɨɛɪɚɡɨɦ ɧɟ ɦɨɠɟɬ ɛɵɬɶ ɚɩɩɪɨɤɫɢɦɢɪɨɜɚɧ ɪɚɫɩɪɟɞɟɥɟɧɢɟɦ ɞɚɜɥɟɧɢɣ, 
ɯɚɪɚɤɬɟɪɧɵɦ ɞɥɹ ɞɜɭɯɮɪɨɧɬɨɜɨɣ ɦɨɞɟɥɢ. ɏɢɦɢɱɟɫɤɢɟ ɩɪɟɜɪɚɳɟɧɢɹ ɫ 
ɢɧɬɟɧɫɢɜɧɵɦ ɬɟɩɥɨɜɵɞɟɥɟɧɢɟɦ ɩɪɢ ɞɟɬɨɧɚɰɢɢ Ʉȼȼ ɧɚɱɢɧɚɸɬɫɹ 
ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨ ɡɚ ɜɟɞɭɳɢɦ ɭɞɚɪɧɵɦ ɮɪɨɧɬɨɦ (ɜɜɢɞɭ ɱɪɟɡɜɵɱɚɣɧɨ ɜɵɫɨɤɢɯ 
ɡɧɚɱɟɧɢɣ ɞɚɜɥɟɧɢɹ ɢ ɬɟɦɩɟɪɚɬɭɪɵ), ɩɨɷɬɨɦɭ ɡɨɧɚ ɢɧɞɭɤɰɢɢ ɤɚɤ ɬɚɤɨɜɚɹ 
ɨɬɫɭɬɫɬɜɭɟɬ. ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɞɜɭɯɮɪɨɧɬɨɜɚɹ ɦɨɞɟɥɶ ɫɬɚɰɢɨɧɚɪɧɨɣ 
ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ ɛɨɥɟɟ ɢɥɢ ɦɟɧɟɟ ɚɞɟɤɜɚɬɧɨ ɨɬɨɛɪɚɠɚɟɬ ɬɨɥɶɤɨ 
ɮɢɡɢɱɟɫɤɢɟ ɩɪɨɰɟɫɫɵ ɜ ɝɚɡɨɜɨɣ ɞɟɬɨɧɚɰɢɢ (ɩɪɢɱɟɦ ɧɟ ɬɨɥɶɤɨ ɜ ɡɚɞɚɱɚɯ ɨɛ 
ɭɫɬɨɣɱɢɜɨɫɬɢ), ɚ ɢɫɫɥɟɞɨɜɚɧɢɟ ɧɚ ɭɫɬɨɣɱɢɜɨɫɬɶ ɞɟɬɨɧɚɰɢɢ Ʉȼȼ ɬɪɟɛɭɟɬ 
ɩɪɢɦɟɧɟɧɢɹ ɦɨɞɟɥɢ ɫ ɧɟɩɪɟɪɵɜɧɵɦ ɪɚɫɩɪɟɞɟɥɟɧɢɟɦ ɩɚɪɚɦɟɬɪɨɜ ɡɚ ɜɟɞɭɳɢɦ 
ɭɞɚɪɧɵɦ ɮɪɨɧɬɨɦ [9,18,19]. 

ȼɨ-ɜɬɨɪɵɯ, ɞɜɭɯɮɪɨɧɬɨɜɚɹ ɦɨɞɟɥɶ ɫɬɚɰɢɨɧɚɪɧɨɣ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ 
ɢɫɤɭɫɫɬɜɟɧɧɨ ɩɪɢɜɧɨɫɢɬ ɜ ɫɬɚɰɢɨɧɚɪɧɵɣ ɩɪɨɰɟɫɫ ɩɪɹɦɨɣ ɫɤɚɱɨɤ ɪɚɡɪɟɠɟɧɢɹ 
ɫ ɬɟɩɥɨɜɵɞɟɥɟɧɢɟɦ, ɤɨɬɨɪɵɣ, ɫɚɦ ɩɨ ɫɟɛɟ ɹɜɥɹɹɫɶ ɧɟɭɫɬɨɣɱɢɜɵɦ [20-22], 
ɦɨɠɟɬ ɫɥɭɠɢɬɶ ɫɭɳɟɫɬɜɟɧɧɵɦ ɮɚɤɬɨɪɨɦ ɞɟɫɬɚɛɢɥɢɡɚɰɢɢ ɜɫɟɝɨ 
ɞɟɬɨɧɚɰɢɨɧɧɨɝɨ ɤɨɦɩɥɟɤɫɚ ɜ ɰɟɥɨɦ, ɯɨɬɹ ɫɠɢɦɚɟɦɨɫɬɶ ɫɪɟɞɵ ɹɜɥɹɟɬɫɹ 
ɫɭɳɟɫɬɜɟɧɧɵɦ ɫɬɚɛɢɥɢɡɢɪɭɸɳɢɦ ɮɚɤɬɨɪɨɦ [9,18,19]. 

Ƚɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ (10) ɧɚ ɩɨɜɟɪɯɧɨɫɬɢ ɮɪɨɧɬɚ ɦɝɧɨɜɟɧɧɨɝɨ ɫɝɨɪɚɧɢɹ x=L 
ɩɪɟɞɫɬɚɜɥɹɸɬ ɫɨɛɨɣ ɥɢɧɟɚɪɢɡɨɜɚɧɧɵɟ ɡɚɤɨɧɵ ɫɨɯɪɚɧɟɧɢɹ ɧɚ ɷɬɨɦ ɮɪɨɧɬɟ ɢ 
ɫɨɜɩɚɞɚɸɬ ɫ ɝɪɚɧɢɱɧɵɦɢ ɭɫɥɨɜɢɹɦɢ ɧɚ ɜɨɡɦɭɳɟɧɧɨɦ ɮɪɨɧɬɟ ɩɥɚɦɟɧɢ, 
ɤɨɬɨɪɵɣ ɧɟɭɫɬɨɣɱɢɜ ɤɚɤ ɜ ɧɟɫɠɢɦɚɟɦɨɣ [20,21], ɬɚɤ ɢ ɜ ɫɠɢɦɚɟɦɨɣ [22] 
ɫɪɟɞɟ, ɯɨɬɹ ɫɠɢɦɚɟɦɨɫɬɶ ɫɪɟɞɵ ɹɜɥɹɟɬɫɹ ɫɭɳɟɫɬɜɟɧɧɵɦ ɫɬɚɛɢɥɢɡɢɪɭɸɳɢɦ 
ɮɚɤɬɨɪɨɦ [22,23]. 
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Ɋɢɫ. 3. ɋɯɟɦɚɬɢɱɟɫɤɢɣ ɩɪɨɮɢɥɶ ɞɚɜɥɟɧɢɹ ɜ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɟ, 

ɪɚɫɩɪɨɫɬɪɚɧɹɸɳɟɣɫɹ ɜ Ʉȼȼ 

 

Ƚɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ ɞɥɹ ɦɧɨɝɨɫɬɭɩɟɧɱɚɬɨɣ ɦɨɞɟɥɢ ɫɬɚɰɢɨɧɚɪɧɨɣ 
ɞɟɬɨɧɚɰɢɢ. ȼ ɪɚɛɨɬɚɯ [4,5] ɩɪɟɞɥɨɠɟɧɚ ɦɧɨɝɨɫɬɭɩɟɧɱɚɬɚɹ ɦɨɞɟɥɶ 
ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ (ɪɢɫ. 2), ɩɪɢɛɥɢɠɟɧɧɨ ɨɩɢɫɵɜɚɸɳɚɹ ɧɟɩɪɟɪɵɜɧɨɟ 
ɪɚɫɩɪɟɞɟɥɟɧɢɟ ɩɚɪɚɦɟɬɪɨɜ ɡɚ ɮɪɨɧɬɨɦ ɜɟɞɭɳɟɣ ɭɞɚɪɧɨɣ ɜɨɥɧɵ. 
ɋɬɚɰɢɨɧɚɪɧɵɣ ɞɟɬɨɧɚɰɢɨɧɧɵɣ ɤɨɦɩɥɟɤɫ ɩɪɢ ɷɬɨɦ ɜɤɥɸɱɚɟɬ ɜ ɫɟɛɹ ɤɪɨɦɟ 
ɜɟɞɭɳɟɝɨ ɭɞɚɪɧɨɝɨ ɮɪɨɧɬɚ ɫɢɫɬɟɦɭ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨ ɪɚɫɩɨɥɨɠɟɧɧɵɯ ɡɚ ɧɢɦ 
ɮɪɨɧɬɨɜ ɦɝɧɨɜɟɧɧɨ ɩɪɨɬɟɤɚɸɳɢɯ ɯɢɦɢɱɟɫɤɢɯ ɪɟɚɤɰɢɣ, ɪɚɡɞɟɥɟɧɧɵɯ 
ɢɧɬɟɪɜɚɥɚɦɢ ɫ ɯɚɪɚɤɬɟɪɧɵɦɢ ɜɪɟɦɟɧɚɦɢ ɡɚɞɟɪɠɤɢ. Ⱥɜɬɨɪɵ [4,5] ɨɩɢɫɵɜɚɸɬ 
ɡɜɟɧɶɹ ɫɬɭɩɟɧɱɚɬɨɝɨ (ɤɭɫɨɱɧɨ-ɩɨɫɬɨɹɧɧɨɝɨ) ɪɚɫɩɪɟɞɟɥɟɧɢɹ ɩɚɪɚɦɟɬɪɨɜ 
ɜɧɭɬɪɢ ɫɬɚɰɢɨɧɚɪɧɨɝɨ ɞɟɬɨɧɚɰɢɨɧɧɨɝɨ ɤɨɦɩɥɟɤɫɚ ɤɚɤ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɵɟ 
ɷɬɚɩɵ ɨɞɧɨɣ ɢ ɬɨɣ ɠɟ ɯɢɦɢɱɟɫɤɨɣ ɪɟɚɤɰɢɢ, ɥɢɛɨ ɪɚɡɥɢɱɧɵɟ ɩɪɨɦɟɠɭɬɨɱɧɵɟ 
ɪɟɚɤɰɢɢ ɫ ɷɧɟɪɝɢɹɦɢ ɚɤɬɢɜɚɰɢɢ 1 2, , ...E E . Ɉɞɧɚɤɨ ɬɚɤɨɟ ɩɪɟɞɫɬɚɜɥɟɧɢɟ 
ɹɜɥɹɟɬɫɹ ɢɫɤɭɫɫɬɜɟɧɧɵɦ, ɬɚɤ ɤɚɤ ɩɪɢ ɝɨɪɟɧɢɢ ɜɫɟ ɷɬɚɩɵ ɥɸɛɨɣ ɯɢɦɢɱɟɫɤɨɣ 
ɪɟɚɤɰɢɢ ɩɪɨɬɟɤɚɸɬ ɩɚɪɚɥɥɟɥɶɧɨ, ɚ ɧɟ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨ [24,25]. Ɍɚɤɚɹ ɦɨɞɟɥɶ 
ɫɨɞɟɪɠɢɬ ɧɚɛɨɪ ɢɫɤɭɫɫɬɜɟɧɧɨ ɫɨɡɞɚɧɧɵɯ ɫɤɚɱɤɨɜ ɪɚɡɪɟɠɟɧɢɹ ɢ ɩɨɬɨɦɭ ɧɟ 
ɛɨɥɟɟ ɫɬɚɛɢɥɶɧɚ, ɱɟɦ ɞɜɭɯɮɪɨɧɬɨɜɚɹ. Ƚɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ ɜ ɷɬɨɦ ɫɥɭɱɚɟ 
ɩɪɟɞɫɬɚɜɥɹɸɬɫɹ ɧɚɛɨɪɨɦ ɢɡ ɡɚɤɨɧɨɜ ɫɨɯɪɚɧɟɧɢɹ ɧɚ ɜɟɞɭɳɟɦ ɭɞɚɪɧɨɦ ɮɪɨɧɬɟ 
(4 ɭɫɥɨɜɢɹ) ɢ ɧɚ n ɩɨɜɟɪɯɧɨɫɬɹɯ ɫɥɚɛɨɝɨ ɪɚɡɪɵɜɚ (4n), ɚ ɬɚɤɠɟ n ɭɪɚɜɧɟɧɢɹɦɢ 
ɨɛɪɚɬɧɨɣ ɫɜɹɡɢ. ɉɨɫɤɨɥɶɤɭ ɜɜɟɞɟɧɢɟ ɤɚɠɞɨɝɨ ɢɧɬɟɪɜɚɥɚ ɬɪɟɛɭɟɬ ɜɵɩɨɥɧɟɧɢɹ 
ɩɹɬɢ ɝɪɚɧɢɱɧɵɯ ɭɫɥɨɜɢɣ (ɱɟɬɵɪɟ ɡɚɤɨɧɚ ɫɨɯɪɚɧɟɧɢɹ ɢ ɭɪɚɜɧɟɧɢɟ ɨɛɪɚɬɧɨɣ 
ɫɜɹɡɢ), ɬɨ, ɫ ɭɱɟɬɨɦ ɱɟɬɵɪɟɯ ɡɚɤɨɧɨɜ ɫɨɯɪɚɧɟɧɢɹ ɧɚ ɜɟɞɭɳɟɦ ɭɞɚɪɧɨɦ 
ɮɪɨɧɬɟ, ɨɩɪɟɞɟɥɢɬɟɥɶ, ɤɨɬɨɪɵɦ ɜɵɪɚɠɚɟɬɫɹ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ, 
ɢɦɟɟɬ ɩɨɪɹɞɨɤ 5 4n + , ɝɞɟ n – ɱɢɫɥɨ ɢɧɬɟɪɜɚɥɨɜ (ɩɪɢ 1n =  ɢɦɟɟɦ 
ɞɜɭɯɮɪɨɧɬɨɜɭɸ ɦɨɞɟɥɶ). 

Ɋɚɫɫɦɨɬɪɟɧɧɚɹ ɩɨɩɵɬɤɚ ɚɧɚɥɢɬɢɱɟɫɤɢ ɢɫɫɥɟɞɨɜɚɬɶ ɭɫɬɨɣɱɢɜɨɫɬɶ 
ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ ɫ ɩɪɨɢɡɜɨɥɶɧɵɦ ɩɪɨɮɢɥɟɦ ɞɚɜɥɟɧɢɹ ɧɚ ɨɫɧɨɜɟ 
ɦɧɨɝɨɫɬɭɩɟɧɱɚɬɨɣ ɦɨɞɟɥɢ ɞɟɬɨɧɚɰɢɢ ɹɜɥɹɟɬɫɹ ɧɟɭɞɚɱɧɨɣ. Ɍɚɤɚɹ ɦɨɞɟɥɶ 
ɞɟɬɨɧɚɰɢɢ ɧɟ ɜ ɩɨɥɧɨɣ ɦɟɪɟ ɨɬɪɚɠɚɟɬ ɧɟɩɪɟɪɵɜɧɨɫɬɶ ɪɚɫɩɪɟɞɟɥɟɧɢɹ ɬɟɪɦɨ- ɢ 
ɝɚɡɨɞɢɧɚɦɢɱɟɫɤɢɯ ɩɚɪɚɦɟɬɪɨɜ ɡɚ ɜɟɞɭɳɢɦ ɭɞɚɪɧɵɦ ɮɪɨɧɬɨɦ. Ɉɱɟɜɢɞɧɨ, ɱɬɨ 
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ɩɟɪɟɯɨɞ ɤ ɩɪɟɞɟɥɭ ɩɪɢ ɫɬɪɟɦɹɳɟɦɫɹ ɤ ɛɟɫɤɨɧɟɱɧɨɫɬɢ ɤɨɥɢɱɟɫɬɜɟ «ɫɬɭɩɟɧɟɣ» 
ɡɚ ɜɟɞɭɳɢɦ ɭɞɚɪɧɵɦ ɮɪɨɧɬɨɦ ɧɟ ɨɛɟɫɩɟɱɢɜɚɟɬ ɩɟɪɟɯɨɞ ɤ ɦɨɞɟɥɢ ɫ 
ɧɟɩɪɟɪɵɜɧɵɦ ɪɚɫɩɪɟɞɟɥɟɧɢɟɦ ɩɚɪɚɦɟɬɪɨɜ ɡɚ ɷɬɢɦ ɮɪɨɧɬɨɦ. 

Ʉɪɨɦɟ ɬɨɝɨ, ɫɥɭɱɚɣ, ɤɨɝɞɚ ɱɢɫɥɨ «ɫɬɭɩɟɧɟɣ» ɛɨɥɶɲɟ 2-ɯ, ɩɪɟɞɫɬɚɜɥɹɟɬ 
ɫɨɛɨɣ ɫɟɪɶɟɡɧɭɸ ɩɪɨɛɥɟɦɭ ɫ ɬɨɱɤɢ ɡɪɟɧɢɹ ɦɚɬɟɦɚɬɢɱɟɫɤɨɝɨ ɚɧɚɥɢɡɚ ɜɜɢɞɭ 
ɛɵɫɬɪɨɝɨ ɪɨɫɬɚ ɩɨɪɹɞɤɚ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɝɨ ɨɩɪɟɞɟɥɢɬɟɥɹ. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, 
ɦɧɨɝɨɫɬɭɩɟɧɱɚɬɚɹ ɦɨɞɟɥɶ ɫɬɚɰɢɨɧɚɪɧɨɣ ɞɟɬɨɧɚɰɢɢ ɧɟ ɩɨɡɜɨɥɹɟɬ ɩɪɨɢɡɜɟɫɬɢ 
ɩɨɥɧɨɰɟɧɧɵɣ ɚɧɚɥɢɡ ɭɫɬɨɣɱɢɜɨɫɬɢ ɢ ɫɬɪɭɤɬɭɪɵ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ, 
ɪɚɫɩɪɨɫɬɪɚɧɹɸɳɢɯɫɹ ɜ ɤɨɧɞɟɧɫɢɪɨɜɚɧɧɵɯ ɢ ɝɚɡɨɜɵɯ ɫɪɟɞɚɯ. 

Ƚɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ ɞɥɹ ɦɨɞɟɥɢ ɫɬɚɰɢɨɧɚɪɧɨɣ ɞɟɬɨɧɚɰɢɢ ɫ 
ɧɟɩɪɟɪɵɜɧɵɦ ɪɚɫɩɪɟɞɟɥɟɧɢɟɦ ɩɚɪɚɦɟɬɪɨɜ ɡɚ ɜɟɞɭɳɢɦ ɭɞɚɪɧɵɦ 
ɮɪɨɧɬɨɦ. Ʉɚɤ ɭɤɚɡɚɧɨ ɜɵɲɟ, ɦɨɞɟɥɶ ɫɬɚɰɢɨɧɚɪɧɨɣ ɞɟɬɨɧɚɰɢɢ ɫ 
ɧɟɩɪɟɪɵɜɧɵɦ ɪɚɫɩɪɟɞɟɥɟɧɢɟɦ ɩɚɪɚɦɟɬɪɨɜ ɡɚ ɜɟɞɭɳɢɦ ɭɞɚɪɧɵɦ ɮɪɨɧɬɨɦ 
ɧɚɢɛɨɥɟɟ ɬɨɱɧɨ ɨɬɨɛɪɚɠɚɟɬ ɪɟɚɥɶɧɵɟ ɮɢɡɢɱɟɫɤɢɟ ɩɪɨɰɟɫɫɵ, ɩɪɨɬɟɤɚɸɳɢɟ ɜ 
ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɟ. ɉɪɢ ɷɬɨɦ ɤ ɫɢɫɬɟɦɟ ɝɚɡɨɞɢɧɚɦɢɱɟɫɤɢɯ ɭɪɚɜɧɟɧɢɣ (1) 
ɞɨɛɚɜɥɹɟɬɫɹ ɭɪɚɜɧɟɧɢɟ ɯɢɦɢɱɟɫɤɨɣ ɤɢɧɟɬɢɤɢ, ɜɤɥɸɱɚɸɳɟɟ ɜ ɫɟɛɹ ɜ ɤɚɱɟɫɬɜɟ 
ɧɟɢɡɜɟɫɬɧɨɣ ɮɭɧɤɰɢɢ ɦɚɫɫɨɜɭɸ ɞɨɥɸ ɧɟɩɪɨɪɟɚɝɢɪɨɜɚɜɲɟɝɨ ɜɟɳɟɫɬɜɚ 
[24,25]. Ɉɛɳɟɟ ɱɢɫɥɨ ɝɪɚɧɢɱɧɵɯ ɭɫɥɨɜɢɣ ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɦɢɧɢɦɢɡɢɪɭɟɬɫɹ: ɨɧɨ 
ɜɤɥɸɱɚɟɬ ɜ ɫɟɛɹ ɥɢɧɟɚɪɢɡɨɜɚɧɧɵɟ ɡɚɤɨɧɵ ɫɨɯɪɚɧɟɧɢɹ ɧɚ ɜɟɞɭɳɟɦ ɭɞɚɪɧɨɦ 
ɮɪɨɧɬɟ ɢ ɭɫɥɨɜɢɟ ɪɚɜɟɧɫɬɜɚ ɧɭɥɸ ɧɚ ɭɞɚɪɧɨɦ ɮɪɨɧɬɟ ɜɨɡɦɭɳɟɧɢɹ ɦɚɫɫɨɜɨɣ 
ɞɨɥɢ ɧɟɩɪɨɪɟɚɝɢɪɨɜɚɜɲɟɝɨ ɜɟɳɟɫɬɜɚ, ɤɨɬɨɪɨɟ ɡɚɦɟɧɹɟɬ ɭɪɚɜɧɟɧɢɟ ɨɛɪɚɬɧɨɣ 
ɫɜɹɡɢ ɢ ɨɫɧɨɜɵɜɚɟɬɫɹ ɧɚ ɩɪɟɞɩɨɥɨɠɟɧɧɢ, ɱɬɨ (ɜɜɢɞɭ ɦɚɥɨɫɬɢ ɜɨɡɦɭɳɟɧɢɣ) 
ɪɟɚɤɰɢɹ ɜ ɜɨɡɦɭɳɟɧɧɨɦ ɫɨɫɬɨɹɧɢɢ ɩɪɨɬɟɤɚɟɬ ɬɚɤɢɦ ɠɟ ɨɛɪɚɡɨɦ, ɤɚɤ ɢ ɜ 
ɧɟɜɨɡɦɭɳɟɧɧɨɦ. ɋɨɨɬɜɟɬɫɬɜɭɸɳɢɣ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɣ ɨɩɪɟɞɟɥɢɬɟɥɶ ɢɦɟɟɬ 
ɜɫɟɝɨ ɥɢɲɶ 5-ɵɣ ɩɨɪɹɞɨɤ, ɨɞɧɚɤɨ ɪɟɲɟɧɢɟ ɥɢɧɟɚɪɢɡɨɜɚɧɧɨɣ ɫɢɫɬɟɦɵ 
ɭɪɚɜɧɟɧɢɣ ɫ ɱɚɫɬɧɵɦɢ ɩɪɨɢɡɜɨɞɧɵɦɢ ɫɜɨɞɢɬɫɹ ɤ ɪɟɲɟɧɢɸ ɫɢɫɬɟɦɵ 
ɨɛɵɤɧɨɜɟɧɧɵɯ ɥɢɧɟɣɧɵɯ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɫ ɩɟɪɟɦɟɧɧɵɦɢ, ɚ ɧɟ 
ɫ ɩɨɫɬɨɹɧɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ, Ɍɚɤɚɹ ɡɚɞɚɱɚ ɫ ɬɨɱɤɢ ɡɪɟɧɢɹ ɫɨɜɪɟɦɟɧɧɨɣ 
ɦɚɬɟɦɚɬɢɤɢ ɜ ɨɛɳɟɦ ɜɢɞɟ ɧɟɪɚɡɪɟɲɢɦɚ ɚɧɚɥɢɬɢɱɟɫɤɢ [26]. ɉɪɢɧɰɢɩɢɚɥɶɧɨ 
ɢɧɨɣ ɩɨɞɯɨɞ ɤ ɚɧɚɥɢɡɭ ɭɫɬɨɣɱɢɜɨɫɬɢ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ ɫ ɧɟɩɪɟɪɵɜɧɵɦ 
ɪɚɫɩɪɟɞɟɥɟɧɢɟɦ ɩɚɪɚɦɟɬɪɨɜ ɡɚ ɜɟɞɭɳɢɦ ɭɞɚɪɧɵɦ ɮɪɨɧɬɨɦ [9,16,18,19] 
ɨɫɧɨɜɚɧ ɧɚ ɩɪɢɦɟɧɟɧɢɢ ɦɟɬɨɞɚ ɗɣɥɟɪɚ [26,27] ɞɥɹ ɩɪɢɛɥɢɠɟɧɧɨɝɨ 
ɚɧɚɥɢɬɢɱɟɫɤɨɝɨ ɪɟɲɟɧɢɹ ɭɤɚɡɚɧɧɨɣ ɜɵɲɟ ɫɢɫɬɟɦɵ ɨɛɵɤɧɨɜɟɧɧɵɯ ɥɢɧɟɣɧɵɯ 
ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɫ ɩɟɪɟɦɟɧɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɢ ɩɨɡɜɨɥɹɟɬ 
ɨɰɟɧɢɬɶ ɩɚɪɚɦɟɬɪɵ ɜɧɭɬɪɟɧɧɟɣ ɫɬɪɭɤɬɭɪɵ ɞɟɬɨɧɚɰɢɢ ɤɚɤ ɝɚɡɨɜɵɯ, ɬɚɤ ɢ 
ɤɨɧɞɟɧɫɢɪɨɜɚɧɧɵɯ ɫɢɫɬɟɦ. ɉɪɢ ɷɬɨɦ ɜɩɟɪɜɵɟ ɞɨɤɚɡɚɧɚ ɭɫɬɨɣɱɢɜɨɫɬɶ 
ɞɟɬɨɧɚɰɢɢ ɬɜɟɪɞɵɯ Ʉȼȼ (ɧɚɩɪɢɦɟɪ, ɥɢɬɨɝɨ ɬɪɨɬɢɥɚ), ɧɚɛɥɸɞɚɟɦɚɹ 
ɷɤɫɩɟɪɢɦɟɧɬɚɥɶɧɨ [17]. Ɉɞɧɚɤɨ, ɞɚɧɧɚɹ ɦɨɞɟɥɶ ɩɪɟɞɫɬɚɜɥɹɟɬɫɹ ɫɥɢɲɤɨɦ 
ɫɥɨɠɧɨɣ ɞɥɹ ɨɰɟɧɤɢ ɭɫɬɨɣɱɢɜɨɫɬɢ ɢ ɪɚɫɱɟɬɚ ɫɬɪɭɤɬɭɪɵ ɝɚɡɨɜɨɣ ɞɟɬɨɧɚɰɢɢ. 

Ⱥɧɚɥɢɡ ɩɨɥɭɱɟɧɧɵɯ ɪɟɡɭɥɶɬɚɬɨɜ. Ⱦɥɹ ɨɰɟɧɤɢ ɩɚɪɚɦɟɬɪɨɜ ɫɬɪɭɤɬɭɪɵ 
ɝɚɡɨɜɨɣ ɞɟɬɨɧɚɰɢɢ ɧɚɢɛɨɥɟɟ ɷɮɮɟɤɬɢɜɧɨɣ ɩɪɟɞɫɬɚɜɥɹɟɬɫɹ ɞɜɭɯɮɪɨɧɬɨɜɚɹ 
ɦɨɞɟɥɶ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ. Ɋɚɫɱɟɬɵ, ɩɪɨɢɡɜɟɞɟɧɧɵɟ ɞɥɹ ɪɹɞɚ ɝɚɡɨɜɵɯ 
ɫɦɟɫɟɣ ɩɪɢ ɪɚɡɥɢɱɧɵɯ ɧɚɱɚɥɶɧɵɯ ɭɫɥɨɜɢɹɯ, ɩɪɢɜɨɞɹɬ ɤ ɫɨɜɩɚɞɟɧɢɸ ɫ 
ɷɤɫɩɟɪɢɦɟɧɬɚɥɶɧɵɦɢ ɞɚɧɧɵɦɢ [11,12,13] ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ 30%. 
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ȼɵɜɨɞɵ. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɝɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ ɜ ɢɫɫɥɟɞɨɜɚɧɢɹɯ 
ɭɫɬɨɣɱɢɜɨɫɬɢ ɩɥɨɫɤɨɣ ɫɬɚɰɢɨɧɚɪɧɨɣ ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ ɜ ɢɞɟɚɥɶɧɨɦ ɝɚɡɟ: 
• ɞɥɹ ɦɨɞɟɥɢ ɑɟɩɦɟɧɚ-ɀɭɝɟ – ɧɟ ɩɨɡɜɨɥɹɸɬ ɞɚɬɶ ɨɰɟɧɤɭ ɭɫɬɨɣɱɢɜɨɫɬɢ ɢɥɢ 

ɧɟɭɫɬɨɣɱɢɜɨɫɬɢ ɝɚɡɨɜɨɣ ɞɟɬɨɧɚɰɢɢ; 
• ɞɥɹ ɦɧɨɝɨɫɬɭɩɟɧɱɚɬɨɣ ɦɨɞɟɥɢ, ɚɩɩɪɨɤɫɢɦɢɪɭɸɳɟɣ ɧɟɩɪɟɪɵɜɧɨɟ 

ɪɚɫɩɪɟɞɟɥɟɧɢɟ ɩɚɪɚɦɟɬɪɨɜ ɡɚ ɮɪɨɧɬɨɦ ɭɞɚɪɧɨɣ ɜɨɥɧɵ, – ɩɪɢɜɨɞɹɬ ɤ 
ɡɧɚɱɢɬɟɥɶɧɨɦɭ ɪɨɫɬɭ ɩɨɪɹɞɤɚ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɝɨ ɨɩɪɟɞɟɥɢɬɟɥɹ ɢ ɧɟ 
ɨɬɪɚɠɚɸɬ ɫɭɬɶ ɮɢɡɢɱɟɫɤɢɯ ɩɪɨɰɟɫɫɨɜ (ɯɨɬɹ ɫ ɬɨɱɤɢ ɡɪɟɧɢɹ ɦɚɬɟɦɚɬɢɤɢ 
ɦɨɞɟɥɶ ɩɪɟɞɫɬɚɜɥɹɟɬ ɧɟɫɨɦɧɟɧɧɵɣ ɢɧɬɟɪɟɫ). 

• ɞɥɹ ɞɜɭɯɮɪɨɧɬɨɜɨɣ (ɨɞɧɨɫɬɭɩɟɧɱɚɬɨɣ) ɦɨɞɟɥɢ – ɩɪɢɜɨɞɹɬ ɤ 
ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɦɭ ɭɪɚɜɧɟɧɢɸ (ɫ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɦ ɨɩɪɟɞɟɥɢɬɟɥɟɦ 
ɞɟɜɹɬɨɝɨ ɩɨɪɹɞɤɚ), ɚɧɚɥɢɡ ɤɨɪɧɟɣ ɤɨɬɨɪɨɝɨ ɩɨɡɜɨɥɹɟɬ ɨɰɟɧɢɜɚɬɶ ɩɚɪɚɦɟɬɪɵ 
ɜɧɭɬɪɟɧɧɟɣ ɫɬɪɭɤɬɭɪɵ ɞɟɬɨɧɚɰɢɢ ɩɨɞɚɜɥɹɸɳɟɝɨ ɛɨɥɶɲɢɧɫɬɜɚ 
ɞɟɬɨɧɚɰɢɨɧɧɨɫɩɨɫɨɛɧɵɯ ɝɚɡɨɜɵɯ ɫɦɟɫɟɣ ɢ ɦɨɠɟɬ ɫɥɭɠɢɬɶ ɨɫɧɨɜɨɣ 
ɪɚɡɪɚɛɚɬɵɜɚɟɦɨɣ ɂɋɉɉɊ ɩɨ ɜɨɩɪɨɫɚɦ ɜɡɪɵɜɨɛɟɡɨɩɚɫɧɨɫɬɢ. ɉɪɢ ɷɬɨɦ ɫ 
ɞɨɫɬɚɬɨɱɧɨɣ ɬɨɱɧɨɫɬɶɸ ɪɟɲɚɸɬɫɹ ɩɪɨɛɥɟɦɵ ɢɧɢɰɢɢɪɨɜɚɧɢɹ ɢ ɩɪɟɞɟɥɨɜ 
ɞɟɬɨɧɚɰɢɢ [16,28-30]. 
ɇɚɩɪɚɜɥɟɧɢɟ ɞɚɥɶɧɟɣɲɢɯ ɢɫɫɥɟɞɨɜɚɧɢɣ ɫɜɹɡɚɧɨ ɫ ɪɚɡɪɚɛɨɬɤɨɣ ɂɋɉɉɊ ɩɨ 

ɩɪɨɛɥɟɦɚɦ ɞɟɬɨɧɚɰɢɢ ɝɚɡɨɜɵɯ ɫɦɟɫɟɣ ɢ ɝɟɬɟɪɨɝɟɧɧɵɯ ɫɪɟɞ ɧɚ ɛɚɡɟ 
ɢɫɫɥɟɞɨɜɚɧɢɹ ɭɫɬɨɣɱɢɜɨɫɬɢ ɜ ɪɚɦɤɚɯ ɞɜɭɯɮɪɨɧɬɨɜɨɣ ɦɨɞɟɥɢ ɫɬɚɰɢɨɧɚɪɧɨɣ 
ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ. ȼɨɡɦɨɠɧɨ, ɦɨɞɟɥɢɪɨɜɚɧɢɟ ɫɬɚɰɢɨɧɚɪɧɨɣ 
ɞɟɬɨɧɚɰɢɨɧɧɨɣ ɜɨɥɧɵ ɫ ɭɱɟɬɨɦ ɧɟɩɪɟɪɵɜɧɨɝɨ ɪɚɫɩɪɟɞɟɥɟɧɢɹ ɩɚɪɚɦɟɬɪɨɜ ɡɚ 
ɜɟɞɭɳɢɦ ɭɞɚɪɧɵɦ ɮɪɨɧɬɨɦ ɩɨɡɜɨɥɢɬ ɪɚɫɲɢɪɢɬɶ ɨɛɥɚɫɬɶ ɩɪɢɦɟɧɟɧɢɹ 
ɩɨɞɨɛɧɨɣ ɂɋɉɉɊ ɧɚ ɩɪɨɛɥɟɦɵ ɞɟɬɨɧɚɰɢɢ ɤɨɧɞɟɧɫɢɪɨɜɚɧɧɵɯ ɜɡɪɵɜɱɚɬɵɯ 
ɜɟɳɟɫɬɜ. 
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І.ɋ. Ɍɨɧɤɨɲɤɭɪ 
Ⱦɧɿɩɪɨɜɫɶɤɢɣ ɧаɰɿɨɧаɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱаɪа 

ɆȺɌȿɆȺɌɂɑɇȿ ɆɈȾȿɅɘȼȺɇɇə ɉɅІȼɄɈȼɂɏ ɌȿɑІɃ ɊІȾɂɇɂ 
ɉɈ ɉɈȼȿɊɏɇІ ɌІɅȺ ɈȻȿɊɌȺɇɇə 

Ɋɨɡɝɥɹɧɭɬɚ ɡɚɞɚɱɚ ɩɪɨ ɩɪɨɫɬɨɪɨɜɭ ɛɟɡɯɜɢɥɶɨɜɭ ɩɥɿɜɤɨɜɭ ɬɟɱɿɸ ɧɟɥɿɧɿɣɧɨʀ 
ɜ’ɹɡɤɨɩɥɚɫɬɢɱɧɨʀ ɪɿɞɢɧɢ ɩɨ ɩɨɜɟɪɯɧɿ ɬɜɟɪɞɨɝɨ ɬɿɥɚ ɩɿɞ ɞɿєɸ ɫɢɥɢ ɬɹɠɿɧɧɹ. Ɂɚ 
ɞɨɩɨɦɨɝɨɸ ɦɟɬɨɞɚ ɦɚɥɨɝɨ ɩɚɪɚɦɟɬɪɚ ɨɞɟɪɠɚɧɨ ɧɚɛɥɢɠɟɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɪɿɜɧɹɧɶ 
ɞɢɧɚɦɿɤɢ ɪɿɞɤɨʀ ɩɥɿɜɤɢ ɩɨ ɩɨɜɟɪɯɧɿ ɬɿɥɚ ɨɛɟɪɬɚɧɧɹ. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɪɿɞɤɚ ɩɥɿɜɤɚ, ɦɟɬɨɞ ɦɚɥɨɝɨ ɩɚɪɚɦɟɬɪɚ, ɬɿɥɨ ɨɛɟɪɬɚɧɧɹ, 
ɜ’ɹɡɤɨɩɥɚɫɬɢɱɧɚ ɪɿɞɢɧɚ. 

 

Ɋɚɫɫɦɨɬɪɟɧɚ ɡɚɞɚɱɚ ɨ ɩɪɨɫɬɪɚɧɫɬɜɟɧɧɨɦ ɛɟɡɜɨɥɧɨɜɨɦ ɩɥɟɧɨɱɧɨɦ ɬɟɱɟɧɢɢ 
ɧɟɥɢɧɟɣɧɨɣ ɜɹɡɤɨɩɥɚɫɬɢɱɟɫɤɨɣ ɠɢɞɤɨɫɬɢ ɩɨ ɩɨɜɟɪɯɧɨɫɬɢ ɬɜɟɪɞɨɝɨ ɬɟɥɚ ɩɨɞ 
ɞɟɣɫɬɜɢɟɦ ɫɢɥɵ ɬɹɠɟɫɬɢ. ɋ ɩɨɦɨɳɶɸ ɦɟɬɨɞɚ ɦɚɥɨɝɨ ɩɚɪɚɦɟɬɪɚ ɩɨɥɭɱɟɧɨ 
ɩɪɢɛɥɢɠɟɧɧɨɟ ɪɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɣ ɞɢɧɚɦɢɤɢ ɠɢɞɤɨɣ ɩɥɟɧɤɢ ɩɨ ɩɨɜɟɪɯɧɨɫɬɢ ɬɟɥɚ 
ɜɪɚɳɟɧɢɹ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɠɢɞɤɚɹ ɩɥɟɧɤɚ, ɦɟɬɨɞ ɦɚɥɨɝɨ ɩɚɪɚɦɟɬɪɚ, ɬɟɥɨ ɜɪɚɳɟɧɢɹ, 
ɜɹɡɤɨɩɥɚɫɬɢɱɧɚɹ ɠɢɞɤɨɫɬɶ. 

 

The problem of the spatial nonwave stationary flow of the viscoplastic fluid on the sur-

face of the body of rotation under the action of gravity is considered. It is assumed that the 

axis of the body is located at a certain angle to the vertical, and the film of liquid flows 

down from its top. A curvilinear orthogonal coordinate system (ξ, Ș, ȗ) associated with the 

body surface is introduced: ξ is the coordinate along the generatrix of the body, Ș is the po-

lar angle in the plane perpendicular to the axis of the body of revolution, ȗ is the distance 

along the normal to the surface. To describe the flow of a liquid film, a viscous incompress-

ible fluid model is used, which is based on partial differential equations - the equations of 

motion and continuity. The following boundary conditions are used: sticking conditions on 

the solid surface; on the surface separating liquid and gas, the conditions for continuity of 

stresses and normal component of the velocity vector. For the closure of a system of differ-

ential equations, the Schulman rheological model is used, which is a generalization of the 

Ostwald-de-Ville power model and the Shvedov-Bingham viscoplastic model. To simplify 

the system of differential equations, the small parameter method is used. The small param-

eter is the relative film thickness. It is assumed that the generalized Reynolds number has 

an order equal to one. The solution of the equations of continuity and motion (taking into 

account the principal terms of the expansion) was obtained in an analytical form. The ob-

tained formulas for the components of the velocity and pressure vector generalize the 

known relations for flat surfaces. To determine the unknown film thickness, an initial-

boundary value problem was formulated for a first-order partial differential equation. The 

solution to this problem is found with the help of the finite difference method. The results 

of calculations according to the proposed method for the circular cone located at a certain 

angle to the vertical are presented. Calculations show that the parameters of nonlinearity 

and plasticity of this rheological model of a liquid can significantly affect the speed profiles 

and the distribution of the thickness of the viscous layer on the surface of the body.  

Keywords: liquid film, small parameter method, body of rotation, visco-plastic fluid. 
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ȼɫɬɭɩ. ɉɥɿɜɤɨɜɿ ɬɟɱɿʀ ɪɿɞɢɧɢ ɲɢɪɨɤɨ ɡɚɫɬɨɫɨɜɭɸɬɶɫɹ ɜ ɟɧɟɪɝɟɬɢɰɿ, 
ɦɟɬɚɥɭɪɝɿʀ, ɜ ɯɿɦɿɱɧɿɣ, ɛɭɞɿɜɟɥɶɧɿɣ, ɯɚɪɱɨɜɿɣ ɬɚ ɿɧɲɢɯ ɝɚɥɭɡɹɯ ɩɪɨɦɢɫɥɨɜɨɫɬɿ. 
ȼ ɬɟɯɧɿɱɧɢɯ ɩɪɢɫɬɪɨɹɯ ɪɟɚɥɿɡɭɸɬɶɫɹ, ɹɤ ɩɪɚɜɢɥɨ, ɬɪɢɜɢɦɿɪɧɿ ɬɟɱɿʀ ɪɿɞɤɨʀ 
ɩɥɿɜɤɢ ɩɨ ɤɪɢɜɨɥɿɧɿɣɧɢɦ ɩɨɜɟɪɯɧɹɦ. Ʉɪɿɦ ɬɨɝɨ, ɜ ɬɟɯɧɨɥɨɝɿɱɧɢɯ ɩɪɨɰɟɫɚɯ 
ɱɚɫɬɨ ɜɢɤɨɪɢɫɬɨɜɭɸɬɶ ɪɟɨɥɨɝɿɱɧɨ ɫɤɥɚɞɧɿ (ɧɟɧɶɸɬɨɧɿɜɫɶɤɿ) ɪɿɞɢɧɢ, ɹɤɿ ɦɚɸɬɶ 
ɨɫɨɛɥɢɜɿ ɜɥɚɫɬɢɜɨɫɬɿ. ɍ ɡɜ'ɹɡɤɭ ɡ ɰɢɦ ɫɬɚɧɨɜɢɬɶ ɿɧɬɟɪɟɫ ɪɨɡɪɨɛɤɚ ɦɟɬɨɞɿɜ 
ɪɨɡɪɚɯɭɧɤɭ ɩɪɨɫɬɨɪɨɜɢɯ ɬɟɱɿɣ ɧɟɧɶɸɬɨɧɿɜɫɶɤɢɯ ɪɿɞɢɧ. 

ɉɪɨɫɬɨɪɨɜɿ ɬɟɱɿʀ ɜ’ɹɡɤɨʀ ɪɿɞɢɧɢ ɩɨ ɬɜɟɪɞɿɣ ɩɨɜɟɪɯɧɿ ɞɨɫɥɿɞɠɭɜɚɥɢɫɶ ɜ 
ɪɨɛɨɬɚɯ [1-4]. ȼ [1] ɫɮɨɪɦɭɥɶɨɜɚɧɚ ɫɢɫɬɟɦɚ ɪɿɜɧɹɧɶ ɞɢɧɚɦɿɤɢ ɧɶɸɬɨɧɿɜɫɶɤɨʀ 
ɪɿɞɢɧɢ ɧɚ ɤɪɢɜɨɥɿɧɿɣɧɿɣ ɬɜɟɪɞɿɣ ɩɨɜɟɪɯɧɿ, ɞɚєɬɶɫɹ ɪɨɡɜ’ɹɡɨɤ ɨɫɟɫɢɦɟɬɪɢɱɧɢɯ 
ɡɚɞɚɱ ɞɥɹ ɤɪɭɝɨɜɨɝɨ ɤɨɧɭɫɚ ɿ ɰɢɥɿɧɞɪɚ. ȼ ɪɨɛɨɬɚɯ [3,4] ɞɨɫɥɿɞɠɭɜɚɥɢɫɶ ɬɟɱɿʀ 
ɧɶɸɬɨɧɿɜɫɶɤɨʀ ɬɚ ɧɟɥɿɧɿɣɧɨ-ɜ’ɹɡɤɨʀ ɪɿɞɢɧ ɩɨɛɥɢɡɭ ɬɜɟɪɞɨɝɨ ɬɿɥɚ (ɰɢɥɿɧɞɪ, 
ɞɢɫɤ), ɳɨ ɨɛɟɪɬɚєɬɶɫɹ ɧɚɜɤɨɥɨ ɫɜɨєʀ ɨɫɿ. ȼ [2] ɡɚɩɪɨɩɨɧɨɜɚɧɚ ɦɟɬɨɞɢɤɚ 
ɧɚɛɥɢɠɟɧɨɝɨ ɪɨɡɪɚɯɭɧɤɭ ɧɟɫɢɦɟɬɪɢɱɧɢɯ ɩɪɨɫɬɨɪɨɜɢɯ ɬɟɱɿɣ ɩɨ ɩɨɜɟɪɯɧɿ ɬɿɥɚ 
ɨɛɟɪɬɚɧɧɹ ɞɥɹ ɦɨɞɟɥɿ ɜ’ɹɡɤɨɩɥɚɫɬɢɱɧɨʀ ɪɿɞɢɧɢ ɒɜɟɞɨɜɚ-Ȼɿɧɝɚɦɚ. ȼ ɞɚɧɿɣ 
ɪɨɛɨɬɿ ɰɹ ɦɟɬɨɞɢɤɚ ɩɨɲɢɪɸєɬɶɫɹ ɧɚ ɪɟɨɥɨɝɿɱɧɭ ɦɨɞɟɥɶ ɒɭɥɶɦɚɧɚ [5], ɹɤɚ є 
ɭɡɚɝɚɥɶɧɟɧɹɦ ɧɟɥɿɧɿɣɧɨ-ɜ’ɹɡɤɨʀ ɦɨɞɟɥɿ ɿ ɦɨɞɟɥɿ ɒɜɟɞɨɜɚ-Ȼɿɧɝɚɦɚ. 

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ. Ɋɨɡɝɥɹɞɚєɬɶɫɹ ɡɚɞɚɱɚ ɩɪɨ ɩɪɨɫɬɨɪɨɜɭ ɛɟɡɯɜɢɥɶɨɜɭ 
ɫɬɚɰɿɨɧɚɪɧɭ ɬɟɱɿɸ ɜ’ɹɡɤɨɩɥɚɫɬɢɱɧɨʀ ɪɿɞɢɧɢ ɩɨ ɩɨɜɟɪɯɧɿ ɬɿɥɚ ɨɛɟɪɬɚɧɧɹ ɩɿɞ 
ɞɿєɸ ɫɢɥɢ ɬɹɠɿɧɧɹ. ɉɪɢɩɭɫɤɚєɬɶɫɹ, ɳɨ ɜɿɫɶ ɬɿɥɚ ɪɨɡɬɚɲɨɜɚɧɚ ɩɿɞ ɞɟɹɤɢɦ 
ɤɭɬɨɦ ɞɨ ɜɟɪɬɢɤɚɥɿ, ɚ ɩɥɿɜɤɚ ɪɿɞɢɧɢ ɫɬɿɤɚє ɜɿɞ ɣɨɝɨ ɜɟɪɲɢɧɢ ɜɧɢɡ. ȼɜɟɞɟɦɨ 
ɤɪɢɜɨɥɿɧɿɣɧɭ ɨɪɬɨɝɨɧɚɥɶɧɭ ɫɢɫɬɟɦɭ ɤɨɨɪɞɢɧɚɬ (ξ, Ș, ȗ), ɡɜ'ɹɡɚɧɭ ɡ ɩɨɜɟɪɯɧɟɸ 
ɬɿɥɚ: ɤɨɨɪɞɢɧɚɬɚ ξ ɜɿɞɪɚɯɨɜɭєɬɶɫɹ ɜɿɞ ɜɟɪɲɢɧɢ ɬɿɥɚ ɭɡɞɨɜɠ ɬɜɿɪɧɨʀ, Ș – 
ɩɨɥɹɪɧɢɣ ɤɭɬ ɜ ɩɥɨɳɢɧɿ, ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɿɣ ɨɫɿ ɬɿɥɚ ɨɛɟɪɬɚɧɧɹ, ȗ – ɜɿɞɫɬɚɧɶ 
ɩɨ ɧɨɪɦɚɥɿ ɞɨ ɩɨɜɟɪɯɧɿ. Ɋɿɜɧɹɧɧɹ ɩɨɜɟɪɯɧɿ ɬɿɥɚ ɡɚɞɚєɬɶɫɹ ɭ ɜɢɝɥɹɞɿ, ( )wr r =  

ɞɟ wr  – ɜɿɞɫɬɚɧɶ ɜɿɞ ɬɨɱɤɢ ɩɨɜɟɪɯɧɿ ɞɨ ɨɫɿ ɬɿɥɚ. 
Ⱦɥɹ ɨɩɢɫɭ ɬɟɱɿʀ ɪɿɞɤɨʀ ɩɥɿɜɤɢ ɡɚɫɬɨɫɨɜɭєɬɶɫɹ ɦɨɞɟɥɶ ɜ'ɹɡɤɨʀ ɧɟɫɬɢɫɥɢɜɨʀ 

ɪɿɞɢɧɢ, ɹɤɚ ɡɚɫɧɨɜɚɧɚ ɧɚ ɪɿɜɧɹɧɧɹɯ ɿɦɩɭɥɶɫɭ ɿ ɧɟɪɨɡɪɢɜɧɨɫɬɿ. ɍ ɜɟɤɬɨɪɧɿɣ 
ɮɨɪɦɿ ɰɿ ɪɿɜɧɹɧɧɹ ɦɚɸɬɶ ɜɢɝɥɹɞ 

dVρ grad p Div τ ρg ,
dt

= − + +                                (1) 

0div V = ,                                        (2) 

ɞɟ  V  – ɜɟɤɬɨɪ ɲɜɢɞɤɨɫɬɿ ɪɭɯɭ ɪɿɞɢɧɢ, p – ɬɢɫɤ, ρ – ɝɭɫɬɢɧɚ ɪɿɞɢɧɢ, τ  – 

ɬɟɧɡɨɪ ɜ'ɹɡɤɢɯ ɧɚɩɪɭɠɟɧɶ, g  – ɿɧɬɟɧɫɢɜɧɿɫɬɶ ɫɢɥɢ ɬɹɠɿɧɧɹ. 
ȼ ɹɤɨɫɬɿ ɤɪɚɣɨɜɢɯ ɭɦɨɜ ɜɢɤɨɪɢɫɬɨɜɭɸɬɶɫɹ ɭɦɨɜɚ ɩɪɢɥɢɩɚɧɧɹ ɧɚ ɩɨɜɟɪɯɧɿ 

ɬɜɟɪɞɨɝɨ ɬɿɥɚ, ɚ ɬɚɤɨɠ ɭɦɨɜɢ ɧɟɩɟɪɟɪɜɧɨɫɬɿ ɧɚɩɪɭɠɟɧɶ ɿ ɧɨɪɦɚɥɶɧɨʀ 
ɫɤɥɚɞɨɜɨʀ ɜɟɤɬɨɪɚ ɲɜɢɞɤɨɫɬɿ – ɧɚ ɩɨɜɟɪɯɧɿ, ɳɨ ɪɨɡɞɿɥɹє ɪɿɞɢɧɭ ɿ ɝɚɡ. 

0V =          ɩɪɢ 0, =                                     (3) 

( ) 2 ,0N p p N N  − − = +                               (4) 
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0V N =          ɩɪɢ .F=                                  (5) 
Ɍɭɬ ( , )F F=    – ɪɿɜɧɹɧɧɹ ɜɿɥɶɧɨʀ ɩɨɜɟɪɯɧɿ, 0p  – ɚɬɦɨɫɮɟɪɧɢɣ ɬɢɫɤ ɜ ɝɚɡɿ, 

( , )N N  =  – ɨɞɢɧɢɱɧɚ ɧɨɪɦɚɥɶ ɞɨ  ,  – ɫɟɪɟɞɧɹ ɤɪɢɜɢɡɧɚ ɩɨɜɟɪɯɧɿ  ,  – 

ɤɨɟɮɿɰɿєɧɬ ɩɨɜɟɪɯɧɟɜɨɝɨ ɧɚɬɹɝɭ,  – ɩɨɜɟɪɯɧɟɜɢɣ ɝɪɚɞɿєɧɬ ɤɨɟɮɿɰɿєɧɬɚ  .  

Ⱦɥɹ ɡɚɦɢɤɚɧɧɹ ɫɢɫɬɟɦɢ ɪɿɜɧɹɧɶ (1)-(2) ɜɢɤɨɪɢɫɬɨɜɭєɬɶɫɹ ɪɟɨɥɨɝɿɱɧɢɣ 
ɡɚɤɨɧ ɒɭɥɶɦɚɧɚ 5: 

1/
102

nn
n

ij p ijA e
A

− 
= + 

 


           ɩɪɢ   0| |   , 

0ije =                                               ɩɪɢ 0| |   ,    

ɞɟ ij  – ɤɨɦɩɨɧɟɧɬɢ ɬɟɧɡɨɪɚ ɜ’ɹɡɤɢɯ ɧɚɩɪɭɠɟɧɶ  , 0 – ɝɪɚɧɢɱɧɟ ɧɚɩɪɭɠɟɧɧɹ 

ɡɫɭɜɭ, p  – ɤɨɟɮɿɰɿєɧɬ ɩɥɚɫɬɢɱɧɨʀ ɜ’ɹɡɤɨɫɬɿ, A= 22I , 2I  – ɞɪɭɝɢɣ ɿɧɜɚɪɿɚɧɬ 
ɬɟɧɡɨɪɚ ɲɜɢɞɤɨɫɬɟɣ ɞɟɮɨɪɦɚɰɿɣ ije , n – ɩɚɪɚɦɟɬɪ ɧɟɥɿɧɿɣɧɨɫɬɿ.  

Ɇɟɬɨɞ ɪɨɡɜ'ɹɡɚɧɧɹ. Ⱦɥɹ ɫɩɪɨɳɟɧɧɹ ɫɢɫɬɟɦɢ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɪɿɜɧɹɧɶ  
(1)-(2) ɡ ɤɪɚɣɨɜɢɦɢ ɭɦɨɜɚɦɢ (3)-(5) ɡɚɫɬɨɫɨɜɭєɬɶɫɹ ɦɟɬɨɞ ɦɚɥɨɝɨ ɩɚɪɚɦɟɬɪɚ, ɜ 
ɹɤɨɫɬɿ ɹɤɨɝɨ ɨɛɪɚɧɚ ɜɿɞɧɨɫɧɚ ɬɨɜɳɢɧɚ ɩɥɿɜɤɢ  0 0/h l =    ( 0 0,h l – ɯɚɪɚɤɬɟɪɧɿ 
ɩɨɩɟɪɟɱɧɢɣ ɿ ɩɨɡɞɨɜɠɧɿɣ ɪɨɡɦɿɪɢ). ɉɪɢɩɭɫɤɚєɬɶɫɹ, ɳɨ ɭɡɚɝɚɥɶɧɟɧɟ ɱɢɫɥɨ 
Ɋɟɣɧɨɥɶɞɫɚ 2

0 0Re /n n nh U −=  ɦɚє ɩɨɪɹɞɨɤ ɨɞɢɧɢɰɿ (ɬɨɛɬɨ εRe << 1).  
ȼɜɟɞɟɦɨ ɛɟɡɪɨɡɦɿɪɧɿ ɡɦɿɧɧɿ ɡɚ ɮɨɪɦɭɥɚɦɢ: 

0 0, , ,l         = = =  

0 0 0 ,, ,u U u w U w v U v  = = =  

2
0 0 0, , .p U p F l F      = = =  

Ɍɭɬ , ,u w v  – ɫɤɥɚɞɨɜɿ ɜɟɤɬɨɪɚ ɲɜɢɞɤɨɫɬɿ, ɜɿɞɩɨɜɿɞɧɿ ɤɨɨɪɞɢɧɚɬɚɦ ( ), ,   , 

0 0,U   – ɯɚɪɚɤɬɟɪɧɿ ɡɧɚɱɟɧɧɹ ɲɜɢɞɤɨɫɬɿ ɪɭɯɭ ɿ ɤɨɟɮɿɰɿєɧɬɚ ɩɨɜɟɪɯɧɟɜɨɝɨ 
ɧɚɬɹɝɭ. ȼɜɟɞɟɦɨ ɬɚɤɨɠ ɞɨɩɨɦɿɠɧɭ ɮɭɧɤɰɿɸ ( , , )P    , ɡɜ'ɹɡɚɧɭ ɡ ɬɢɫɤɨɦ p   

ɫɩɿɜɜɿɞɧɨɲɟɧɧɹɦ: 
2

0 02p p U P = − +  

ɉɨɞɚɦɨ ɧɟɜɿɞɨɦɿ ɮɭɧɤɰɿʀ (ɫɤɥɚɞɨɜɿ ɜɟɤɬɨɪɚ ɲɜɢɞɤɨɫɬɿ ɿ ɬɢɫɤ) ɭ ɜɢɝɥɹɞɿ 
ɪɨɡɤɥɚɞɿɜ ɜ ɪɹɞ ɩɨ  

0 1А А А= + . 

ȼɪɚɯɨɜɭɸɱɢ ɝɨɥɨɜɧɿ ɱɥɟɧɢ ɪɨɡɤɥɚɞɚɧɶ, ɨɬɪɢɦɚєɦɨ ɫɩɪɨɳɟɧɭ ɫɢɫɬɟɦɭ 
ɪɿɜɧɹɧɶ (ɧɚɞɚɥɿ ɞɥɹ ɫɤɨɪɨɱɟɧɧɹ ɡɚɩɢɫɭ ɡɧɚɤ «'» ɨɩɭɳɟɧɢɣ) 

1
0,w

w w

ru w v
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r r  
  

+ + + =
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P en

Fr
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Ʉɪɚɣɨɜɿ ɭɦɨɜɢ: 
0u w v= = =   ɩɪɢ ȗ=0, 

31 32 0,P  == = 0
F w F

v u
rw 

 
− − =

 
  ɩɪɢ ȗ=F. 

Ɍɭɬ , ,u w v  – ɫɤɥɚɞɨɜɿ ɜɟɤɬɨɪɚ ɲɜɢɞɤɨɫɬɿ; 2
0 0/ ( )Fr U gh=  – ɱɢɫɥɨ Ɏɪɭɞɚ; e  

– ɨɞɢɧɢɱɧɢɣ ɜɟɤɬɨɪ, ɳɨ ɡɚɞɚє ɧɚɩɪɹɦ ɞɿʀ ɫɢɥɢ ɬɹɠɿɧɧɹ; 1 2, ,e e n  – ɛɚɡɢɫɧɿ 
ɜɟɤɬɨɪɢ ɤɪɢɜɨɥɿɧɿɣɧɨʀ ɫɢɫɬɟɦɢ ɤɨɨɪɞɢɧɚɬ ( , , )   ; g  – ɩɪɢɫɤɨɪɟɧɧɹ ɜɿɥɶɧɨɝɨ 
ɩɚɞɿɧɧɹ. ɉɨɜɟɪɯɧɹ 1( , )F  = , ɳɨ ɪɨɡɞɿɥɹє ɜ'ɹɡɤɭ ɿ ɩɥɚɫɬɢɱɧɭ ɨɛɥɚɫɬɿ ɬɟɱɿʀ 
ɪɿɞɢɧɢ, ɜɢɡɧɚɱɚєɬɶɫɹ ɩɚɪɚɦɟɬɪɨɦ ɩɥɚɫɬɢɱɧɨɫɬɿ 0 0 0/ ( ).n n nS h U=   

Ɋɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ (ɜ ɧɭɥɶɨɜɨɦɭ ɧɚɛɥɢɠɟɧɧɿ) ɞɥɹ ɫɤɥɚɞɨɜɢɯ ɜɟɤɬɨɪɚ 
ɲɜɢɞɤɨɫɬɿ ɦɚє ɜɢɝɥɹɞ: 
ɭ ɜ'ɹɡɤɿɣ ɨɛɥɚɫɬɿ ɬɟɱɿʀ (ɩɪɢ 1F  ) 

 1 1
1 ( ) ,u B F F S     + + =   − − +   

 1 1
2 ( ) ,w B F F S     + + =   − − +   

1
12

1

1 2
2

3 6

1 1

1 1 ,
2

w

F F
v B F

r F F

F S
F F

+
+

+
+

      = +   + − − +              
   + + − − +   

     





 

   
 

    

 

ɭ ɩɥɚɫɬɢɱɧɿɣ ɨɛɥɚɫɬɿ (ɩɪɢ 1F   ) 

( ) 1 1
1 ( ) ,u B S F S F S+ +=   − + −   

 ( ) 1 1
2 ( ) ,w B S F S F S+ +=   − + −     

( )

( )

1 12
1

2
1 2 2

3 6

( )

( )
( ) ,

2

w

F F
v B F F S S F

r

F S
F F S S F S

+ +

+ + +

    = +   − + − +     

− + − + − + 

  

   

 
 

  

 

ɞɥɹ ɮɭɧɤɰɿʀ ɬɢɫɤɭ  
4 ( ),P F = −  

ɞɟ 1F F S= −  – ɬɨɜɳɢɧɚ ɜ'ɹɡɤɨɝɨ ɲɚɪɭ, 2 2
1 2/ ( )S S= +    , ,i B  – ɜɿɞɨɦɿ 

ɮɭɧɤɰɿʀ, ɹɤɿ ɡɚɥɟɠɚɬɶ ɜɿɞ ɝɟɨɦɟɬɪɢɱɧɢɯ ɿ ɮɿɡɢɱɧɢɯ ɩɚɪɚɦɟɬɪɿɜ: 
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ɇɟɜɿɞɨɦɚ ɬɨɜɳɢɧɚ ɩɥɿɜɤɢ F  ɜɢɡɧɚɱɚєɬɶɫɹ ɜ ɪɟɡɭɥɶɬɚɬɿ ɪɨɡɜ'ɹɡɚɧɧɹ 

ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ 
2

1 ( , , ) 0
w

F F
f F

r

  
 
 

+ + =
 

,                        (6) 

(1, ) 1,F  = 0( ,0) ( ),F F =                              (7) 

ɞɟ 

( ) ( ) ( )
( )

21 2 2
3 60.5

( , , ) .
F F S S F S F S

f F

B F S F S

+ + + − + − + − =
 − − 
 

  

 

  
   

ɋɢɫɬɟɦɚ ɪɿɜɧɹɧɶ (6)-(7) ɪɨɡɜ’ɹɡɭєɬɶɫɹ ɱɢɫɟɥɶɧɨ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɪɿɡɧɢɰɟɜɨʀ 
ɫɯɟɦɢ ɛɿɠɭɱɨɝɨ ɨɛɱɢɫɥɟɧɧɹ. Ɏɭɧɤɰɿɹ 0( )F   ɡɧɚɯɨɞɢɬɶɫɹ ɜ ɪɟɡɭɥɶɬɚɬɿ 
ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɧɚ ɥɿɧɿʀ ɪɨɡɬɿɤɚɧɧɹ =0.Ɋɟɡɭɥɶɬɚɬɢ ɪɨɡɪɚɯɭɧɤɿɜ ɡɚ 
ɨɩɢɫɚɧɨɸ ɦɟɬɨɞɢɤɨɸ ɞɥɹ ɤɨɧɭɫɚ ɡ ɤɭɬɨɦ 30 =  ɩɪɢ ɤɭɬɿ ɫɤɨɫɭ ɩɨɬɨɤɭ 

10 = ɿ ɡɧɚɱɟɧɧɹɯ ɮɿɡɢɱɧɢɯ ɩɚɪɚɦɟɬɪɿɜ Re=1, Fr=1 ɩɪɟɞɫɬɚɜɥɟɧɿ ɧɚ ɪɢɫɭɧɤɚɯ 
1-2.  ɇɚ ɪɢɫ. 1 ɩɨɤɚɡɚɧɿ ɩɪɨɮɿɥɿ ɩɨɡɞɨɜɠɧɶɨʀ ɫɤɥɚɞɨɜɨʀ ɜɟɤɬɨɪɚ ɲɜɢɞɤɨɫɬɿ u ɜ 
ɲɚɪɿ ɩɥɿɜɤɢ ɞɥɹ ɬɨɱɤɢ ɩɨɜɟɪɯɧɿ ɡ ɤɨɨɪɞɢɧɚɬɚɦɢ (ξ=1,5; η=0˚) ɩɪɢ ɡɧɚɱɟɧɧɹɯ 
ɩɚɪɚɦɟɬɪɿɜ n=1, S=0; 0,1; 0,2; 0,3 (ɪɢɫ. 1.ɚ) ɿ ɩɪɢ S=0, n=0,5; 1; 2; 10 (ɪɢɫ. 1.ɛ). 
ɇɚ ɪɢɫ. 2 ɧɚɜɟɞɟɧɿ ɪɨɡɩɨɞɿɥɢ ɬɨɜɳɢɧɢ ɩɥɿɜɤɢ F ɿ ɬɨɜɳɢɧɢ ɜ’ɹɡɤɨɝɨ ɲɚɪɭ 1F  

ɜɡɞɨɜɠ ɥɿɧɿʀ ɪɨɡɬɿɤɚɧɧɹ (η=0˚). Ɋɨɡɪɚɯɭɧɤɢ ɩɨɤɚɡɭɸɬɶ, ɳɨ ɩɚɪɚɦɟɬɪɢ 
ɧɟɥɿɧɿɣɧɨɫɬɿ n ɿ ɩɥɚɫɬɢɱɧɨɫɬɿ S ɿɫɬɨɬɧɨ ɜɩɥɢɜɚɸɬɶ ɧɚ ɩɪɨɮɿɥɿ ɲɜɢɞɤɨɫɬɿ ɿ 
ɪɨɡɩɨɞɿɥɢ ɬɨɜɳɢɧɢ ɜ'ɹɡɤɨɝɨ ɲɚɪɭ ɩɨ ɩɨɜɟɪɯɧɿ ɬɿɥɚ. 

 
 
 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 1 ɉɪɨɮɿɥɿ ɩɨɡɞɨɜɠɧɶɨʀ ɫɤɥɚɞɨɜɨʀ ɜɟɤɬɨɪɚ ɲɜɢɞɤɨɫɬɿ u  
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Ɋɢɫ. 2. Ɋɨɡɩɨɞɿɥɢ ɬɨɜɳɢɧɢ ɩɥɿɜɤɢ F  ɿ ɬɨɜɳɢɧɢ ɜ’ɹɡɤɨɝɨ ɲɚɪɭ 1F  

 ɜɡɞɨɜɠ ɬɜɿɪɧɨʀ ɤɨɧɭɫɚ (η=0˚)   
 

ȼɢɫɧɨɜɤɢ. Ɂɚ ɞɨɩɨɦɨɝɨɸ ɦɟɬɨɞɭ ɦɚɥɨɝɨ ɩɚɪɚɦɟɬɪɚ ɪɨɡɪɨɛɥɟɧɚ ɦɟɬɨɞɢɤɚ 
ɪɨɡɜ'ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɩɪɨ ɬɟɱɿɸ ɧɟɥɿɧɿɣɧɨʀ ɜ'ɹɡɤɨɩɥɚɫɬɢɱɧɨʀ ɪɿɞɢɧɢ ɩɨ ɩɨɜɟɪɯɧɿ 
ɬɿɥɚ ɨɛɟɪɬɚɧɧɹ ɩɿɞ ɞɿєɸ ɫɢɥɢ ɬɹɠɿɧɧɹ. ɋɮɨɪɦɭɥɶɨɜɚɧɨ ɤɪɚɣɨɜɭ ɡɚɞɚɱɭ ɞɥɹ 
ɜɢɡɧɚɱɟɧɧɹ ɬɨɜɳɢɧɢ ɩɥɿɜɤɢ. Ɉɬɪɢɦɚɧɨ ɚɧɚɥɿɬɢɱɧɿ ɜɢɪɚɡɢ ɞɥɹ ɩɪɨɮɿɥɿɜ 
ɲɜɢɞɤɨɫɬɿ ɜ ɡɚɥɟɠɧɨɫɬɿ ɜɿɞ ɮɿɡɢɱɧɢɯ ɩɚɪɚɦɟɬɪɿɜ ɡɚɞɚɱɿ. 

Ȼɿɛɥɿɨɝɪɚɮɿɱɧɿ ɩɨɫɢɥɚɧɧɹ 
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ȱ.ɋ. Ɍɨɧɤɨɲɤɭɪ, Ɍ.Є. Ɂɚɣɰɟɜɚ  
Ⱦɧɿɩɪɨɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

ɆɈȾȿɅɘȼȺɇɇə ɌȿɑȱȲ ȾȼɈɒȺɊɈȼɈȲ ɊȱȾɄɈȲ ɉɅȱȼɄɂ  
ɉɈ ɐɂɅȱɇȾɊɂɑɇȱɃ ɉɈȼȿɊɏɇȱ 

Ɋɨɡɝɥɹɧɭɬɚ ɡɚɞɚɱɚ ɩɪɨ ɫɭɦɿɫɧɭ ɬɟɱɿɸ ɞɜɨɯ ɜɡɚєɦɧɨ ɧɟɪɨɡɱɢɧɧɢɯ ɪɿɞɤɢɯ ɩɥɿɜɨɤ ɿ 
ɝɚɡɭ ɩɨ ɰɢɥɿɧɞɪɢɱɧɿɣ ɩɨɜɟɪɯɧɿ ɩɿɞ ɞɿєɸ ɫɢɥɢ ɬɹɠɿɧɧɹ. Ɂɚ ɞɨɩɨɦɨɝɨɸ ɦɟɬɨɞɚ ɦɚɥɨɝɨ 
ɩɚɪɚɦɟɬɪɚ ɨɞɟɪɠɚɧɨ ɧɚɛɥɢɠɟɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɪɿɜɧɹɧɶ ɞɢɧɚɦɿɤɢ ɪɿɞɤɨʀ ɩɥɿɜɤɢ ɜɡɞɨɜɠ 
ɩɨɜɟɪɯɧɿ ɰɢɥɿɧɞɪɚ. Ɉɬɪɢɦɚɧɨ ɧɟɥɿɧɿɣɧɟ ɪɿɜɧɹɧɧɹ ɞɥɹ ɜɢɡɧɚɱɟɧɧɹ ɨɩɬɢɦɚɥɶɧɨɝɨ 
ɡɧɚɱɟɧɧɹ ɩɚɪɚɦɟɬɪɚ ɜɩɥɢɜɭ ɝɚɡɨɜɨɝɨ ɩɨɬɨɤɭ. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɞɜɨɲɚɪɨɜɚ ɪɿɞɤɚ ɩɥɿɜɤɚ, ɝɚɡɨɜɢɣ ɩɨɬɿɤ, ɦɟɬɨɞ ɦɚɥɨɝɨ ɩɚɪɚɦɟɬɪɚ, 
ɰɢɥɿɧɞɪɢɱɧɚ ɩɨɜɟɪɯɧɹ. 

 

Ɋɚɫɫɦɨɬɪɟɧɚ ɡɚɞɚɱɚ ɨ ɫɨɜɦɟɫɬɧɨɦ ɬɟɱɟɧɢɢ ɞɜɭɯ ɜɡɚɢɦɧɨ ɧɟɪɚɫɬɜɨɪɢɦɵɯ ɠɢɞɤɢɯ 
ɩɥɟɧɨɤ ɢ ɝɚɡɚ ɩɨ ɰɢɥɢɧɞɪɢɱɟɫɤɨɣ ɩɨɜɟɪɯɧɨɫɬɢ ɩɨɞ ɞɟɣɫɬɜɢɟɦ ɫɢɥɵ ɬɹɠɟɫɬɢ. ɋ 
ɩɨɦɨɳɶɸ ɦɟɬɨɞɚ ɦɚɥɵɯ ɜɨɡɦɭɳɟɧɢɣ ɩɨɥɭɱɟɧɨ ɩɪɢɛɥɢɠɟɧɧɨɟ ɪɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɣ 
ɞɢɧɚɦɢɤɢ ɠɢɞɤɨɣ ɩɥɟɧɤɢ ɩɨ ɩɨɜɟɪɯɧɨɫɬɢ ɰɢɥɢɧɞɪɚ. ɉɨɥɭɱɟɧɨ ɧɟɥɢɧɟɣɧɨɟ 
ɭɪɚɜɧɟɧɢɟ ɞɥɹ ɨɩɪɟɞɟɥɟɧɢɹ ɨɩɬɢɦɚɥɶɧɨɝɨ ɡɧɚɱɟɧɢɹ ɩɚɪɚɦɟɬɪɚ ɜɥɢɹɧɢɹ ɝɚɡɨɜɨɝɨ 
ɩɨɬɨɤɚ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɞɜɭɯɫɥɨɣɧɚɹ ɠɢɞɤɚɹ ɩɥɟɧɤɚ, ɝɚɡɨɜɵɣ ɩɨɬɨɤ, ɦɟɬɨɞ ɦɚɥɨɝɨ 
ɩɚɪɚɦɟɬɪɚ, ɰɢɥɢɧɞɪɢɱɟɫɤɚɹ ɩɨɜɟɪɯɧɨɫɬɶ. 

 

The problem of a stationary joint flow of a two-layer liquid film and gas along the outer 

(or inner) surface of a circular cylinder of radius r0 is considered. It is assumed that the 

films are insoluble in one another, and there are no chemical reactions. The axis of the 

body is located vertically, and the films flow down from its top. The film is affected by 

gravity, as well as a gas stream directed upwards or downwards. A cylindrical coordinate 

system (r, θ, z) is introduced: the z coordinate is measured along the axis of the cylinder, r 
and θ are the polar coordinates in a plane perpendicular to the axis of the body. 

To describe the flow of a liquid film, a viscous incompressible fluid model is used, which 

is based on the equations of continuity and Navier-Stokes. The following boundary condi-

tions are set on the interface surfaces: on the solid surface - draw off “sticking”, on the 
“liquid-liquid” and “liquid-gas” interfacial surfaces - the conditions of equilibrium of forc-

es and continuity of speeds.  

To simplify these differential equations, the method of a small parameter, for which the 

relative thickness of the films is selected, is applied. Solutions of simplified equations (in a 

zero approximation) are obtained in analytical form. Functional dependences are obtained 

for calculating the optimal effect of the gas flow on the "working" film. 

In accordance with the described method, calculations of the flow of a two-layer film on 

the outer and inner surfaces of the circular cylinder are performed in cases where the gas 

stream is directed upwards, downwards , and also when the gas flow is absent. 

An increase in the relative thicknesses of the films δ1 and δ2 (with decreasing radius of the 
cylinder r0) leads to an increase in deviations from the case of a plane surface that corre-

sponds to the limiting case δ1 = δ2 = 0. The results of calculations of the flow of a two-layer 

liquid film on the surface of a circular cylinder are presented. The analysis of the influence 

of physical parameters on the speed profiles is carried out. The results of 

________________________________________________ 
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calculations for determining the optimal effect of gas flow on a liquid film are presented, 

when the profile of the speed of the "working" film is the most uniform. 

 Keywords: two-layer liquid film, gas flow, small parameter method, cylindrical surface. 

 

ȼɫɬɭɩ. Ɍɟɱɿʀ ɜ'ɹɡɤɨʀ ɪɿɞɢɧɢ ɡ ɜɿɥɶɧɢɦɢ ɦɟɠɚɦɢ ɡɚɫɬɨɫɨɜɭɸɬɶɫɹ ɜ ɪɿɡɧɢɯ 
ɬɟɯɧɨɥɨɝɿɱɧɢɯ ɩɪɨɰɟɫɚɯ ɿ ɚɩɚɪɚɬɚɯ, ɡɨɤɪɟɦɚ ɜ ɩɥɿɜɤɨɜɢɯ ɯɿɦɿɱɧɢɯ ɪɟɚɤɬɨɪɚɯ. 
ȼɚɠɥɢɜɨɸ ɡɚɞɚɱɟɸ ɩɪɢ ɩɪɨɟɤɬɭɜɚɧɧɿ ɬɚɤɢɯ ɚɩɚɪɚɬɿɜ є ɨɪɝɚɧɿɡɚɰɿɹ ɬɟɱɿʀ ɪɿɞɤɨʀ 
ɩɥɿɜɤɢ ɬɚɤɢɦ ɱɢɧɨɦ, ɳɨɛ ɪɨɡɩɨɞɿɥ ɲɜɢɞɤɨɫɬɿ ɜ ɩɨɩɟɪɟɱɧɨɦɭ ɩɟɪɟɪɿɡɿ ɛɭɜ 
ɛɥɢɡɶɤɢɦ ɞɨ ɪɿɜɧɨɦɿɪɧɨɝɨ. Ɉɞɧɢɦ ɡɿ ɫɩɨɫɨɛɿɜ ɪɟɚɥɿɡɚɰɿʀ ɬɚɤɨʀ ɬɟɱɿʀ є 
ɜɢɤɨɪɢɫɬɚɧɧɹ ɞɨɩɨɦɿɠɧɨʀ ɩɥɿɜɤɢ, ɹɤɚ ɛ ɪɭɯɚɥɚɫɶ ɩɨ ɬɜɟɪɞɿɣ ɫɬɿɧɰɿ ɿ 
ɩɪɢɫɤɨɪɸɜɚɥɚ ɛ «ɪɨɛɨɱɭ» ɩɥɿɜɤɭ.  

Ⱦɨɫɥɿɞɠɟɧɧɹ ɬɟɱɿɣ ɞɜɨɲɚɪɨɜɢɯ ɩɥɿɜɨɤ ɩɪɨɜɨɞɢɥɢɫɶ ɜ ɪɨɛɨɬɚɯ [1-6]. 
ɋɩɿɥɶɧɿ ɬɟɱɿʀ ɪɿɞɢɧɢ ɿ ɝɚɡɭ ɧɚɜɤɨɥɨ ɩɥɨɫɤɢɯ ɩɨɜɟɪɯɨɧɶ ɪɨɡɝɥɹɞɚɥɢɫɶ ɜ 
ɪɨɛɨɬɚɯ [1-3,5,6]. ȼ [1-3] ɞɿɹ ɝɚɡɨɜɨɝɨ ɩɨɬɨɤɭ ɜɪɚɯɨɜɭɜɚɥɨɫɹ ɧɚɛɥɢɠɟɧɨ (ɡɚ 
ɞɨɩɨɦɨɝɨɸ ɡɚɞɚɧɧɹ ɞɨɬɢɱɧɨɝɨ ɧɚɩɪɭɠɟɧɧɹ ɧɚ ɩɨɜɟɪɯɧɿ ɪɨɡɞɿɥɭ «ɪɿɞɢɧɚ - 
ɝɚɡ»). ȼ [5,6] – ɡɚɩɪɨɩɨɧɨɜɚɧɚ ɦɟɬɨɞɢɤɚ ɧɚɛɥɢɠɟɧɨɝɨ ɪɨɡɪɚɯɭɧɤɭ ɬɪɢɮɚɡɧɨʀ 
ɬɟɱɿʀ ɞɜɨɯ ɪɿɞɤɢɯ ɩɥɿɜɨɤ ɿ ɝɚɡɭ ɜ ɩɪɹɦɨɤɭɬɧɨɦɭ ɤɚɧɚɥɿ, ɳɨ ɨɫɧɨɜɚɧɚ ɧɚ ɦɟɬɨɞɿ 
ɡɛɭɪɟɧɶ.  

ȼ ɩɥɿɜɤɨɜɢɯ ɚɩɚɪɚɬɚɯ ɱɚɫɬɨ ɪɟɚɥɿɡɭɸɬɶɫɹ ɬɟɱɿʀ ɪɿɞɢɧɢ ɩɨ ɡɨɜɧɿɲɧɿɦ ɚɛɨ 
ɜɧɭɬɪɿɲɧɿɦ ɩɨɜɟɪɯɧɹɦ ɜɭɡɶɤɢɯ ɬɪɭɛ. ɍ ɰɢɯ ɜɢɩɚɞɤɚɯ ɧɟɨɛɯɿɞɧɨ ɜɪɚɯɨɜɭɜɚɬɢ 
ɤɪɢɜɢɡɧɭ ɩɨɜɟɪɯɧɿ. ȼ [4] ɞɨɫɥɿɞɠɭɜɚɥɢɫɶ ɬɟɱɿʀ ɞɜɨɯ ɪɿɞɤɢɯ ɩɥɿɜɨɤ ɧɚ 
ɡɨɜɧɿɲɧɿɣ ɩɨɜɟɪɯɧɿ ɰɢɥɿɧɞɪɚ, ɳɨ ɨɛɟɪɬɚєɬɶɫɹ ɜ ɧɟɪɭɯɨɦɨɦɭ ɝɚɡɿ. ȼ ɞɚɧɿɣ 
ɪɨɛɨɬɿ ɪɨɡɝɥɹɧɭɬɚ ɡɚɞɚɱɚ ɩɪɨ ɬɟɱɿɸ ɞɜɨɲɚɪɨɜɨʀ ɪɿɞɤɨʀ ɩɥɿɜɤɢ ɩɨ 
ɰɢɥɿɧɞɪɢɱɧɿɣ ɩɨɜɟɪɯɧɿ ɡ ɭɪɚɯɭɜɚɧɧɹɦ ɜɩɥɢɜɭ ɝɚɡɨɜɨɝɨ ɩɨɬɨɤɭ. 

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ. Ɋɨɡɝɥɹɞɚєɬɶɫɹ ɡɚɞɚɱɚ ɩɪɨ ɫɬɚɰɿɨɧɚɪɧɭ ɫɭɦɿɫɧɭ ɬɟɱɿɸ 
ɞɜɨɲɚɪɨɜɨʀ ɪɿɞɤɨʀ ɩɥɿɜɤɢ ɿ ɝɚɡɭ ɩɨ ɡɨɜɧɿɲɧɿɣ (ɚɛɨ ɜɧɭɬɪɿɲɧɿɣ) ɩɨɜɟɪɯɧɿ 
ɤɪɭɝɨɜɨɝɨ ɰɢɥɿɧɞɪɚ ɪɚɞɿɭɫɚ r0. ɉɪɢɩɭɫɤɚєɬɶɫɹ, ɳɨ ɩɥɿɜɤɢ є ɧɟɪɨɡɱɢɧɧɢɦɢ 
ɨɞɧɚ ɜ ɞɪɭɝɿɣ, ɚ ɯɿɦɿɱɧɿ ɪɟɚɤɰɿʀ ɜɿɞɫɭɬɧɿ. ȼɿɫɶ ɬɿɥɚ ɪɨɡɬɚɲɨɜɚɧɚ ɜɟɪɬɢɤɚɥɶɧɨ. 
ɇɚ ɩɥɿɜɤɢ ɞɿє ɫɢɥɚ ɬɹɠɿɧɧɹ, ɚ ɬɚɤɨɠ ɝɚɡɨɜɢɣ ɩɨɬɿɤ, ɧɚɩɪɚɜɥɟɧɢɣ ɜɝɨɪɭ ɚɛɨ 
ɜɧɢɡ. 

 
 

Ɋɢɫ.1. ɋɯɟɦɚ ɬɟɱɿʀ 
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Ⱦɥɹ ɨɩɢɫɭ ɬɟɱɿʀ ɪɿɞɤɢɯ ɩɥɿɜɨɤ ɜɢɤɨɪɢɫɬɨɜɭєɬɶɫɹ ɫɢɫɬɟɦɚ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ 
ɪɿɜɧɹɧɶ ɇɚɜ’є-ɋɬɨɤɫɚ ɿ ɧɟɪɨɡɪɢɜɧɨɫɬɿ. ȼ ɰɢɥɿɧɞɪɢɱɧɿɣ ɫɢɫɬɟɦɿ ɤɨɨɪɞɢɧɚɬ 
( , , )r z  ɰɿ ɪɿɜɧɹɧɧɹ ɦɚɸɬɶ ɜɢɝɥɹɞ 
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Ɍɭɬ u , v  – ɤɨɦɩɨɧɟɧɬɢ ɜɟɤɬɨɪɚ ɲɜɢɞɤɨɫɬɿ ɜ ɧɚɩɪɹɦɤɭ ɨɫɟɣ ɤɨɨɪɞɢɧɚɬ z ɬɚ r, 
p – ɬɢɫɤ,   – ɝɭɫɬɢɧɚ ɪɿɞɢɧɢ,   – ɤɨɟɮɿɰɿєɧɬ ɤɿɧɟɦɚɬɢɱɧɨʀ ɜ’ɹɡɤɨɫɬɿ, g – 

ɩɪɢɫɤɨɪɟɧɧɹ ɜɿɥɶɧɨɝɨ ɩɚɞɿɧɧɹ, i = 1, 2  (ɿɧɞɟɤɫɢ 1, 2, ɜɿɞɩɨɜɿɞɚɸɬɶ ɧɨɦɟɪɭ 
ɪɿɞɤɨʀ ɩɥɿɜɤɢ, G –ɝɚɡɭ). 

ɇɚ ɩɨɜɟɪɯɧɹɯ ɪɨɡɞɿɥɭ ɫɬɚɜɥɹɬɶɫɹ ɧɚɫɬɭɩɧɿ ɤɪɚɣɨɜɿ ɭɦɨɜɢ: 
1) ɧɚ ɩɨɜɟɪɯɧɿ ɬɜɟɪɞɨɝɨ ɬɿɥɚ (ɩɪɢ 0r r= ) – ɭɦɨɜɢ «ɩɪɢɥɢɩɚɧɧɹ» 

1 1 0,u v= =                                                          (1) 

2) ɧɚ ɦɟɠɮɚɡɧɨɣ ɩɨɜɟɪɯɧɨɫɬɢ «ɪɿɞɢɧɚ - ɪɿɞɢɧɚ» (ɩɪɢ 1r r= ) – ɭɦɨɜɢ ɪɿɜɧɨɜɚɝɢ 
ɫɢɥ ɿ ɧɟɩɟɪɟɪɜɧɨɫɬɿ ɲɜɢɞɤɨɫɬɟɣ 

1 1 2
,

n n
p p p= +

   1 2
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   1 2
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u u=
   1 2

,u u =                (2) 

3) ɧɚ ɦɿɠɮɚɡɧɿɣ ɩɨɜɟɪɯɧɿ «ɪɿɞɢɧɚ - ɝɚɡ» (ɩɪɢ 2r r= ) 

2 2
,

Gn n
p p p= +

   2
,

G
p p =

   2
,

Gn n
u u=

   2
,

G
u u =                 (3) 

Ɍɭɬ n
p  ɿ p  – ɧɨɪɦɚɥɶɧɚ ɿ ɞɨɬɢɱɧɚ ɤɨɦɩɨɧɟɧɬɢ ɬɟɧɡɨɪɚ ɧɚɩɪɭɠɟɧɶ ɧɚ 

ɦɿɠɮɚɡɧɿɣ ɩɨɜɟɪɯɧɿ, p  – ɤɚɩɿɥɹɪɧɢɣ ɬɢɫɤ. ɉɚɪɚɦɟɬɪɢ ɝɚɡɨɜɨɝɨ ɩɨɬɨɤɭ ɧɚ 
ɦɟɠɿ «ɪɿɞɢɧɚ - ɝɚɡ» ɜɜɚɠɚɸɬɶɫɹ ɡɚɞɚɧɢɦɢ. 

Ɇɟɬɨɞ ɪɨɡɜ'ɹɡɚɧɧɹ. Ⱦɥɹ ɫɩɪɨɳɟɧɧɹ ɜɢɯɿɞɧɨʀ ɫɢɫɬɟɦɢ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ 
ɪɿɜɧɹɧɶ ɡɚɫɬɨɫɨɜɭєɬɶɫɹ ɦɟɬɨɞ ɦɚɥɨɝɨ ɩɚɪɚɦɟɬɪɚ, ɡɚ ɹɤɢɣ ɜɢɛɪɚɧɚ ɜɿɞɧɨɫɧɚ 
ɬɨɜɳɢɧɢ ɩɥɿɜɤɢ: h l = , ɞɟ ,h l – ɯɚɪɚɤɬɟɪɧɿ ɩɨɩɟɪɟɱɧɢɣ ɿ ɩɨɡɞɨɜɠɧɿɣ 
ɪɨɡɦɿɪɢ. ȼɜɟɞɟɦɨ ɬɚɤɨɠ ɯɚɪɚɤɬɟɪɧɭ ɩɨɡɞɨɜɠɧɸ ɲɜɢɞɤɿɫɬɶ u  ɜ ɪɿɞɤɢɯ 
ɩɥɿɜɤɚɯ. ɍ ɧɚɜɟɞɟɧɿɣ ɜɢɳɟ ɫɢɫɬɟɦɿ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɪɿɜɧɹɧɶ ɩɟɪɟɣɞɟɦɨ ɞɨ 
ɛɟɡɪɨɡɦɿɪɧɢɯ ɡɦɿɧɧɢɯ ɡɚ ɬɚɤɢɦɢ ɮɨɪɦɭɥɚɦɢ: 

z
Z

l
= ,   

0

r
R

r
= ,   i

i

u
U

u
= ,   i
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v
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u
= ,   
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p
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u
=    , 

0

i
i
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r
=  . 

ȼɜɟɞɟɦɨ ɛɟɡɪɨɡɦɿɪɧɿ ɤɪɢɬɟɪɿʀ: 2 / ( )Fr u gh=  – ɱɢɫɥɨ Ɏɪɭɞɚ, 1 1Re /uh=  , 

2 2Re /uh=  – ɱɢɫɥɚ Ɋɟɣɧɨɥɶɞɫɚ ɞɥɹ ɤɨɠɧɨʀ ɡ ɩɥɿɜɨɤ. Ȼɭɞɟɦɨ ɩɪɢɩɭɫɤɚɬɢ, ɳɨ 
ɜɢɤɨɧɭɸɬɶɫɹ ɧɚɫɬɭɩɧɿ ɭɦɨɜɢ: 1  , 1Re 1  , 2Re 1  . ɍ ɛɟɡɪɨɡɦɿɪɧɨɦɭ 
ɜɢɝɥɹɞɿ ɫɩɪɨɳɟɧɚ ɫɢɫɬɟɦɚ ɪɿɜɧɹɧɶ ɞɥɹ ɡɧɚɯɨɞɠɟɧɧɹ ɩɨɡɞɨɜɠɧɿɯ ɲɜɢɞɤɨɫɬɟɣ 
ɪɿɞɤɢɯ ɩɥɿɜɨɤ ɡɚɩɢɲɟɬɶɫɹ ɬɚɤ 
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1 1Re
,

U
R R

R R Fr

   = −   
                                 (4) 

2 2Re
,

U
R R

R R Fr

   = −   
                                (5) 

Ʉɪɚɣɨɜɿ ɭɦɨɜɢ: 
1 0U =                          ɩɪɢ  1R = ,                       (6) 

1 2U U= ,   1 2 1 2

1 2

Re

Re

U U

Y Y

 
=

 



       ɩɪɢ  1 11R R= + = ,            (7) 

2 2
2

ReU
Ge

Y Fr


=


              ɩɪɢ  1 2 21R R= + + =   .    (8) 

Ɋɨɡɜ’ɹɡɨɤ ɰɿєʀ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ ɦɚє ɜɢɝɥɹɞ 

( )
2

2 2 21 2
1 1 1 *

1

Re 1
ln ,

2 2

R
U R R R R

Fr

  −
= + + − +  
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2 2 2

2 2 2 22 1 1 1 2
2 * 1 1 * 1

1 1

Re Re 1
ln ln ,

2 2 2 2

R R R R
U R R R R R

Fr R Fr

    − −
= + + + + − +    

    




 

ɞɟ 2 2
* 2 2 22R R Ge R= +  , 3 2 2/ ( )Ge gh=   - ɩɚɪɚɦɟɬɪ ɜɩɥɢɜɭ ɝɚɡɨɜɨɝɨ ɩɨɬɨɤɭ, 

3 - ɧɚɩɪɭɠɟɧɧɹ ɬɟɪɬɹ ɧɚ ɦɿɠɮɚɡɧɿɣ ɩɨɜɟɪɯɧɿ «ɪɿɞɢɧɚ - ɝɚɡ». 

Ɉɩɬɢɦɚɥɶɧɢɦ ɪɟɠɢɦɨɦ ɬɟɱɿʀ ɞɪɭɝɨʀ (ɪɨɛɨɱɨʀ) ɩɥɿɜɤɢ ɧɚɡɢɜɚɸɬɶ ɬɚɤɭ ɬɟɱɿɸ, 

ɞɥɹ ɹɤɨʀ ɜɿɞɧɨɲɟɧɧɹ ɦɚɤɫɢɦɚɥɶɧɨʀ ɲɜɢɞɤɨɫɬɿ max
2U ɞɨ ɫɟɪɟɞɧɶɨʀ ɲɜɢɞɤɨɫɬɿ 

2U  ɛɭɞɟ ɦɿɧɿɦɚɥɶɧɢɦ [1]. ɍ ɰɶɨɦɭ ɜɢɩɚɞɤɭ ɪɨɡɩɨɞɿɥ ɲɜɢɞɤɨɫɬɿ ɜ 
ɩɨɩɟɪɟɱɧɨɦɭ ɩɟɪɟɪɿɡɿ ɛɭɞɟ ɧɚɣɛɿɥɶɲ ɪɿɜɧɨɦɿɪɧɢɦ. Ɉɩɬɢɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ  
ɩɚɪɚɦɟɬɪɭ ɜɩɥɢɜɭ ɝɚɡɨɜɨɝɨ ɩɨɬɨɤɭ Ge ɡɧɚɯɨɞɢɬɶɫɹ ɡ ɧɚɫɬɭɩɧɨʀ ɭɦɨɜɢ: 

max
2

2

0
d U

dGe U

 
= 

 
. 

Ⱦɥɹ ɞɚɧɨʀ ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ ɩɚɪɚɦɟɬɪɚ Ge_opt  ɜɢɡɧɚɱɚєɬɶɫɹ ɡɚ 
ɮɨɪɦɭɥɨɸ 

2 2
* 2

2 2

_
2

optR R
Ge opt

R

−
=


, 

ɞɟ ɜɟɥɢɱɢɧɚ 2
*optR  ɡɧɚɯɨɞɢɬɶɫɹ ɡ ɧɟɥɿɧɿɣɧɨɝɨ ɪɿɜɧɹɧɧɹ 

2 2
* *ln( ) 0A R BR C+ + = , 

ɤɨɟɮɿɰɿєɧɬɢ ɹɤɨɝɨ ɡɚɥɟɠɚɬɶ ɜɿɞ ɮɿɡɢɱɧɢɯ ɿ ɝɟɨɦɟɬɪɢɱɧɢɯ ɩɚɪɚɦɟɬɪɿɜ. 
Ⱥɧɚɥɿɡ ɨɞɟɪɠɚɧɢɯ ɪɟɡɭɥɶɬɚɬɿɜ. Ɂɚ ɨɩɢɫɚɧɨɸ ɦɟɬɨɞɢɤɨɸ ɩɪɨɜɟɞɟɧɨ 

ɪɨɡɪɚɯɭɧɤɢ ɬɟɱɿɣ ɞɜɨɲɚɪɨɜɨʀ ɩɥɿɜɤɢ ɩɨ ɡɨɜɧɿɲɧɿɣ ɿ ɜɧɭɬɪɿɲɧɿɣ ɩɨɜɟɪɯɧɹɯ 
ɤɪɭɝɨɜɨɝɨ ɰɢɥɿɧɞɪɚ ɭ ɜɢɩɚɞɤɚɯ, ɤɨɥɢ ɝɚɡɨɜɢɣ ɩɨɬɿɤ ɫɩɪɹɦɨɜɚɧɢɣ ɜɝɨɪɭ 
(Ge<0), ɜɧɢɡ (Ge>0), ɚ ɬɚɤɨɠ ɤɨɥɢ ɪɭɯ ɝɚɡɭ ɜɿɞɫɭɬɧɿɣ. 

Ɋɟɡɭɥɶɬɚɬɢ ɪɨɡɪɚɯɭɧɤɿɜ ɩɪɢ ɡɧɚɱɟɧɧɹɯ ɮɿɡɢɱɧɢɯ ɩɚɪɚɦɟɬɪɿɜ Re1 = Re2 =1; 
Fr=1; ρ2/ρ1=0.5,1; Ge=-0.75÷0.25 ɿ ɪɿɡɧɢɯ ɜɿɞɧɨɫɧɢɯ ɬɨɜɳɢɧɚɯ ɩɥɿɜɨɤ δ1, 
δ2=0.01÷0.5 ɧɚɜɟɞɟɧɿ ɧɚ ɪɢɫ.2-3. ɇɚ ɪɢɫ.2 ɩɨɤɚɡɚɧɿ ɩɪɨɮɿɥɿ ɩɨɡɞɨɜɠɧɶɨʀ 
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ɲɜɢɞɤɨɫɬɿ ɜ ɪɿɞɤɢɯ ɩɥɿɜɤɚɯ ɧɚ ɡɨɜɧɿɲɧɿɣ ɫɬɨɪɨɧɿ ɤɪɭɝɨɜɨɝɨ ɰɢɥɿɧɞɪɚ ɩɪɢ 
ɪɿɡɧɢɯ ɡɧɚɱɟɧɧɹɯ Ge ( δ1=δ2=0.2, ρ2/ρ1=0.5), ɧɚ ɪɢɫ.3 – ɡɚɥɟɠɧɨɫɬɿ 
ɨɩɬɢɦɚɥɶɧɨɝɨ ɡɧɚɱɟɧɧɹ ɩɚɪɚɦɟɬɪɭ ɝɚɡɨɜɨɝɨ ɩɨɬɨɤɭ Ge_opt  ɜɿɞ ɝɟɨɦɟɬɪɢɱɧɢɯ 
ɩɚɪɚɦɟɬɪɿɜ (ρ2/ρ1=1). ȼɿɞ’єɦɧɿ ɡɧɚɱɟɧɧɹ ɰɢɯ ɩɚɪɚɦɟɬɪɿɜ ɧɚ ɨɫɿ ɚɛɫɰɢɫ 
ɜɿɞɩɨɜɿɞɚɸɬɶ ɜɧɭɬɪɿɲɧɿɣ ɫɬɨɪɨɧɿ ɰɢɥɿɧɞɪɚ, ɞɨɞɚɬɧɿ – ɡɨɜɧɿɲɧɿɣ. ɇɚ ɪɢɫ.3ɚ 
ɧɚɜɟɞɟɧɿ ɪɟɡɭɥɶɬɚɬɢ ɞɥɹ ɜɢɩɚɞɤɭ, ɤɨɥɢ «ɪɨɛɨɱɚ»  ɿ ɞɨɩɨɦɿɠɧɚ ɩɥɿɜɤɢ ɦɚɸɬɶ 
ɨɞɧɚɤɨɜɭ ɬɨɜɳɢɧɭ (δ1=δ2=δ), ɧɚ ɪɢɫ 3ɛ,ɜ – ɤɨɥɢ ɬɨɜɳɢɧɚ ɨɞɧɿєʀ ɡ ɩɥɿɜɨɤ ɧɟ 
ɡɦɿɧɸєɬɶɫɹ.  

əɤ ɜɢɞɧɨ ɡ ɪɢɫɭɧɤɿɜ, ɪɭɯ ɝɚɡɭ ɦɨɠɟ ɩɪɢɡɜɨɞɢɬɢ ɞɨ ɡɧɚɱɧɢɯ ɡɦɿɧ ɤɚɪɬɢɧɢ 
ɬɟɱɿʀ. Ɉɩɬɢɦɚɥɶɧɢɣ ɜɢɛɿɪ ɩɚɪɚɦɟɬɪɭ ɜɩɥɢɜɭ ɝɚɡɨɜɨɝɨ ɩɨɬɨɤɭ Ge  ɞɚє 
ɦɨɠɥɢɜɿɫɬɶ ɨɞɟɪɠɚɬɢ ɧɚɣɛɿɥɶɲ ɪɿɜɧɨɦɿɪɧɢɣ ɪɨɡɩɨɞɿɥ ɲɜɢɞɤɨɫɬɿ ɜ ɪɿɞɤɿɣ 
ɩɥɿɜɰɿ. Ɂɛɿɥɶɲɟɧɧɹ ɜɿɞɧɨɫɧɢɯ ɬɨɜɳɢɧ ɩɥɿɜɨɤ δ1 ɿ δ2 (ɩɪɢ ɡɦɟɧɲɟɧɧɿ ɪɚɞɿɭɫɚ 
ɰɢɥɿɧɞɪɚ r0) ɩɪɢɡɜɨɞɢɬɶ ɞɨ ɡɛɿɥɶɲɟɧɧɹ ɜɿɞɯɢɥɟɧɶ ɜɿɞ ɜɢɩɚɞɤɭ ɩɥɨɫɤɨʀ 
ɩɨɜɟɪɯɧɿ, ɹɤɚ ɜɿɞɩɨɜɿɞɚє ɝɪɚɧɢɱɧɨɦɭ ɜɢɩɚɞɤɭ δ1=δ2=0 (ɪɢɫ.3ɚ). 

 
Ɋɢɫ. 2 ɉɪɨɮɿɥɿ ɲɜɢɞɤɨɫɬɟɣ ɜ ɪɿɞɤɢɯ ɩɥɿɜɤɚɯ  
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Ɋɢɫ. 3 Ɂɚɥɟɠɧɿɫɬɶ ɩɚɪɚɦɟɬɪɭ ɜɩɥɢɜɭ ɝɚɡɨɜɨɝɨ ɩɨɬɨɤɚ Geopt  

ɜɿɞ ɝɟɨɦɟɬɪɢɱɧɢɯ ɩɚɪɚɦɟɬɪɿɜ  
 

ȼɢɫɧɨɜɤɢ. Ɂɚ ɞɨɩɨɦɨɝɨɸ ɦɟɬɨɞɭ ɦɚɥɨɝɨ ɩɚɪɚɦɟɬɪɚ ɨɬɪɢɦɚɧɨ ɧɚɛɥɢɠɟɧɢɣ 
ɪɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ ɩɪɨ ɬɟɱɿɸ ɞɜɨɲɚɪɨɜɨʀ ɪɿɞɤɨʀ ɩɥɿɜɤɢ ɩɨ ɰɢɥɿɧɞɪɢɱɧɿɣ 
ɩɨɜɟɪɯɧɿ ɡ ɭɪɚɯɭɜɚɧɧɹɦ ɜɩɥɢɜɭ ɝɚɡɨɜɨɝɨ ɩɨɬɨɤɭ. Ɉɬɪɢɦɚɧɨ ɮɭɧɤɰɿɨɧɚɥɶɧɿ 
ɡɚɥɟɠɧɨɫɬɿ ɞɥɹ ɪɨɡɪɚɯɭɧɤɭ ɨɩɬɢɦɚɥɶɧɨʀ ɞɿʀ ɝɚɡɨɜɨɝɨ ɩɨɬɨɤɭ ɧɚ «ɪɨɛɨɱɭ» 
ɩɥɿɜɤɭ, ɤɨɥɢ ʀʀ ɩɪɨɮɿɥɶ ɲɜɢɞɤɨɫɬɿ ɫɬɚє ɧɚɣɛɿɥɶɲ ɪɿɜɧɨɦɿɪɧɢɦ.  

Ȼɿɛɥɿɨɝɪɚɮɿɱɧɿ ɩɨɫɢɥɚɧɧɹ 
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ȼ.ɇ. Ɍɭɪɱɢɧ*, Ɉ.Ⱥ.Ʌɨɫɤɭɬɨɜ**, Ⱥ.ɋ.Ⱦɪɨɠɠɢɧ*, ȿ.ȼ. ȼɨɥɤɨɜɚ* 
*Ⱦɧɟɩɪɨɜɫɤɢɣ ɧɚɰɢɨɧɚɥɶɧɵɣ ɭɧɢɜɟɪɫɢɬɟɬ ɢɦɟɧɢ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ,  

**Ⱦɧɟɩɪɨɜɫɤɚɹ ɦɟɞɢɰɢɧɫɤɚɹ ɚɤɚɞɟɦɢɹ ɆɈЗ ɍɤɪɚɢɧɵ 

Ʉ ɉɊɈȻɅȿɆȿ ȼɕȻɈɊȺ ɂɆɉɅȺɇɌȺɌȺ  
ɌȺɁɈȻȿȾɊȿɇɇɈȽɈ ɋɍɋɌȺȼȺ 

ȼ ɪɚɛɨɬɟ ɩɪɟɞɥɨɠɟɧ ɚɥɝɨɪɢɬɦ ɜɵɛɨɪɚ ɢɦɩɥɚɧɬɚɬɚ ɬɚɡɨɛɟɞɪɟɧɧɨɝɨ ɫɭɫɬɚɜɚ ɩɨ 
ɤɨɥɢɱɟɫɬɜɟɧɧɵɦ ɯɚɪɚɤɬɟɪɢɫɬɢɤɚɦ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɚɥɝɨɪɢɬɦ, ɜɵɛɨɪɤɚ, ɪɟɝɪɟɫɫɢɹ, ɢɦɩɥɚɧɬɚɬ, ɬɚɡɨɛɟɞɪɟɧɧɵɣ 
ɫɭɫɬɚɜ, ɤɨɥɢɱɟɫɬɜɟɧɧɵɟ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ. 

 

ɍ ɪɨɛɨɬɿ ɡɚɩɪɨɩɨɧɨɜɚɧɨ ɚɥɝɨɪɢɬɦ ɜɢɛɨɪɭ ɿɦɩɥɚɧɬɚɬɭ ɤɭɥɶɲɨɜɨɝɨ ɫɭɝɥɨɛɚ ɡɚ 
ɤɿɥɶɤɿɫɧɢɦɢ ɯɚɪɚɤɬɟɪɢɫɬɢɤɚɦɢ. ȿɧɞɨɩɪɨɬɟɡɭɜɚɧɧɹ ɧɚɣɱɚɫɬɿɲɟ є єɞɢɧɢɦ ɜɢɯɨɞɨɦ 
ɞɥɹ ɩɚɰɿєɧɬɚ ɡ ɜɚɠɤɨɸ ɩɚɬɨɥɨɝɿєɸ ɤɭɥɶɲɨɜɨɝɨ ɫɭɝɥɨɛɚ. ȼɚɠɥɢɜɢɦ ɟɬɚɩɨɦ, ɹɤɢɣ 
ɛɚɝɚɬɨ ɜ ɱɨɦɭ ɡɚɛɟɡɩɟɱɭє ɜɞɚɥɟ ɟɧɞɨɩɪɨɬɟɡɭɜɚɧɧɹ, є ɩɪɚɜɢɥɶɧɢɣ ɜɢɛɿɪ ɿɦɩɥɚɧɬɚɬɭ. 

ɉɪɢ ɜɫɬɚɧɨɜɥɧɧɿ ɿɦɩɥɚɧɬɚɬɭ ɤɭɥɶɲɨɜɨɝɨ ɫɭɝɥɨɛɚ, ɣɨɝɨ ɨɞɧɿєɸ ɫɜɨєɸ ɱɚɫɬɢɧɨɸ – 

ɧɿɠɤɨɸ ɫɚɞɹɬɶ ɜ ɤɿɫɬɤɨɜɨɦɨɡɤɨɜɢɣ ɤɚɧɚɥ ɫɬɟɝɧɨɜɨʀ ɤɿɫɬɤɢ. ɉɪɢɱɨɦɭ ɰɟ ɧɟɨɛɯɿɞɧɨ 

ɡɪɨɛɢɬɢ ɬɚɤ, ɳɨɛ ɡ ɨɞɧɨɝɨ ɛɨɤɭ, ɧɿɠɤɚ ɳɿɥɶɧɨ ɩɪɢɥɹɝɚɥɚ ɞɨ ɫɬɿɧɨɤ ɤɚɧɚɥɭ, ɚ ɡ ɿɧɲɨɝɨ, 
ɜ ɤɚɧɚɥɿ ɧɟ ɩɨɜɢɧɧɨ ɜɢɧɢɤɚɬɢ ɤɪɢɬɢɱɧɢɯ ɧɚɩɪɭɠɟɧɶ. ɍ ɫɭɩɪɨɬɢɜɧɨɦɭ ɪɚɡɿ ɦɨɠɥɢɜɿ 
ɫɟɪɣɨɡɧɿ ɩɿɫɥɹɨɩɟɪɚɰɿɣɧɿ ɭɫɤɥɚɞɧɟɧɧɹ. ɇɚɥɟɠɧɟ ɩɪɢɥɹɝɚɧɧɹ ɿɦɩɥɚɧɬɚɬɭ ɞɨ ɫɬɿɧɨɤ 
ɤɚɧɚɥɭ ɡɚɛɟɡɩɟɱɭєɬɶɫɹ ɩɪɚɜɢɥɶɧɢɦ ɜɢɛɨɪɨɦ ɿɦɩɥɚɧɬɚɬɭ ɿɡ ɡɚɞɚɧɨɝɨ ɫɬɚɧɞɚɪɬɧɨɝɨ 
ɧɚɛɨɪɭ ɿɦɩɥɚɧɬɚɬɿɜ. ɇɚ ɫɶɨɝɨɞɧɿɲɧɿɣ ɞɟɧɶ ɜɢɛɿɪ ɿɦɩɥɚɧɬɚɬɭ ɪɟɚɥɿɡɭєɬɶɫɹ ɡɚ 
ɞɨɩɨɦɨɝɨɸ ɪɟɧɬɝɟɧɿɜɫɶɤɢɯ ɡɨɛɪɚɠɟɧɶ ɤɚɧɚɥɭ ɜ ɩɪɹɦɿɣ ɬɚ ɛɿɱɧɿɣ ɩɪɨɟɤɰɿɹɯ. ɇɚ 
ɡɧɿɦɤɢ ɤɭɥɶɲɨɜɨɝɨ ɫɭɝɥɨɛɚ ɬɚ ɫɬɟɝɧɨɜɨʀ ɤɿɫɬɤɢ ɜ ɩɪɹɦɿɣ ɬɚ ɛɿɱɧɿɣ ɩɪɨɟɤɰɿɹɯ 
ɩɨɫɥɿɞɨɜɧɨ ɧɚɤɥɚɞɚɸɬɶ ɤɪɟɫɥɟɧɧɹ ɿɦɩɥɚɧɬɚɬɭ, ɜɢɤɨɧɚɧɿ ɧɚ ɩɪɨɡɨɪɿɣ ɩɥɿɜɰɿ, ɿ ɬɚɤɢɦ 
ɱɢɧɨɦ ɨɛɢɪɚɸɬɶ ɿɦɩɥɚɧɬɚɬ. ɍ ɡɜ'ɹɡɤɭ ɡ ɰɢɦ ɜɢɧɢɤɚє ɡɚɞɚɱɚ  ɩɨɛɭɞɨɜɢ ɚɥɝɨɪɢɬɦɭ 
ɜɢɛɨɪɭ ɿɦɩɥɚɧɬɚɬɭ ɧɚ ɨɫɧɨɜɿ ɤɿɥɶɤɿɫɧɢɯ ɯɚɪɚɤɬɟɪɢɫɬɢɤ. 

ɓɿɥɶɧɿɫɬɶ ɩɪɢɥɹɝɚɧɧɹ ɿɦɩɥɚɧɬɚɬɭ ɞɨ ɫɬɿɧɨɤ ɤɚɧɚɥɭ ɧɟɨɛɯɿɞɧɨ ɡɚɛɟɡɩɟɱɢɬɢ ɹɤ ɭ 
ɩɪɹɦɿɣ ɩɪɨɟɤɰɿʀ ɬɚɤ ɿ ɭ ɛɿɱɧɿɣ. ɍ ɩɪɹɦɿɣ ɩɪɨɟɤɰɿʀ ɳɿɥɶɧɿɫɬɶ ɩɪɢɥɹɝɚɧɧɹ ɿɦɩɥɚɧɬɚɬɭ 
ɞɨ ɫɬɿɧɨɤ ɤɚɧɚɥɭ ɦɨɠɧɚ ɨɩɢɫɭɜɚɬɢ ɪɿɡɧɢɦɢ ɱɢɫɥɨɜɢɦɢ ɯɚɪɚɤɬɟɪɢɫɬɢɤɚɦɢ ɡɨɤɪɟɦɚ 
ɪɿɡɧɢɰɟɸ ɩɥɨɳ ɨɫɶɨɜɨɝɨ ɩɟɪɟɪɿɡɭ ɤɚɧɚɥɭ ɬɚ ɿɦɩɥɚɧɬɚɬɭ (ɞɢɜ. [2]). 

ɍ ɛɿɱɧɿɣ ɩɪɨɟɤɰɿʀ ɤɚɧɚɥ ɜɢɤɪɢɜɥɟɧɢɣ. Ɍɨɦɭ ɨɩɬɢɦɚɥɶɧɨ ɜɢɛɪɚɧɢɣ ɞɥɹ ɞɚɧɨɝɨ 
ɤɚɧɚɥɭ ɿɦɩɥɚɧɬɚɬ ɭ ɛɿɱɧɿɣ ɩɪɨɟɤɰɿʀ ɦɚє ɬɨɪɤɚɬɢɫɹ ɫɬɿɧɨɤ ɤɚɧɚɥɭ ɩɪɢɧɚɣɦɧɿ ɭ ɬɪɶɨɯ 
ɬɨɱɤɚɯ, ɚ ɹɤɳɨ ɬɚɤɢɣ ɿɦɩɥɚɧɬɚɬ ɜɢɛɪɚɬɢ ɧɟɦɨɠɥɢɜɨ, ɬɨ ɜɿɞɫɬɚɧɶ ɜɿɞ ɡɚɞɧɶɨʀ ɫɬɿɧɤɢ 
ɿɦɩɥɚɧɬɚɬɭ ɞɨ ɩɟɪɟɞɧɶɨʀ ɫɬɿɧɤɢ ɤɚɧɚɥɭ ɦɚє ɛɭɬɢ ɦɿɧɿɦɚɥɶɧɨɸ.  

 Ɉɫɤɿɥɶɤɢ ɳɿɥɶɧɿɫɬɶ ɩɪɢɥɹɝɚɧɧɹ ɿɦɩɥɚɧɬɚɬɭ ɞɨ ɫɬɿɧɨɤ ɤɚɧɚɥɭ ɧɟɨɛɯɿɞɧɨ 
ɡɚɛɟɡɩɟɱɢɬɢ ɹɤ ɭ ɩɪɹɦɿɣ ɩɪɨɟɤɰɿʀ ɬɚɤ ɿ ɭ ɛɿɱɧɿɣ, ɬɨ, ɜɡɚɝɚɥɿ ɤɚɠɭɱɢ, ɞɥɹ ɞɚɧɨɝɨ ɤɚɧɚɥɭ 
ɜɢɛɿɪ ɿɦɩɥɚɧɬɚɬɭ ɡ ɡɚɞɚɧɨɝɨ ɧɚɛɨɪɭ ɿɦɩɥɚɧɬɚɬɿɜ ɧɟɨɞɧɨɡɧɚɱɧɢɣ. ɍ ɪɨɛɨɬɿ 
ɡɚɩɪɨɩɨɧɨɜɚɧɨ ɚɥɝɨɪɢɬɦ ɜɢɛɨɪɭ ɨɩɬɢɦɚɥɶɧɨɝɨ ɿɦɩɥɚɧɬɚɬɭ ɭ ɛɿɱɧɿɣ ɩɪɨɟɤɰɿʀ. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɚɥɝɨɪɢɬɦ, ɜɢɛɿɪɤɚ, ɪɟɝɪɟɫɿɹ, ɿɦɩɥɚɧɬɚɬ, ɤɭɥɶɲɨɜɢɣ ɫɭɝɥɨɛ, 
ɤɿɥɶɤɿɫɧɿ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ. 

 

Endoprosthetics is often the only way out for a patient with severe hip joint pathology. 

An important step, in many ways ensuring successful replacement, is the correct choice of 

implant. 
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When installing the hip joint implant, one of its parts - the leg - is placed in the marrow 

canal of the femur. Moreover, the installation must be done in a way that ensures, that on 

one hand, the leg fits tightly against the walls of the channel and on the other hand, no crit-

ical stress appears in the channel. Otherwise, serious postoperative complications are pos-

sible. Proper fit of the prosthesis is ensured by the correct choice from a given standard set 

of implants. To date the choice of the implant is realized using x-ray images of the canal in 

the direct and lateral projections. The implant images on a transparent film are sequential-

ly applied to the hip and thighbone images in a straight and lateral projection, and thus a 

suitable implant is selected. In this regard, the problem of constructing an algorithm for 

choosing an implant based on quantitative characteristics arises. 
The method of optimal implant selection based on the quantitative characteristics of the 

implant and of the difference between the width of the channel in the direct projection and 

the width of the implant in a direct projection is a possible solution. The best for this chan-

nel in a direct projection is the implant for which the average distance between the upper 

wall of the canal and the implant is the smallest. The quantitative characteristic of the 

placement quality of the implant in the lateral projection is introduced in a similar way. 

The implants that fit in the channel are considered. It also must be taken into account that 

the implant should have contact with the channel in at least three points in the lateral pro-

jection. “The best for a given channel on the lateral projection is the implant for which the 

difference between the minimum distance from the anterior wall of the canal to the poste-

rior wall of the implant and the width of the implant in this section is minimal. 

In best case, the best implant is the one that fits best in both projections. However, this 

does not always happen. Finally, for a given channel the choice of an implant from a given 

set of implants, generally speaking, is ambiguous. In addition to the characteristics and 

quality of an implant placement proposed here, other methods are possible. 

Keywords: algorithm, sampling, regression, implant, hip joint, quantitative characteris-

tics. 

 

ȼɜɟɞɟɧɢɟ. ɗɧɞɨɩɪɨɬɟɡɢɪɨɜɚɧɢɟ ɱɚɳɟ ɜɫɟɝɨ ɹɜɥɹɟɬɫɹ ɟɞɢɧɫɬɜɟɧɧɵɦ 
ɜɵɯɨɞɨɦ ɞɥɹ ɛɨɥɶɧɨɝɨ ɫ ɬɹɠɟɥɨɣ ɩɚɬɨɥɨɝɢɟɣ ɬɚɡɨɛɟɞɪɟɧɧɨɝɨ ɫɭɫɬɚɜɚ. ɉɪɢ 
ɭɫɬɚɧɨɜɤɟ ɢɦɩɥɚɧɬɚɬɚ (ɫɦ. ɪɢɫ. 1 ɢ ɪɢɫ. 2) ɬɚɡɨɛɟɞɪɟɧɧɨɝɨ ɫɭɫɬɚɜɚ ɟɝɨ  ɨɞɧɨɣ 
ɫɜɨɟɣ ɱɚɫɬɶɸ – ɧɨɠɤɨɣ, ɫɚɞɹɬ ɜ ɤɨɫɬɧɨɦɨɡɝɨɜɨɣ ɤɚɧɚɥ ɛɟɞɪɟɧɧɨɣ ɤɨ-ɫɬɢ (ɫɦ. 
ɪɢɫ. 3 ɢ ɪɢɫ. 4). ɉɪɢɱёɦ ɷɬɨ ɧɟɨɛɯɨɞɢɦɨ ɫɞɟɥɚɬɶ ɬɚɤ, ɱɬɨɛɵ, ɫ ɨɞɧɨɣ ɫɬɨɪɨɧɵ, 
ɧɨɠɤɚ ɩɥɨɬɧɨ ɩɪɢɥɟɝɚɥɚ ɤ ɫɬɟɧɤɚɦ ɤɚɧɚɥɚ, ɚ ɫ ɞɪɭɝɨɣ, ɜ ɤɚɧɚɥɟ ɧɟ ɞɨɥɠɧɨ 
ɜɨɡɧɢɤɚɬɶ ɤɪɢɬɢɱɟɫɤɢɯ ɧɚɩɪɹɠɟɧɢɣ. ȼ ɩɪɨɬɢɜɧɨɦ ɫɥɭɱɚɟ ɜɨɡɦɨɠɧɵ 
ɫɟɪɶёɡɧɵɟ ɩɨɫɥɟɨɩɟɪɚɰɢɨɧɧɵɟ ɨɫɥɨɠɧɟɧɢɹ. ɇɚɞɥɟɠɚɳɟɟ ɩɪɢɥɟɝɚɧɢɟ 
ɢɦɩɥɚɧɬɚɬɚ ɤ ɫɬɟɧɤɚɦ ɤɚɧɚɥɚ ɨɛɟɫɩɟɱɢɜɚɟɬɫɹ ɩɨɞɯɨɞɹɳɢɦ ɜɵɛɨɪɨɦ 
ɢɦɩɥɚɧɬɚɬɚ ɢɡ ɡɚɞɚɧɧɨɝɨ ɫɬɚɧɞɚɪɬɧɨɝɨ ɧɚɛɨɪɚ ɢɦɩɥɚɧɬɚɬɨɜ. ɇɚ ɫɟɝɨɞɧɹɲɧɢɣ 
ɞɟɧɶ ɜɵɛɨɪ ɢɦɩɥɚɧɬɚɬɚ ɪɟɚɥɢɡɭɸɬ ɩɨ ɪɟɧɬɝɟɧɨɜɫɤɢɦ ɫɧɢɦɤɚɦ ɤɚɧɚɥɚ ɜ 
ɩɪɹɦɨɣ ɢ ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɹɯ: ɧɚ ɫɧɢɦɤɢ ɬɚɡɨɛɟɞɪɟɧɧɨɝɨ ɫɭɫɬɚɜɚ ɢ ɛɟɞɪɟɧɧɨɣ 
ɤɨɫɬɢ ɜ ɩɪɹɦɨɣ ɢ ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɹɯ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨ ɧɚɤɥɚɞɵɜɚɸɬ ɱɟɪɬɟɠɢ 
ɢɦɩɥɚɧɬɚɬɨɜ, ɜɵɩɨɥɧɟɧɧɵɟ ɧɚ ɩɪɨɡɪɚɱɧɨɣ ɩɥɟɧɤɟ ɢ ɬɚɤɢɦ ɨɛɪɚɡɨɦ ɜɵɛɢɪɚɸɬ 
ɩɨɞɯɨɞɹɳɢɣ ɢɦɩɥɚɧɬɚɬ. 

ȼ ɫɜɹɡɢ ɫ ɷɬɢɦ ɜɨɡɧɢɤɚɟɬ ɡɚɞɚɱɚ ɩɨɫɬɪɨɟɧɢɹ ɚɥɝɨɪɢɬɦɚ ɜɵɛɨɪɚ ɢɦɩɥɚɧɬɚɬɚ, 
ɨɫɧɨɜɚɧɧɨɝɨ ɧɚ ɤɨɥɢɱɟɫɬɜɟɧɧɵɯ ɯɚɪɚɤɬɟɪɢɫɬɢɤɚɯ. 
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Ɋɢɫ. 1. ɂɦɩɥɚɧɬɚɬ ɁɄ-6 ɜ ɩɪɹɦɨɣ ɢ 
ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɹɯ 

 

Ɋɢɫ. 2. ɂɦɩɥɚɧɬɚɬ ȾȾ-1 ɜ ɩɪɹɦɨɣ ɢ 
ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɹɯ 

 
 
ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ. ɐɟɥɶɸ ɪɚɛɨɬɵ ɹɜɥɹɟɬɫɹ ɪɚɡɪɚɛɨɬɤɚ ɦɟɬɨɞɢɤɢ ɜɵɛɨɪɚ 

ɢɦɩɥɚɧɬɚɬɚ ɞɥɹ ɞɚɧɧɨɝɨ ɤɨɫɬɧɨɦɨɡɝɨɜɨɝɨ ɤɚɧɚɥɚ ɜ ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ. ȼɵɛɨɪ 
ɢɦɩɥɚɧɬɚɬɚ ɜ ɩɪɹɦɨɣ ɩɪɨɟɤɰɢɢ ɨɩɢɫɚɧ ɜ [2]. 

Ⱦɥɹ ɩɨɫɬɪɨɟɧɢɹ ɚɥɝɨɪɢɬɦɚ ɜɵɛɨɪɚ ɢɦɩɥɚɧɬɚɬɚ ɞɥɹ ɞɚɧɧɨɝɨ ɤɚɧɚɥɚ ɩɨ ɟɝɨ 
ɤɨɥɢɱɟɫɬɜɟɧɧɵɦ ɯɚɪɚɤɬɟɪɢɫɬɢɤɚɦ ɫɧɚɱɚɥɚ ɪɟɧɬɝɟɧɨɜɫɤɢɟ ɫɧɢɦɤɢ ɛɟɞɪɟɧɧɨɣ 
ɤɨɫɬɢ ɨɰɢɮɪɨɜɵɜɚɸɬ: ɫ ɲɚɝɨɦ 5.11  ɦɦ ɜ 13 ɬɨɱɤɚɯ (ɭɡɥɚɯ) ɫɧɢɦɚɸɬ ɡɧɚɱɟɧɢɹ 

ja  ɲɢɪɢɧɵ ɤɚɧɚɥɚ ɜ ɩɪɹɦɨɣ ɩɪɨɟɤɰɢɢ ɢ ɡɧɚɱɟɧɢɟ ɲɢɪɢɧɵ ɤɚɧɚɥɚ jb  ɜ 
ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ, 12,...,2,1,0=j . ȼ ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ ɟɳɟ ɫɧɢɦɚɸɬ ɡɧɚɱɟɧɢɹ 
ɩɚɪɚɦɟɬɪɨɜ, ɨɩɢɫɵɜɚɸɳɢɯ ɢɫɤɪɢɜɥɟɧɢɟ ɤɚɧɚɥɚ, ɚ ɢɦɟɧɧɨ ɜɟɥɢɱɢɧɭ   ɭɝɥɚ 
ɢɫɤɪɢɜɥɟɧɢɹ ɤɚɧɚɥɚ ɢ ɪɚɫɫɬɨɹɧɢɟ l  ɨɬ ɧɚɱɚɥɚ ɤɚɧɚɥɚ (ɦɚɥɨɝɨ ɜɟɪɬɥɸɝɚ) ɞɨ 
ɜɟɪɲɢɧɵ ɭɝɥɚ ɢɫɤɪɢɜɥɟɧɢɹ (ɫɦ. ɪɢɫ. 5).  

Ɂɚɦɟɬɢɦ, ɱɬɨ ɩɨ ɫɬɟɩɟɧɢ ɢɫɤɪɢɜɥɟɧɢɹ ɤɚɧɚɥɵ ɜ ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ ɦɨɠɧɨ 
ɪɚɡɞɟɥɢɬɶ ɧɚ ɬɪɢ ɬɢɩɚ: ɤɚɧɚɥ ɬɢɩɚ 2 – ɡɚɦɟɬɧɵ ɹɜɧɵɟ ɢɫɤɪɢɜɥɟɧɢɹ ɩɟɪɟɞɧɟɣ ɢ 
ɡɚɞɧɟɣ ɫɬɟɧɤɢ ɤɚɧɚɥɚ (ɫɦ. ɪɢɫ. 6); ɤɚɧɚɥ ɬɢɩɚ 1 – ɡɚɦɟɬɧɵ ɢɫɤɪɢɜɥɟɧɢɹ 
ɩɟɪɟɞɧɟɣ ɫɬɟɧɤɢ ɤɚɧɚɥɚ, ɢɫɤɪɢɜɥɟɧɢɹ ɡɚɞɧɟɣ ɫɬɟɧɤɢ ɤɚɧɚɥɚ ɧɟɫɭɳɟɫɬɜɟɧɧɵɟ 
(ɫɦ. ɪɢɫ. 7), ɤɚɧɚɥ ɬɢɩɚ 0 – ɢɫɤɪɢɜɥɟɧɢɹ ɤɚɤ ɩɟɪɟɞɧɟɣ ɫɬɟɧɤɢ ɤɚɧɚɥɚ, ɬɚɤ ɢ 
ɡɚɞɧɟɣ ɹɜɧɨ ɧɟ ɩɪɨɫɦɚɬɪɢɜɚɸɬɫɹ (ɫɦ. ɪɢɫ. 8). 

 



 ISSN 2074-5893 ɉɢɬɚɧɧɹ ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ ɿ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ.  ȼɢɩɭɫɤ 18 
 

 180 

 

Ɋɢɫ. 3. Ɍɚɡɨɛɟɞɪɟɧɧɵɣ ɫɭɫɬɚɜ ɢ  
ɤɨɫɬɧɨɦɨɡɝɨɜɨɣ ɤɚɧɚɥ ɜ ɩɪɹɦɨɣ      

ɩɪɨɟɤɰɢɢ 

Ɋɢɫ. 4. Ɍɚɡɨɛɟɞɪɟɧɧɵɣ ɫɭɫɬɚɜ ɢ 

 ɤɨɫɬɧɨɦɨɡɝɨɜɨɣ ɤɚɧɚɥ ɜ ɛɨɤɨɜɨɣ     
ɩɪɨɟɤɰɢɢ 

 

 
Ɋɢɫ. 5. ɉɪɨɟɤɰɢɹ ɤɨɫɬɧɨɦɨɡɝɨɜɨɝɨ ɤɚɧɚɥɚ ɜ ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ 

 

 

 
Ɋɢɫ. 6. Ȼɨɤɨɜɚɹ ɩɪɨɟɤɰɢɹ ɤɚɧɚɥɚ ɬɢɩɚ 2 

 

 
Ɋɢɫ. 7. Ȼɨɤɨɜɚɹ ɩɪɨɟɤɰɢɹ ɤɚɧɚɥɚ ɬɢɩɚ 1 

 

 
Ɋɢɫ. 8. Ȼɨɤɨɜɚɹ ɩɪɨɟɤɰɢɹ ɤɚɧɚɥɚ ɬɢɩɚ 0 
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ɉɨɫɬɪɨɟɧɢɟ ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ ɤɚɧɚɥɚ ɩɨ ɤɨɥɢɱɟɫɬɜɟɧɧɵɦ 
ɯɚɪɚɤɬɟɪɢɫɬɢɤɚɦ ɤɚɧɚɥɚ. ȼ ɞɟɤɚɪɬɨɜɨɣ ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ Oxy  ɧɚɧɟɫɟɦ 
ɬɨɱɤɢ ( ix , iy ), ɝɞɟ 5.11*ixi = , 2/ii by = , 12,...,2,1,0=i  ( −ib  ɲɢɪɢɧɚ ɤɚɧɚɥɚ ɜ 
ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ ɜ ɬɨɱɤɟ ix ). ɋɨɟɞɢɧɢɦ ɫɨɫɟɞɧɢɟ ɬɨɱɤɢ ( ix , iy ) ɢ ( 1+ix , 1+iy ), 

12,...,2,1,0=i , ɨɬɪɟɡɤɚɦɢ – ɩɨɥɭɱɢɦ ɥɨɦɚɧɭɸ. Ɉɬɨɛɪɚɡɢɜ ɟɟ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ 
Ox  – ɩɨɥɭɱɢɦ ɟɳɟ ɨɞɧɭ ɥɨɦɚɧɭɸ (ɫɦ. ɪɢɫ. 9). ɗɬɢ ɞɜɟ ɥɨɦɚɧɵɟ ɦɨɠɧɨ ɛɵɥɨ 
ɛɵ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɜ ɤɚɱɟɫɬɜɟ ɦɨɞɟɥɟɣ ɩɪɨɟɤɰɢɣ ɩɟɪɟɞɧɟɣ ɢ ɡɚɞɧɟɣ ɫɬɟɧɤɢ 
ɤɚɧɚɥɚ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɜ ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ, ɟɫɥɢ ɛɵ ɤɚɧɚɥ ɧɟ ɢɦɟɥ 
ɢɫɤɪɢɜɥɟɧɢɣ. 

ɉɨɫɬɪɨɟɧɢɟ ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ ɤɚɧɚɥɚ ɩɨ ɤɨɥɢɱɟɫɬɜɟɧɧɵɦ 
ɯɚɪɚɤɬɟɪɢɫɬɢɤɚɦ ɤɚɧɚɥɚ. ȼ ɞɟɤɚɪɬɨɜɨɣ ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ Oxy  ɧɚɧɟɫɟɦ 
ɬɨɱɤɢ ( ix , iy ), ɝɞɟ 5.11*ixi = , 2/ii by = , 12,...,2,1,0=i  ( −ib  ɲɢɪɢɧɚ ɤɚɧɚɥɚ ɜ 
ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ ɜ ɬɨɱɤɟ ix ). ɋɨɟɞɢɧɢɦ ɫɨɫɟɞɧɢɟ ɬɨɱɤɢ ( ix , iy ) ɢ ( 1+ix , 1+iy ), 

12,...,2,1,0=i , ɨɬɪɟɡɤɚɦɢ – ɩɨɥɭɱɢɦ ɥɨɦɚɧɭɸ. Ɉɬɨɛɪɚɡɢɜ ɟɟ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ 
Ox  – ɩɨɥɭɱɢɦ ɟɳɟ ɨɞɧɭ ɥɨɦɚɧɭɸ (ɫɦ. ɪɢɫ. 9). ɗɬɢ ɞɜɟ ɥɨɦɚɧɵɟ ɦɨɠɧɨ ɛɵɥɨ 
ɛɵ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɜ ɤɚɱɟɫɬɜɟ ɦɨɞɟɥɟɣ ɩɪɨɟɤɰɢɣ ɩɟɪɟɞɧɟɣ ɢ ɡɚɞɧɟɣ ɫɬɟɧɤɢ 
ɤɚɧɚɥɚ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɜ ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ, ɟɫɥɢ ɛɵ ɤɚɧɚɥ ɧɟ ɢɦɟɥ 
ɢɫɤɪɢɜɥɟɧɢɣ. 

 

 
Ɋɢɫ. 9. Ȼɨɤɨɜɚɹ ɩɪɨɟɤɰɢɹ ɛɟɡ ɢɫɤɪɢɜɥɟɧɢɹ 

 

Ɇɨɞɟɥɶ ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ ɤɚɧɚɥɚ ɫ ɢɫɤɪɢɜɥɟɧɢɟɦ ɧɚ ɭɝɨɥ   ɜ ɬɨɱɤɟ (0, l ) 

ɩɨɥɭɱɢɦ ɩɨɜɨɪɨɬɨɦ ɧɚ ɭɝɨɥ   ɩɪɨɬɢɜ ɱɚɫɨɜɨɣ ɫɬɪɟɥɤɢ ɨɤɨɥɨ ɬɨɱɤɢ (0, l ) 

ɱɚɫɬɢ ɩɥɨɫɤɨɫɬɢ  lxyx :),(  . ɗɬɨɬ ɩɨɜɨɪɨɬ ɪɟɚɥɢɡɭɟɬɫɹ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟɦ: 
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ȼ ɪɟɡɭɥɶɬɚɬɟ ɩɨɥɭɱɚɟɦ ɦɨɞɟɥɶ ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ ɤɚɧɚɥɚ (ɫɦ. ɪɢɫ. 6). 
 

Ɉ ɜɟɥɢɱɢɧɟ . ɉɪɢ ɜɵɛɨɪɟ ɢɦɩɥɚɧɬɚɬɚ ɤɚɤ ɜ ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ, ɬɚɤ ɢ ɜ 
ɩɪɹɦɨɣ ɧɟɨɛɯɨɞɢɦɨ ɭɱɢɬɵɜɚɬɶ ɬɨɬ ɮɚɤɬ, ɱɬɨ ɢɦɩɥɚɧɬɚɬ ɤɚɫɚɟɬɫɹ ɫɬɟɧɨɤ 
ɤɚɧɚɥɚ ɧɟ ɫɜɨɢɦɢ ɫɬɟɧɤɚɦɢ, ɚ ɪёɛɪɚɦɢ (ɫɦ. ɪɢɫ. 10). 

ɇɚ ɪɢɫ. 10 ɢɡɨɛɪɚɠɟɧɚ ɨɤɪɭɠɧɨɫɬɶ ɫ ɰɟɧɬɪɨɦ ɜ ɬɨɱɤɟ O  ɢ ɪɚɞɢɭɫɨɦ OC , 
ɤɨɬɨɪɚɹ ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ  ɩɨɩɟɪɟɱɧɨɟ ɫɟɱɟɧɢɟ ɤɚɧɚɥɚ ɜ 13-ɦ (ɩɨɫɥɟɞɧɟɦ) 
ɭɡɥɟ. )(

12
iaCE =  – ɲɢɪɢɧɚ ɢɦɩɥɚɧɬɚɬɚ ɜ ɩɪɹɦɨɣ ɩɪɨɟɤɰɢɢ ɜ 13-ɦ ɭɡɥɟ, 
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2/)(
12

kaOC = , ɝɞɟ )(
12

ka  – ɲɢɪɢɧɚ ɤɚɧɚɥɚ ɜ 13-ɦ ɭɡɥɟ ɜ ɩɪɹɦɨɣ ɩɪɨɟɤɰɢɢ. Ⱦɥɹ 
ɞɚɧɧɨɝɨ ɤɚɧɚɥɚ ɢ ɞɚɧɧɨɝɨ ɢɦɩɥɚɧɬɚɬɚ ɢɦɟɟɦ (ɫɦ. ɪɢɫ. 10): 

 

( ) 2/)()( 2)(
12

2)(
12

)(
12

ikk aaa −−=  

 
ȼɵɱɢɫɥɢɜ ɞɥɹ ɤɚɠɞɨɝɨ ɢɡ 133 ɤɚɧɚɥɨɜ ɡɧɚɱɟɧɢɟ j , 133,...,2,1=j , ɩɨɥɭɱɢɦ 

ɜɵɛɨɪɤɭ ɨɛɴɟɦɨɦ 133 ɜɟɥɢɱɢɧɵ  . ɉɨ ɜɵɛɨɪɤɟ ɩɨɥɭɱɢɦ ɨɰɟɧɤɢ ɫɪɟɞɧɟɝɨ ɢ 
ɫɪɟɞɧɟɝɨ ɤɜɚɞɪɚɬɢɱɟɫɤɨɝɨ ɭɤɥɨɧɟɧɢɹ ɜɟɥɢɱɢɧɵ , ɤɨɬɨɪɵɟ ɨɤɚɡɚɥɢɫɶ ɪɚɜɧɵ 

89.0  ɢ 0.6 ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. 
 

 
Ɋɢɫ. 10. ɉɨɩɟɪɟɱɧɨɟ ɫɟɱɟɧɢɟ ɤɚɧɚɥɚ ɢ ɢɦɩɥɚɧɬɚɬɚ 

 

ȼɵɛɨɪ ɨɩɬɢɦɚɥɶɧɨɝɨ ɢɦɩɥɚɧɬɚɬɚ. Ɋɚɫɫɦɨɬɪɢɦ ɦɟɬɨɞɢɤɭ ɜɵɛɨɪɚ 
ɨɩɬɢɦɚɥɶɧɨɝɨ ɢɦɩɥɚɧɬɚɬɚ ɢ ɬɪɟɛɨɜɚɧɢɹ ɤ ɬɚɤɨɦɭ ɢɦɩɥɚɧɬɚɬɭ. 

ɉɨɥɨɠɟɧɢɟ ɢɦɩɥɚɧɬɚɬɚ ɜ ɤɚɧɚɥɟ ɜ ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ ɨɩɪɟɞɟɥɹɟɬɫɹ 
ɩɨɥɨɠɟɧɢɟɦ ɡɚɞɧɟɣ ɫɬɟɧɤɢ ɢɦɩɥɚɧɬɚɬɚ ɩɨ ɨɬɧɨɲɟɧɢɸ ɤ ɡɚɞɧɟɣ ɫɬɟɧɤɟ 
ɤɚɧɚɥɚ.  

ȼ ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ ɤɚɧɚɥ ɢ ɨɩɬɢɦɚɥɶɧɨ ɜɵɛɪɚɧɧɵɣ ɢɦɩɥɚɧɬɚɬ ɢɦɟɟɬ ɜɢɞ 
ɢɡɨɛɪɚɠɟɧɢɹ ɧɚ ɪɢɫ. 11, ɝɞɟ −CBA ,,  ɩɪɨɟɤɰɢɢ ɬɨɱɟɤ ɤɚɫɚɧɢɹ ɢɦɩɥɚɧɬɚɬɨɦ 

ɤɚɧɚɥɚ.  
Ⱦɚɥɟɟ ɧɚɦ ɛɭɞɟɬ ɭɞɨɛɧɨ ɨɛɨɡɧɚɱɚɬɶ ɭɡɥɵ ɡɚɞɧɟɣ ɫɬɟɧɤɢ ɜ ɛɨɤɨɜɨɣ 

ɩɪɨɟɤɰɢɢ ɱɟɪɟɡ ( jx , j ), 12,...,2,1,0=j . 

ɉɨɫɬɪɨɢɦ ɩɪɨɫɬɭɸ ɥɢɧɟɣɧɭɸ ɪɟɝɪɟɫɫɢɸ   ɧɚ x  ɩɨ ɭɡɥɚɦ ( jx , j ) ɞɨ 
ɜɟɪɲɢɧɵ ɭɝɥɚ ɢɫɤɪɢɜɥɟɧɢɹ ɢ ɩɪɨɫɬɭɸ ɥɢɧɟɣɧɭɸ ɪɟɝɪɟɫɫɢɸ   ɧɚ x  ɩɨ ɭɡɥɚɦ 
( jx , j ) ɩɨɫɥɟ ɜɟɪɲɢɧɵ ɭɝɥɚ ɢɫɤɪɢɜɥɟɧɢɹ. 

 
Ɋɢɫ. 11. ɉɪɨɟɤɰɢɢ ɬɨɱɟɤ ɤɚɫɚɧɢɹ ɢɦɩɥɚɧɬɚɬɨɦ ɫɬɟɧɨɤ ɤɚɧɚɥɚ ɜ ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ 
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Ɂɚɦɟɬɢɦ, ɱɬɨ ɧɨɦɟɪ ɩɟɪɜɨɝɨ ɭɝɥɚ ɩɨɫɥɟ ɜɟɪɲɢɧɵ ɢɫɤɪɢɜɥɟɧɢɹ ɪɚɜɟɧ 
  15.11/ += lN , ɝɞɟ   – ɡɧɚɤ ɰɟɥɨɣ ɱɚɫɬɢ ɱɢɫɥɚ. ɍɪɚɜɧɟɧɢɟ ɥɢɧɟɣɧɨɣ 

ɪɟɝɪɟɫɫɢɢ ɢɦɟɟɬ ɜɢɞ: 

)( xxy −+=   

Ɉɰɟɧɤɢ ɞɥɹ ɤɨɷɮɮɢɰɢɟɧɬɨɜ δ, φ ɩɨɥɭɱɟɧɵ ɬɚɤ: 
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ɇɚ ɪɢɫ. 12 ɢɡɨɛɪɚɠɟɧɵ ɝɪɚɮɢɤɢ ɥɢɧɢɢ ɪɟɝɪɟɫɫɢɢ, ɩɨɫɬɪɨɟɧɧɵɟ ɩɨ ɭɡɥɚɦ ɞɨ 
ɜɟɪɲɢɧɵ ɭɝɥɚ ɢɫɤɪɢɜɥɟɧɢɹ ɢ ɩɨɫɥɟ ɜɟɪɲɢɧɵ ɭɝɥɚ ɢɫɤɪɢɜɥɟɧɢɹ ɞɥɹ ɤɚɧɚɥɚ 
№2. 

 

 
Ɋɢɫ. 12. Ƚɪɚɮɢɤɢ ɩɪɨɫɬɨɣ ɥɢɧɟɣɧɨɣ ɪɟɝɪɟɫɫɢɢ ɡɚɞɧɟɣ ɫɬɟɧɤɢ ɭɡɥɨɜ ɤɚɧɚɥɚ 

ɞɨ ɢ ɩɨɫɥɟ ɭɝɥɚ ɢɫɤɪɢɜɥɟɧɢɹ ɤɚɧɚɥɚ 

 

Ⱦɚɥɟɟ ɫɬɪɨɢɦ ɨɬɪɟɡɨɤ ɞɥɢɧɨɣ 138 ɦɦ (138 ɦɦ ɞɥɢɧɚ ɧɨɠɤɢ ɢɦɩɥɚɧɬɚɬɚ ɧɚ 
ɪɟɧɬɝɟɧɨɜɫɤɨɦ ɫɧɢɦɤɟ) ɨɞɢɧ ɤɨɧɟɰ ( A ) ɤɨɬɨɪɨɝɨ ɥɟɠɢɬ ɧɚ ɥɢɧɢɢ ɪɟɝɪɟɫɫɢɢ 
ɩɨɫɬɪɨɟɧɧɨɣ ɩɨ ɭɡɥɚɦ ɩɨɫɥɟ ɭɝɥɚ ɢɫɤɪɢɜɥɟɧɢɹ, ɜɬɨɪɨɣ ɤɨɧɟɰ ( B ) ɫɨɜɩɚɞɚɟɬ 
ɫ ɧɚɱɚɥɨɦ ɤɚɧɚɥɚ ɢ ɥɟɠɢɬ ɧɚ ɨɫɢ Oy , ɩɪɢɱёɦ ɜɫɟ ɭɡɥɵ ( jx , j ), 12,...,2,1,0=j , 

ɥɟɠɚɬ ɧɢɠɟ ɨɬɪɟɡɤɚ AB   (ɫɦ. ɪɢɫ. 13). 

 
Ɋɢɫ. 13. ɉɨɥɨɠɟɧɢɟ ɬɨɱɟɤ A  ɢ B  

 

ɉɭɫɬɶ −+= kxuy  ɭɪɚɜɧɟɧɢɟ ɩɪɹɦɨɣ, ɧɚ ɤɨɬɨɪɨɣ ɥɟɠɢɬ ɨɬɪɟɡɨɤ AB   (ɨɧ 
ɨɩɪɟɞɟɥɹɟɬɫɹ ɨɞɧɨɡɧɚɱɧɨ). Ɉɬɪɟɡɨɤ BA, ɨɩɪɟɞɟɥɹɸɳɢɣ ɩɨɥɨɠɟɧɢɟ ɡɚɞɧɟɣ 
ɫɬɟɧɤɢ ɢɦɩɥɚɧɬɚɬɚ (ɬɨɱɧɟɟ ɟё ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ), ɩɨɥɭɱɚɟɬɫɹ ɫɞɜɢɝɨɦ 
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ɨɬɪɟɡɤɚ AB   ɜɞɨɥɶ ɨɫɢ Oy  ɧɚ ɜɟɥɢɱɢɧɭ  cos/'= , ɝɞɟ   – ɭɝɨɥ ɧɚɤɥɨɧɚ 
ɨɬɪɟɡɤɚ AB   ɤ ɨɫɢ Ox . ɉɪɢ ɷɬɨɦ ɪɚɫɫɬɨɹɧɢɟ ɨɬ ɨɬɪɟɡɤɚ AB   ɞɨ ɨɬɪɟɡɤɚ BA 
ɪɚɜɧɨ  , ɚ ɭɪɚɜɧɟɧɢɟ ɩɪɹɦɨɣ ɧɚ ɤɨɬɨɪɨɣ ɥɟɠɢɬ ɨɬɪɟɡɨɤ BA ɢɦɟɟɬ ɜɢɞ: 

 ++= kxuy , 

ɢɥɢ ɜɢɞ: 
0=++ cbyax . 

Ⱦɚɥɟɟ ɧɚɣɞɟɦ ɭɡɟɥ, ɪɚɫɫɬɨɹɧɢɟ ɨɬ ɤɨɬɨɪɨɝɨ ɞɨ ɨɬɪɟɡɤɚ BA ɦɢɧɢɦɚɥɶɧɨ, ɢ 
ɫɚɦɨ ɷɬɨ ɦɢɧɢɦɚɥɶɧɨɟ ɪɚɫɫɬɨɹɧɢɟ. Ⱦɥɹ ɷɬɨɝɨ ɞɨɫɬɚɬɨɱɧɨ ɧɚɣɬɢ ɪɚɫɫɬɨɹɧɢɟ ɨɬ 
ɤɚɠɞɨɝɨ ɭɡɥɚ ( jx , j ), 12,...,2,1,0=j , ɞɨ ɨɬɪɟɡɤɚ BA: 

22 ba

cbyax jj

+

++
 

(ɫɦ. ɪɢɫ. 14) ɢ ɜɵɛɪɚɬɶ ɭɡɟɥ, ɞɥɹ ɤɨɬɨɪɨɝɨ ɷɬɨ ɪɚɫɫɬɨɹɧɢɟ ɦɢɧɢɦɚɥɶɧɨ. 
Ɉɛɨɡɧɚɱɢɦ ɷɬɨɬ ɭɡɟɥ ɱɟɪɟɡ ( )yxC  , , ɚ ɪɚɫɫɬɨɹɧɢɟ ɨɬ ɧɟɝɨ ɞɨ BA ɨɛɨɡɧɚɱɢɦ 
ɱɟɪɟɡ l   (ɹɫɧɨ, ɱɬɨ ɞɥɹ ɭɡɥɚ ( )yxC  ,  ɡɧɚɱɟɧɢɟ   5.11*5.11/lx = ). Ɉɬɫɸɞɚ 
ɩɨɥɭɱɚɟɦ, ɱɬɨ ɫ ɨɞɧɨɣ ɫɬɨɪɨɧɵ ɲɢɪɢɧɚ d  ɢɦɩɥɚɧɬɚɬɚ ɫ ɩɪɹɦɨɣ ɧɨɠɤɨɣ ɜ 
ɛɨɤɨɜɨɣ ɩɪɨɟɤɰɢɢ ɧɟ ɦɨɠɟɬ ɛɵɬɶ ɛɨɥɶɲɟ ɜɟɥɢɱɢɧɵ −= llm  (ɜ ɩɪɨɬɢɜɧɨɦ 
ɫɥɭɱɚɟ ɢɦɩɥɚɧɬɚɬ ɧɟ ɜɨɣɞɟɬ ɜ ɤɚɧɚɥ). ȼ ɢɞɟɚɥɟ, ɲɢɪɢɧɚ ɢɦɩɥɚɧɬɚɬɚ d  
ɞɨɥɠɧɚ ɛɵɬɶ ɪɚɜɧɚ ml : d = ml . ȼ ɷɬɨɣ ɫɢɬɭɚɰɢɢ ɢɦɩɥɚɧɬɚɬ ɤɚɫɚɟɬɫɹ ɤɚɤ 
ɡɚɞɧɟɣ ɫɬɟɧɤɢ ɤɚɧɚɥɚ, ɬɚɤ ɢ ɩɟɪɟɞɧɟɣ, ɩɪɨɟɤɰɢɹ C  ɬɨɱɤɢ ɤɚɫɚɧɢɹ ɩɟɪɟɞɧɟɣ 
ɫɬɟɧɤɟ ɢɦɩɥɚɧɬɚ ɧɚɯɨɞɢɬɫɹ ɧɚ ɩɟɪɩɟɧɞɢɤɭɥɹɪɟ, ɨɩɭɳɟɧɧɵɦ ɢɡ ɬɨɱɤɢ C   ɤ 
ɡɚɞɧɟɣ ɫɬɟɧɤɟ ɢɦɩɥɚɧɬɚɬɚ ɧɚ ɪɚɫɫɬɨɹɧɢɢ   ɨɬ ɩɟɪɟɞɧɟɣ ɫɬɟɧɤɢ ɤɚɧɚɥɚ. 

 

 
 

Ɋɢɫ. 14. Ɍɨɱɤɢ ɤɚɫɚɧɢɹ A′,B′,C′ ɢɦɩɥɚɧɬɚɬɚ ɫɬɟɧɨɤ ɤɚɧɚɥɚ 

 
ɋ ɞɪɭɝɨɣ ɫɬɨɪɨɧɵ, ɟɫɥɢ ml  ɨɤɚɡɚɥɚɫɶ ɦɟɧɶɲɟ ɧɟɤɨɬɨɪɨɝɨ ɤɪɢɬɢɱɟɫɤɨɝɨ 

ɡɧɚɱɟɧɢɹ 0d , ɬɨ ɜ ɬɚɤɨɣ ɤɚɧɚɥ ɭɫɬɚɧɨɜɢɬɶ ɢɦɩɥɚɧɬɚɬ ɞɥɢɧɨɣ 138 ɦɦ 
ɧɟɜɨɡɦɨɠɧɨ (ɢɦɩɥɚɧɬɚɬɵ ɲɢɪɢɧɨɣ ɦɟɧɶɲɟ 0d  ɧɟ ɜɵɞɟɪɠɢɜɚɸɬ ɧɚɝɪɭɡɤɢ ɢ 
ɧɟ ɢɡɝɨɬɚɜɥɢɜɚɸɬɫɹ). 

Ʉɨɝɞɚ ɦɵ ɝɨɜɨɪɢɦ ɨ ɜɵɛɨɪɟ ɢɦɩɥɚɧɬɚɬɚ ɫ ɤɨɧɢɱɟɫɤɨɣ ɧɨɠɤɨɣ, ɬɨ 
ɩɨɫɤɨɥɶɤɭ ɭɝɨɥ ɢɫɤɪɢɜɥɟɧɢɹ ɤɚɧɚɥɚ ɢ ɭɝɨɥ ɫɭɠɟɧɢɹ ɢɦɩɥɚɧɬɚɬɚ ɧɟɛɨɥɶɲɢɟ, 
ɦɨɠɧɨ ɩɨɫɬɭɩɚɬɶ ɬɚɤ, ɤɚɤ ɛɭɞɬɨ ɦɵ ɢɦɟɟɦ ɢɦɩɥɚɧɬɚɬ ɫ ɩɪɹɦɨɣ ɧɨɠɤɨɣ, 
ɲɢɪɢɧɚ ɤɨɬɨɪɨɝɨ ɫɨɜɩɚɞɚɟɬ ɫ ɲɢɪɢɧɨɣ ɤɨɧɢɱɟɫɤɨɣ ɧɨɠɤɢ ɜ ɬɨɱɤɟ x . 

ɂɫɩɨɥɶɡɭɟɦɵɟ ɜ ɞɚɧɧɨɣ ɪɚɛɨɬɟ ɞɚɧɧɵɟ – ɜɵɛɨɪɤɢ ɢɡ 149 ɨɰɢɮɪɨɜɚɧɧɵɯ 
ɤɚɧɚɥɨɜ, ɩɪɟɞɨɫɬɚɜɥɟɧɵ ɤɚɮɟɞɪɨɣ ɬɪɚɜɦɚɬɨɥɨɝɢɢ ɢ ɨɪɬɨɩɟɞɢɢ Ⱦɧɟɩɪɨɜɫɤɨɣ 
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ɝɨɫɭɞɚɪɫɬɜɟɧɧɨɣ ɦɟɞɢɰɢɧɫɤɨɣ ɚɤɚɞɟɦɢɢ. ɉɪɢ ɷɬɨɦ ɢɡ ɢɫɯɨɞɧɨɣ ɜɵɛɨɪɤɢ 
ɛɵɥɢ ɢɫɤɥɸɱɟɧɵ ɞɚɧɧɵɟ ɩɨ 16 ɤɚɧɚɥɚɦ. ȼ ɷɬɢɯ ɞɚɧɧɵɯ ɛɵɥɢ ɨɛɧɚɪɭɠɟɧɵ 
ɹɜɧɵɟ ɩɨɝɪɟɲɧɨɫɬɢ ɩɪɢ ɢɯ ɨɰɢɮɪɨɜɤɟ. ɉɨɷɬɨɦɭ ɮɚɤɬɢɱɟɫɤɢ ɦɵ ɢɦɟɟɦ ɞɟɥɨ ɫ 
ɜɵɛɨɪɤɨɣ ɨɛɴɟɦɨɦ 133. 
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ȼ.Ⱥ. Ɍɭɪɱɢɧɚ, Ʉ.Ⱦ. Ʉɚɪɚɜɚєɜ 
Ⱦɧɿɩɪɨɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

ȾɈɋɅȱȾɀȿɇɇə ɈɐȱɇɈɄ ȾɈȼɀɂɇɂ ɉȺɊȺɅȿɅɖɇɈȽɈ  
ɍɉɈɊəȾɄɍȼȺɇɇə ȼȿɊɒɂɇ ȽɊȺɎɍ 

Oɬɪɢɦɚɧo ɩɨɤɪɚɳɟɧɭ ɨɰɿɧɤɭ ɡɧɢɡɭ ɱɚɫɨɜɢɯ ɜɢɬɪɚɬ ɞɥɹ ɡɚɞɚɱɿ ɩɨɲɭɤɭ 
ɩɚɪɚɥɟɥɶɧɨɝɨ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɜɟɪɲɢɧ ɝɪɚɮɭ ɡ ɦɿɧɿɦɚɥɶɧɨɸ ɞɨɜɠɢɧɨɸ, 
ɡɚɩɪɨɩɨɧɨɜɚɧɨ ɨɰɿɧɤɭ ɡɜɟɪɯɭ, ɨɛґɪɭɧɬɨɜɚɧɨ ɡɜ'ɹɡɨɤ ɡɚɞɚɱɿ ɿɡ ɨɛɟɪɧɟɧɨɸ. ɇɚ ɨɫɧɨɜɿ 
ɨɛɱɢɫɥɸɜɚɥɶɧɨɝɨ ɟɤɫɩɟɪɢɦɟɧɬɭ ɞɨɫɥɿɞɠɟɧɨ ɜɩɥɢɜ ɬɨɱɧɨɫɬɿ ɨɰɿɧɤɢ ɧɚ ɲɜɢɞɤɿɫɬɶ 
ɡɧɚɯɨɞɠɟɧɧɹ ɬɨɱɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ ɦɟɬɨɞɨɦ ɝɿɥɨɤ ɬɚ ɦɟɠ.  

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɞɢɫɤɪɟɬɧɚ ɨɩɬɢɦɿɡɚɰɿɹ, ɬɟɨɪɿɹ ɪɨɡɤɥɚɞɿɜ, ɨɩɬɢɦɚɥɶɧɿ 
ɭɩɨɪɹɞɤɭɜɚɧɧɹ, ɦɟɬɨɞ ɝɿɥɨɤ ɬɚ ɦɟɠ, ɨɰɿɧɸɜɚɧɧɹ ɩɚɪɚɦɟɬɪɿɜ ɭɩɨɪɹɞɤɭɜɚɧɧɹ. 

 

ɉɨɥɭɱɟɧɚ ɭɥɭɱɲɟɧɧɚɹ ɨɰɟɧɤɚ ɫɧɢɡɭ ɜɪɟɦɟɧɧɵɯ ɡɚɬɪɚɬ ɞɥɹ ɡɚɞɚɱɢ ɩɨɢɫɤɚ 
ɩɚɪɚɥɥɟɥɶɧɨɝɨ ɭɩɨɪɹɞɨɱɟɧɢɹ ɜɟɪɲɢɧ ɝɪɚɮɚ, ɢɦɟɸɳɟɝɨ ɦɢɧɢɦɚɥɶɧɭɸ ɞɥɢɧɭ, 
ɩɪɟɞɥɨɠɟɧɚ ɨɰɟɧɤɚ ɫɜɟɪɯɭ, ɨɛɨɫɧɨɜɚɧɚ ɫɜɹɡɶ ɡɚɞɚɱɢ ɫ ɨɛɪɚɬɧɨɣ. ɉɨɫɪɟɞɫɬɜɨɦ 
ɜɵɱɢɫɥɢɬɟɥɶɧɨɝɨ ɷɤɫɩɟɪɢɦɟɧɬɚ ɢɫɫɥɟɞɨɜɚɧɨ ɜɥɢɹɧɢɟ ɬɨɱɧɨɫɬɢ ɨɰɟɧɤɢ ɧɚ ɫɤɨɪɨɫɬɶ 
ɧɚɯɨɠɞɟɧɢɹ ɬɨɱɧɨɝɨ ɪɟɲɟɧɢɹ ɦɟɬɨɞɨɦ ɜɟɬɜɟɣ ɢ ɝɪɚɧɢɰ. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɞɢɫɤɪɟɬɧɚ ɨɩɬɢɦɿɡɚɰɿɹ, ɬɟɨɪɿɹ ɪɨɡɤɥɚɞɿɜ, ɨɩɬɢɦɚɥɶɧɿ 
ɭɩɨɪɹɞɤɭɜɚɧɧɹ, ɦɟɬɨɞ ɝɿɥɨɤ ɬɚ ɦɟɠ, ɨɰɿɧɸɜɚɧɧɹ ɩɚɪɚɦɟɬɪɿɜ ɭɩɨɪɹɞɤɭɜɚɧɧɹ. 

 

A number of practical tasks require minimizing the human and material resources that 

are involved in tasks or time expenditures. A special place in this class of problems is occu-

pied by theoretical problems that have a broad practical application, which belong to a 

class of discrete optimization problems. When minimizing time expenditures in such prob-

lems the question of determining the optimal sequencing of execution of a finite set of 

works (tasks, operations, projects, etc.) is raised. This sequencing can be linear, circular or 

parallel. The latter is considered by the authors. 

This article is devoted to the analysis of one of the problems of discrete optimization, 

which belongs to the class of problems of the scheduling theory, and, taking into account its 

specificity, can be considered as an optimization graph problem. Specifically, in terms of 

the theory of graphs, the problem of finding a parallel sequencing of vertices of a given 

graph of minimum length, in which at each place there is no more than a given fixed num-

ber of vertices, is under consideration. Since this problem is NP-hard, its exact solution can 

be found by using one of the methods that implements state search scheme. The authors 

investigated the impact of the accuracy of the estimation of the length of optimal sequenc-

ing on the rate of finding the solution by using one of the most common methods, namely 

the branch and bound method. 

As a result, an improved lower-bound estimate of time expenditures was obtained and 

an upper-bound estimate was proposed. The latter was used to justify the relationship of 

the problem under consideration with the inverse one. Also, on the basis of the computa-

tional experiment results were obtained that refuted the a priori consideration about the 

impact of the accuracy of the estimation on the rate of finding the exact solution by using 

the branch and bound method. 

___________________________________________ 
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ȼɫɬɭɩ. ɉɪɢ ɪɨɡɜ’ɹɡɚɧɧɿ ɨɩɬɢɦɿɡɚɰɿɣɧɢɯ ɡɚɞɚɱ ɪɨɡɪɿɡɧɹɸɬɶ ɞɜɚ ɜɢɩɚɞɤɢ: ɚɛɨ 
ɧɟɨɛɯɿɞɧɨ ɡɧɚɣɬɢ ɥɢɲɟ ɨɩɬɢɦɚɥɶɧɢɣ ɪɨɡɜ’ɹɡɨɤ, ɚɛɨ ɿ ɪɨɡɜ’ɹɡɨɤ, ɿ ɨɩɬɢɦɚɥɶɧɟ 
ɡɧɚɱɟɧɧɹ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ. ȼ ɡɚɞɚɱɚɯ, ɳɨ ɪɨɡɝɥɹɞɚɸɬɶɫɹ ɭ ɞɚɧɿɣ ɪɨɛɨɬɿ, 
ɡɧɚɯɨɞɠɟɧɧɹ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ є ɝɨɥɨɜɧɨɸ ɡɚɞɚɱɟɸ, ɨɫɤɿɥɶɤɢ ɡɧɚɱɟɧɧɹ 
ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ ɩɪɢ ɰɶɨɦɭ ɡɧɚɯɨɞɢɬɶɫɹ ɟɥɟɦɟɧɬɚɪɧɨ. ɉɪɢ ɩɨɲɭɤɭ ɰɶɨɝɨ 
ɪɨɡɜ’ɹɡɤɭ ɨɰɿɧɤɚ ɡɧɚɱɟɧɧɹ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ ɦɨɠɟ ɩɟɜɧɢɦ ɱɢɧɨɦ ɜɩɥɢɜɚɬɢ ɧɚ 
ɫɚɦ ɩɨɲɭɤ ɪɨɡɜ’ɹɡɤɭ. ɋɚɦɟ ɬɚɤɢɣ ɜɩɥɢɜ ɿ ɞɨɫɥɿɞɠɭєɬɶɫɹ ɜ ɞɚɧɿɣ ɪɨɛɨɬɿ, 
ɡɨɤɪɟɦɚ ɭ ɜɢɩɚɞɤɭ, ɤɨɥɢ ɪɨɡɜ’ɹɡɨɤ ɲɭɤɚєɬɶɫɹ ɡɚ ɫɯɟɦɨɸ ɫɩɪɹɦɨɜɚɧɨɝɨ 
ɩɟɪɟɛɨɪɭ. 

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ. Ɋɨɡɝɥɹɧɟɦɨ ɨɞɧɭ ɡ ɜɿɞɨɦɢɯ ɡɚɞɚɱ ɭɩɨɪɹɞɤɭɜɚɧɧɹ 
ɜɟɪɲɢɧ ɨɪɿєɧɬɨɜɚɧɨɝɨ ɝɪɚɮɭ. ɇɟɯɚɣ ɡɚɞɚɧɚ ɫɤɿɧɱɟɧɚ ɦɧɨɠɢɧɚ ɪɨɛɿɬ, ɧɚ 
ɩɨɪɹɞɨɤ ɜɢɤɨɧɚɧɧɹ ɹɤɢɯ ɧɚɤɥɚɞɚɸɬɶɫɹ ɬɟɯɧɨɥɨɝɿɱɧɿ ɨɛɦɟɠɟɧɧɹ [6,7]. ȼ 
ɩɪɢɩɭɳɟɧɧɿ, ɳɨ ɜɫɿ ɪɨɛɨɬɢ ɦɚɸɬɶ ɨɞɧɚɤɨɜɢɣ ɱɚɫ ɜɢɤɨɧɚɧɧɹ, ɧɟɨɛɯɿɞɧɨ 
ɜɢɡɧɚɱɢɬɢ ɦɿɧɿɦɚɥɶɧɢɣ ɱɚɫ, ɡɚ ɹɤɢɣ, ɛɟɡ ɩɨɪɭɲɟɧɧɹ ɬɟɯɧɨɥɨɝɿɱɧɢɯ ɨɛɦɟɠɟɧɶ, 
ɜɫɿ ɪɨɛɨɬɢ ɦɨɠɭɬɶ ɛɭɬɢ ɜɢɤɨɧɚɧɿ ɡɚɞɚɧɨɸ ɤɿɥɶɤɿɫɬɸ ɜɢɤɨɧɚɜɰɿɜ. ɉɪɢɪɨɞɧɨ 
ɡɚɞɚɬɢ ɬɟɯɧɨɥɨɝɿɱɧɿ ɨɛɦɟɠɟɧɧɹ ɨɪɿєɧɬɨɜɧɢɦ ɚɰɢɤɥɿɱɧɢɦ ɝɪɚɮɨɦ ),( UVG , 

nV = , ɞɟ V  – ɦɧɨɠɢɧɚ ɜɟɪɲɢɧ, ɟɥɟɦɟɧɬɚɦ ɹɤɨʀ ɩɨɫɬɚɜɥɟɧɿ ɭ ɜɿɞɩɨɜɿɞɧɿɫɬɶ 
ɪɨɛɨɬɢ. Ɍɨɞɿ ɞɭɝɢ ɜɿɞɩɨɜɿɞɚɸɬɶ ɬɟɯɧɨɥɨɝɿɱɧɢɦ ɨɛɦɟɠɟɧɧɹɦ. Ɉɞɧɚ ɡ 
ɨɩɬɢɦɿɡɚɰɿɣɧɢɯ ɡɚɞɚɱ, ɳɨ ɜɢɧɢɤɚє ɭ ɰɶɨɦɭ ɜɢɩɚɞɤɭ – ɰɟ ɩɨɛɭɞɨɜɚ 
ɨɩɬɢɦɚɥɶɧɨɝɨ ɩɚɪɚɥɟɥɶɧɨɝɨ ɭɩɨɪɹɞɤɭɜɚɧɧɹ, ɩɿɞ ɹɤɢɦ ɪɨɡɭɦɿɸɬɶ ɬɚɤɟ 
ɪɨɡɦɿɳɟɧɧɹ ɜɟɪɲɢɧ ɨɪɝɪɚɮɭ ɩɨ ɦɿɫɰɹɯ, ɪɨɡɬɚɲɨɜɚɧɢɯ ɭ ɥɿɧɿɸ, ɩɪɢ ɹɤɨɦɭ 
ɜɢɤɨɧɭɸɬɶɫɹ ɧɚɫɬɭɩɧɿ ɭɦɨɜɢ: 

1) ɧɚ ɤɨɠɧɨɦɭ ɦɿɫɰɿ ɫɬɨʀɬɶ ɧɟ ɛɿɥɶɲɟ ɡɚɞɚɧɨʀ ɤɿɥɶɤɨɫɬɿ ɜɟɪɲɢɧ, ɹɤɭ 
ɩɨɡɧɚɱɢɦɨ ɱɟɪɟɡ h ; 

2) ɹɤɳɨ ɩɚɪɚ ɜɟɪɲɢɧ ( ) Uji , , ɬɨ ɜɟɪɲɢɧɚ i  ɪɨɡɦɿɳɭɸɬɶɫɹ ɥɿɜɿɲɟ ɡɚ j ; 

3) ɤɿɥɶɤɿɫɬɶ ɧɟɩɨɪɨɠɧɿɯ ɦɿɫɰɶ (ɹɤɭ ɦɢ ɧɚɡɢɜɚєɦɨ ɞɨɜɠɢɧɨɸ ɭɩɨɪɹɞɤɭɜɚɧɧɹ 
ɿ ɩɨɡɧɚɱɚєɦɨ l ), ɧɚ ɹɤɨɦɭ ɪɨɡɦɿɳɭɸɬɶɫɹ ɜɫɿ ɜɟɪɲɢɧɢ ɨɪɝɪɚɮɭ ɦɿɧɿɦɚɥɶɧɚ.  

ȼ ɡɚɝɚɥɶɧɨɦɭ ɜɢɩɚɞɤɭ, ɬɨɛɬɨ ɞɥɹ ɞɨɜɿɥɶɧɢɯ ɝɪɚɮɿɜ G  ɿ ɲɢɪɢɧɢ h , ɞɥɹ 
ɡɧɚɯɨɞɠɟɧɧɹ ɬɨɱɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ ɡɚɫɬɨɫɨɜɭɸɬɶ ɫɯɟɦɢ ɫɩɪɹɦɨɜɚɧɨɝɨ ɩɟɪɟɛɨɪɭ, 
ɡɨɤɪɟɦɚ ɦɟɬɨɞ ɝɿɥɨɤ ɬɚ ɦɟɠ [8-10]. ɉɪɢ ɪɟɚɥɿɡɚɰɿʀ ɫɯɟɦ ɰɶɨɝɨ ɦɟɬɨɞɭ ɨɞɧɢɦ ɿɡ 
ɜɚɠɥɢɜɢɯ ɩɢɬɚɧɶ є ɩɢɬɚɧɧɹ, ɹɤ ɨɰɿɧɢɬɢ ɡɧɚɱɟɧɧɹ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ ɹɤ ɧɚ ɜɫɿɣ 
ɞɨɩɭɫɬɢɦɿɣ ɦɧɨɠɢɧɿ, ɬɚɤ ɿ ɧɚ ɜɿɞɩɨɜɿɞɧɢɯ ɩɿɞɦɧɨɠɢɧɚɯ [1,2,4]. Ɂɭɩɢɧɢɦɨɫɹ 
ɧɚ ɞɟɹɤɢɯ ɩɿɞɯɨɞɚɯ ɞɨ ɬɚɤɢɯ ɨɰɿɧɨɤ. 

Ɉɰɿɧɤɢ, ɳɨ ɜɢɤɨɪɢɫɬɨɜɭɸɬɶ ɫɩɟɰɿɚɥɶɧɿ ɭɩɨɪɹɞɤɭɜɚɧɧɹ. ɉɪɢ 
ɨɰɿɧɸɜɚɧɧɿ ɞɨɜɠɢɧɢ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɱɚɫɬɨ ɜɢɤɨɪɢɫɬɨɜɭɸɬɶ ɞɜɚ ɫɩɟɰɿɚɥɶɧɢɯ 
ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɜɟɪɲɢɧ ɨɪɝɪɚɮɿɜ S  ɬɚ S  [5]. ȼ ɰɢɯ ɭɩɨɪɹɞɤɭɜɚɧɧɹɯ ɤɨɠɧɚ 
ɜɟɪɲɢɧɚ ɨɪɝɪɚɮɭ ɡɚɣɦɚє ɜɿɞɩɨɜɿɞɧɨ ɤɪɚɣɧє ɥɿɜɟ (ɭɩɨɪɹɞɤɭɜɚɧɧɹ S ) ɬɚ ɤɪɚɣɧє 
ɩɪɚɜɟ ( S ) ɞɨɩɭɫɬɢɦɟ ɦɿɫɰɟ ɜ ɭɩɨɪɹɞɤɭɜɚɧɧɿ, ɞɨɜɠɢɧɚ ɹɤɨɝɨ ɞɨɪɿɜɧɸє 
ɞɨɜɠɢɧɿ ɤɪɢɬɢɱɧɨɝɨ ɲɥɹɯɭ ɭ ɝɪɚɮɿ. Ɍɨɞɿ ɛɚɡɨɜɨɸ ɨɰɿɧɤɨɸ ɛɭɞɟɦɨ ɜɜɚɠɚɬɢ 
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ɭɬɨɱɧɟɧɭ ɨɰɿɧɤɭ   lkkilS
h

ll
l

kik ,...,1,11
1

,max* =







−+



 +−  =

 
[3]. 

Ɋɨɡɝɥɹɧɟɦɨ ɩɨɜɟɞɿɧɤɭ ɭɬɨɱɧɟɧɨʀ ɨɰɿɧɤɢ ɞɥɹ ɞɨɜɠɢɧɢ ɭɩɨɪɹɞɤɭɜɚɧɧɹ, ɜ ɹɤɿɣ 
S  ɡɚɦɿɧɢɦɨ ɧɚ S , ɬɨɛɬɨ  
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ɉɨɪɿɜɧɹɧɧɹ ɭɬɨɱɧɟɧɨʀ ɬɚ ɡɦɿɧɟɧɨʀ ɨɰɿɧɨɤ ɩɪɨɜɨɞɢɬɢɦɟɦɨ ɩɪɢ 3=h  ɞɥɹ 
ɝɪɚɮɿɜ ɡ ɪɢɫ. 1-3. 

 
 Ɋɢɫ. 1. Ƚɪɚɮ G1  

 
Ɋɢɫ. 2. Ƚɪɚɮɢ G2 (A, B, C, D) Ɋɢɫ. 3. Ƚɪɚɮɢ G3 (A-E) 

ɉɨɱɧɟɦɨ ɡ ɝɪɚɮɭ ɧɚ ɪɢɫ. 1. Ɉɱɟɜɢɞɧɨ, ɳɨ ɣɨɝɨ ɨɩɬɢɦɚɥɶɧɟ ɭɩɨɪɹɞɤɭɜɚɧɧɹ 
ɦɚє ɜɢɝɥɹɞ   SSS === 6;5;4;3;2;1* , ɬɨɛɬɨ ɲɭɤɚɧɚ ɞɨɜɠɢɧɚ 6*=l . 

ȼɢɤɨɪɢɫɬɨɜɭɸɱɢ ɭɬɨɱɧɟɧɭ ɨɰɿɧɤɭ ɨɬɪɢɦɚєɦɨ: 

1) ɞɥɹ S : 65
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2) ɞɥɹ S : 65
3

1
;4

3

2
;3

3

3
;2

3

4
;1

3

5
;

3

6
max2 =







 +



+



+



+



+









=l . 

Ȼɚɱɢɦɨ, ɳɨ ɭ ɰɶɨɦɭ ɜɢɩɚɞɤɭ *21 lll == . 

Ɋɨɡɝɥɹɧɟɦɨ ɬɟɩɟɪ ɝɪɚɮɢ ɡ ɪɢɫ. 2. ȼɢɩɚɞɤɢ A-D ɜɿɞɪɿɡɧɹɸɬɶɫɹ 
ɪɨɡɬɚɲɭɜɚɧɧɹɦ ɜɟɪɲɢɧ 7-16 ɬɚ ɜɟɪɲɢɧɨɸ, ɡ ɹɤɨʀ ɣɞɭɬɶ ɞɭɝɢ ɞɨ ɤɨɠɧɨʀ ɡ 
ɡɚɡɧɚɱɟɧɢɯ ɜɟɪɲɢɧ. ɉɨɦɿɬɢɦɨ, ɳɨ, ɧɟɡɜɚɠɚɸɱɢ ɧɚ ɡɦɿɧɭ ɫɬɪɭɤɬɭɪɢ, 
ɭɩɨɪɹɞɤɭɜɚɧɧɹ S  ɞɥɹ ɭɫɿɯ ɝɪɚɮɿɜ ɛɭɞɟ ɨɞɧɚɤɨɜɢɦ, ɜɨɧɨ ɛɭɞɟ ɜɿɞɪɿɡɧɹɬɢɫɶ ɜɿɞ 
ɜɢɩɚɞɤɭ ɝɪɚɮɭ ɡ ɪɢɫ. 1 ɬɢɦ, ɳɨ ɧɚ ɨɫɬɚɧɧɶɨɦɭ ɦɿɫɰɿ ɛɭɞɭɬɶ ɬɚɤɨɠ 
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ɡɧɚɯɨɞɢɬɢɫɶ ɜɟɪɲɢɧɢ 7-16. Ⱥ ɨɬɠɟ, 1l  ɞɥɹ ɜɫɿɯ ɜɢɩɚɞɤɿɜ ɛɭɞɟ ɨɞɧɚɤɨɜɢɦ ɿ 
ɞɨɪɿɜɧɸɜɚɬɢɦɟ: 61 =l . 2l  ɬɚ *l  ɞɥɹ ɪɿɡɧɢɯ ɜɢɩɚɞɤɿɜ ɛɭɞɭɬɶ ɪɿɡɧɢɦɢ, ɬɨɦɭ 
ɪɨɡɝɥɹɧɟɦɨ ɞɚɥɿ ɤɨɠɧɢɣ ɜɢɩɚɞɨɤ ɨɤɪɟɦɨ. 

ȼɢɩɚɞɨɤ Ⱥ. Ɉɩɬɢɦɚɥɶɧɢɦ ɭɩɨɪɹɞɤɭɜɚɧɧɹɦ ɝɪɚɮɭ є ɧɚɩɪɢɤɥɚɞ ɬɚɤɟ 
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*S , ɨɬɠɟ 6*=l . ɍɩɨɪɹɞɤɭɜɚɧɧɹ S  ɛɭɞɟ ɜɿɞɪɿɡɧɹɬɢɫɶ ɜɿɞ 

ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɭ ɜɢɩɚɞɤɭ ɝɪɚɮɭ ɡ ɪɢɫ. 1 ɬɢɦ, ɳɨ ɧɚ ɩɟɪɲɨɦɭ ɦɿɫɰɿ ɛɭɞɭɬɶ 
ɡɧɚɯɨɞɢɬɢɫɶ ɜɟɪɲɢɧɢ 1 ɬɚ 7-16, ɬɨɞɿ 92 =l . 

ȼɢɩɚɞɨɤ ȼ. Ɉɬɪɢɦɚєɦɨ . * 6l = .. ɇɚ ɜɿɞɦɿɧɭ ɜɿɞ ɜɢɩɚɞɤɭ Ⱥ, ɜɟɪɲɢɧɢ 7-16 

ɛɭɞɭɬɶ ɡɧɚɯɨɞɢɬɢɫɶ ɭ S  ɧɚ ɞɪɭɝɿɣ ɩɨɡɢɰɿʀ, ɬɨɞɿ ɞɥɹ 2l  ɨɬɪɢɦɚєɦɨ: 82 =l . 

ȼɢɩɚɞɨɤ ɋ. ɍ ɰɶɨɦɭ ɜɢɩɚɞɤɭ 7*=l . S , ɚɧɚɥɨɝɿɱɧɨ ɞɨ ɜɢɩɚɞɤɿɜ Ⱥ ɿ B, ɛɭɞɟ 
ɦɿɫɬɢɬɢ ɜɟɪɲɢɧɢ 7-16 ɧɚ ɬɪɟɬɶɨɦɭ ɦɿɫɰɿ. Ⱦɥɹ 2l  ɦɚєɦɨ: 82 =l . 

ȼɢɩɚɞɨɤ D. Ⱦɨɜɠɢɧɚ ɨɩɬɢɦɚɥɶɧɨɝɨ ɭɩɨɪɹɞɤɭɜɚɧɧɹ 8*=l , ɭ S  ɜɟɪɲɢɧɢ 7-

16 ɫɬɨɹɬɶ ɧɚ ɱɟɬɜɟɪɬɿɣ ɩɨɡɢɰɿʀ. Ⱦɥɹ 2l  ɨɬɪɢɦɚєɦɨ: 72 =l . 

Ƚɪɚɮɢ ɡ ɪɢɫ. 3, ɚɧɚɥɨɝɿɱɧɨ ɞɨ ɝɪɚɮɿɜ ɡ ɪɢɫ. 2, ɜɿɞɪɿɡɧɹɸɬɶɫɹ ɥɢɲɟ 
ɪɨɡɬɚɲɭɜɚɧɧɹɦ ɜɟɪɲɢɧ 7-16 ɬɚ ɜɟɪɲɢɧɨɸ, ɞɨ ɹɤɨʀ ɣɞɭɬɶ ɞɭɝɢ ɡ ɭɫɿɯ 
ɡɚɡɧɚɱɟɧɢɯ ɜɟɪɲɢɧ. ɇɚ ɜɿɞɦɿɧɭ ɜɿɞ ɝɪɚɮɿɜ ɡ ɪɢɫ. 2, ɞɥɹ ɰɢɯ ɝɪɚɮɿɜ 
ɭɩɨɪɹɞɤɭɜɚɧɧɹ S  ɛɭɞɟ ɨɞɧɚɤɨɜɢɦ ɿ ɜɿɞɪɿɡɧɹɬɢɦɟɬɶɫɹ ɜɿɞ ɜɢɩɚɞɤɭ ɝɪɚɮɭ ɡ 
ɪɢɫ. 1 ɬɢɦ, ɳɨ ɦɿɫɬɢɬɢɦɟ ɜɟɪɲɢɧɢ 7-16 ɧɚ ɩɟɪɲɨɦɭ ɦɿɫɰɿ. Ɍɨɞɿ 2l  ɞɥɹ ɬɚɤɢɯ 
ɝɪɚɮɿɜ ɩɪɢɣɦɚє ɫɬɚɥɟ ɡɧɚɱɟɧɧɹ: 92 =l . əɤ ɿ ɞɥɹ ɝɪɚɮɿɜ ɡ ɪɢɫ. 2, 1l  ɬɚ *l  

ɦɚɬɢɦɭɬɶ ɪɿɡɧɿ ɡɧɚɱɟɧɧɹ, ɬɨɦɭ ɞɨɫɥɿɞɢɦɨ ɤɨɠɧɢɣ ɝɪɚɮ ɨɤɪɟɦɨ. 
ȼɢɩɚɞɨɤ Ⱥ. Ⱦɨɜɠɢɧɚ ɨɩɬɢɦɚɥɶɧɨɝɨ ɭɩɨɪɹɞɤɭɜɚɧɧɹ 6*=l . ɍɩɨɪɹɞɤɭɜɚɧɧɹ 

S  ɛɭɞɟ ɜɿɞɪɿɡɧɹɬɢɫɶ ɜɿɞ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɞɥɹ ɝɪɚɮɭ ɡ ɪɢɫ. 1 ɬɢɦ, ɳɨ ɜɟɪɲɢɧɢ 7-
16 ɭ ɧɶɨɦɭ ɫɬɨɹɬɶ ɧɚ ɨɫɬɚɧɧɶɨɦɭ ɦɿɫɰɿ, ɬɨɦɭ 61 =l . 

ȼɢɩɚɞɨɤ ȼ. ɍ ɰɶɨɦɭ ɜɢɩɚɞɤɭ 6*=l . ɍ S  ɜɟɪɲɢɧɢ 7-16 ɡɧɚɯɨɞɹɬɶɫɹ ɧɚ 
ɩɟɪɟɞɨɫɬɚɧɧɿɣ (ɩ’ɹɬɿɣ) ɩɨɡɢɰɿʀ, ɚ 61 =l . 

ȼɢɩɚɞɨɤ ɋ. Ɇɚєɦɨ 7*=l . ȼ ɭɩɨɪɹɞɤɭɜɚɧɧɿ S  ɜɟɪɲɢɧɢ 7-16 ɡɧɚɯɨɞɹɬɶɫɹ ɧɚ 
ɱɟɬɜɟɪɬɨɦɭ ɦɿɫɰɿ, ɚɧɚɥɨɝɿɱɧɨ ɞɨ ɜɢɩɚɞɤɿɜ Ⱥ ɬɚ ȼ. Ɍɨɞɿ 71 =l . 

ȼɢɩɚɞɨɤ D. Ɉɬɪɢɦɚєɦɨ 8*=l . Ⱥɧɚɥɨɝɿɱɧɨ ɞɨ ɩɨɩɟɪɟɞɧɿɯ ɜɢɩɚɞɤɿɜ, ɭ ɰɶɨɦɭ 
ɜɟɪɲɢɧɢ 7-16 ɛɭɞɭɬɶ ɡɧɚɯɨɞɢɬɢɫɶ ɭ S  ɧɚ ɬɪɟɬɿɣ ɩɨɡɢɰɿʀ ɿ 81 =l . 

ȼɢɩɚɞɨɤ ȿ. Ⱦɥɹ ɰɶɨɝɨ ɝɪɚɮɭ 8*=l . Ⱥɧɚɥɨɝɿɱɧɨ, ɭ S  ɜɟɪɲɢɧɢ 7-16 
ɪɨɡɬɚɲɨɜɚɧɿ ɧɚ ɞɪɭɝɿɣ ɩɨɡɢɰɿʀ, 81 =l  

Ɂ ɚɧɚɥɿɡɭ ɩɨɜɟɞɿɧɤɢ ɡɧɚɱɟɧɶ 1l  ɬɚ 2l  ɞɥɹ ɝɪɚɮɿɜ ɡ ɪɢɫ. 1-3 ɦɨɠɧɚ ɡɪɨɛɢɬɢ 
ɬɚɤɿ ɜɢɫɧɨɜɤɢ: 

1) ɨɰɿɧɤɭ ɭ ɦɨɞɢɮɿɤɨɜɚɧɨɦɭ ɜɢɝɥɹɞɿ ɧɟ ɦɨɠɧɚ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɨɤɪɟɦɨ ɚɧɿ 
ɞɥɹ ɨɰɿɧɸɜɚɧɧɹ ɞɨɜɠɢɧɢ ɨɩɬɢɦɚɥɶɧɨɝɨ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɡɧɢɡɭ, ɚɧɿ ɡɜɟɪɯɭ, 
ɨɫɤɿɥɶɤɢ ɹɤ ɩɪɨɞɟɦɨɧɫɬɪɨɜɚɧɨ ɞɥɹ ɝɪɚɮɿɜ ɡ ɪɢɫ. 2, ɜɨɧɚ ɦɨɠɟ ɛɭɬɢ ɹɤ 
ɛɿɥɶɲɨɸ, ɬɚɤ ɿ ɦɟɧɲɨɸ ɡɚ ɨɩɬɢɦɚɥɶɧɟ ɡɧɚɱɟɧɧɹ.  
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2) ɭɬɨɱɧɟɧɚ ɨɰɿɧɤɚ ɧɟ ɡɚɜɠɞɢ ɦɚє ɧɟɨɛɯɿɞɧɭ ɜɥɚɫɬɢɜɿɫɬɶ ɚɞɚɩɬɚɰɿʀ ɩɿɞ ɡɦɿɧɭ 
ɫɬɪɭɤɬɭɪɢ ɝɪɚɮɭ, ɹɤ ɰɟ ɦɨɠɧɚ ɩɨɛɚɱɢɬɢ ɞɥɹ ɝɪɚɮɿɜ ɡ ɪɢɫ. 2. ɐɟ, ɨɱɟɜɢɞɧɨ, 
ɜɩɨɜɿɥɶɧɸє ɩɨɲɭɤ ɪɨɡɜ’ɹɡɤɭ ɦɟɬɨɞɨɦ ɝɿɥɨɤ ɬɚ ɦɟɠ, ɳɨ ɝɨɜɨɪɢɬɶ ɩɪɨ 
ɦɨɠɥɢɜɿɫɬɶ ɬɚ ɧɟɨɛɯɿɞɧɿɫɬɶ ʀʀ ɩɨɤɪɚɳɟɧɧɹ. 

3) ɦɨɠɧɚ ɩɪɢɩɭɫɬɢɬɢ, ɳɨ ɞɥɹ ɛɿɥɶɲɨɫɬɿ ɝɪɚɮɿɜ ɯɨɱɚ ɛ ɨɞɧɚ ɡ ɨɰɿɧɨɤ 
ɡɦɿɧɢɬɶɫɹ ɩɪɢ ɬɿɣ ɱɢ ɿɧɲɿɣ ɦɨɞɢɮɿɤɚɰɿʀ ɦɧɨɠɢɧɢ ɞɭɝ ɝɪɚɮɭ. 

ɐɟ ɧɚɲɬɨɜɯɭє ɧɚ ɞɭɦɤɭ, ɳɨ ɦɨɠɥɢɜɨ ɩɨɬɪɿɛɧɨ ɹɤɨɫɶ ɨɛ’єɞɧɚɬɢ 
ɭɩɨɪɹɞɤɭɜɚɧɧɹ S  ɬɚ S  ɭ ɨɞɧɿɣ ɨɰɿɧɰɿ.  

ɍɬɨɱɧɟɧɧɹ ɨɰɿɧɨɤ ɞɥɹ ɞɨɜɠɢɧɢ ɭɩɨɪɹɞɤɭɜɚɧɧɹ. Ɋɨɡɝɥɹɧɟɦɨ ɭɬɨɱɧɟɧɭ 
ɨɰɿɧɤɭ ɡɧɢɡɭ. ɉɿɞ ɝɪɚɮɨɦ (ɩɨɡɧɚɱɢɦɨ ɣɨɝɨ )ˆ,(ˆ UVG ), ɪɨɡɝɨɪɧɭɬɢɦ ɞɨ ɝɪɚɮɭ 

),( UVG , ɛɭɞɟɦɨ ɪɨɡɭɦɿɬɢ ɝɪɚɮ, ɭ ɹɤɨɦɭ ɡɦɿɧɟɧɚ ɨɪɿєɧɬɚɰɿɹ ɜɫɿɯ ɞɭɝ. 
Ɋɨɡɝɨɪɧɭɬɟ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɞɨ ɭɩɨɪɹɞɤɭɜɚɧɧɹ S  ɩɨɡɧɚɱɚɬɢɦɟɦɨ Ŝ  (ɞɥɹ ɧɢɯ 
ɜɢɤɨɧɭєɬɶɫɹ    1ˆ +−= ilSiS , ɞɟ l  – ɞɨɜɠɢɧɚ ɭɩɨɪɹɞɤɭɜɚɧɧɹ S ). 

Ɍɜɟɪɞɠɟɧɧɹ 1. əɤɳɨ S  ɞɨɩɭɫɬɢɦɟ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɞɥɹ ɝɪɚɮɭ G  ɩɪɢ 
ɡɚɞɚɧɨɦɭ h , ɬɨ Ŝ  – ɞɨɩɭɫɬɢɦɟ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɞɥɹ Ĝ  ɩɪɢ ɬɨɦɭ ɠ h . 

Ⱦɨɜɟɞɟɧɧɹ. ȼɿɞ ɫɭɩɪɨɬɢɜɧɨɝɨ. ɇɟɯɚɣ S  – ɞɨɩɭɫɬɢɦɟ ɞɥɹ G , ɚ Ŝ  ɧɟ є 
ɞɨɩɭɫɬɢɦɢɦ ɞɥɹ Ĝ . Ɍɨɞɿ ɡɧɚɣɞɟɬɶɫɹ ɞɭɝɚ ( ) Udc ˆ,   ɬɚɤɚ, ɳɨ d  ɡɧɚɯɨɞɢɬɶɫɹ ɭ 
Ŝ  ɪɚɧɿɲɟ, ɚɧɿɠ ɜɟɪɲɢɧɚ c , ɚɥɟ ɬɨɞɿ ɭ S  ɜɟɪɲɢɧɚ d  ɡɧɚɯɨɞɢɬɶɫɹ ɩɿɡɧɿɲɟ, ɧɿɠ 
ɜɟɪɲɢɧɚ c , ɳɨ ɧɟɦɨɠɥɢɜɨ, ɨɫɤɿɥɶɤɢ ( ) Ucd ,  ɡɚ ɜɢɡɧɚɱɟɧɧɹɦ Ĝ  ɬɚ S  – 

ɞɨɩɭɫɬɢɦɟ ɭɩɨɪɹɞɤɭɜɚɧɧɹ. Ɉɬɠɟ, ɨɬɪɢɦɚɥɢ ɩɪɨɬɢɪɿɱɱɹ, ɳɨ ɜɢɩɥɢɜɚє ɡ 
ɧɟɩɪɚɜɢɥɶɧɨɝɨ ɩɪɢɩɭɳɟɧɧɹ. ■ 

ɇɚɫɥɿɞɨɤ 1. əɤɳɨ *S  – ɨɩɬɢɦɚɥɶɧɟ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɞɥɹ G , ɬɨɞɿ *Ŝ  – 

ɨɩɬɢɦɚɥɶɧɟ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɞɥɹ ɝɪɚɮɭ Ĝ  ɩɪɢ ɡɚɞɚɧɨɦɭ h . 
Ⱦɨɜɟɞɟɧɧɹ. ȼɿɞ ɫɭɩɪɨɬɢɜɧɨɝɨ. ɇɟɯɚɣ *S  – ɨɩɬɢɦɚɥɶɧɟ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɞɥɹ 

G  ɩɪɢ ɡɚɞɚɧɨɦɭ h , ɩɪɨɬɟ *Ŝ  ɧɟ є ɨɩɬɢɦɚɥɶɧɢɦ ɞɥɹ ɝɪɚɮɭ Ĝ . Ɍɨɞɿ ɿɫɧɭє ɬɚɤɟ 
ɭɩɨɪɹɞɤɭɜɚɧɧɹ S ˆ , ɳɨ ( ) ( )*ˆˆ SlSl  . Ɍɨɞɿ ɡ ɬɜɟɪɞɠɟɧɧɹ 1 ɜɢɩɥɢɜɚє, ɳɨ S   – 

ɞɨɩɭɫɬɢɦɟ ɞɥɹ G  ɿ ( ) ( )*SlSl  , ɡɧɚɱɢɬɶ *S  ɧɟ є ɨɩɬɢɦɚɥɶɧɢɦ. Ɉɬɠɟ, 
ɨɬɪɢɦɚɥɢ ɩɪɨɬɢɪɿɱɱɹ, ɳɨ ɜɢɩɥɢɜɚє ɡ ɧɟɩɪɚɜɢɥɶɧɨɝɨ ɩɪɢɩɭɳɟɧɧɹ. ■ 

ɇɚɫɥɿɞɨɤ 2. Ⱦɨɜɠɢɧɢ ɨɩɬɢɦɚɥɶɧɢɯ ɭɩɨɪɹɞɤɭɜɚɧɶ ɞɥɹ ɝɪɚɮɿɜ G  ɬɚ Ĝ  
ɫɩɿɜɩɚɞɚɸɬɶ ɩɪɢ ɡɚɞɚɧɨɦɭ h . 

Ⱦɨɜɟɞɟɧɧɹ. ȼɢɩɥɢɜɚє ɛɟɡɩɨɫɟɪɟɞɧɶɨ ɡ ɧɚɫɥɿɞɤɭ 1. ■ 

Ɍɜɟɪɞɠɟɧɧɹ 2.   lkkiS
h

ll
l

kik ,...,1,1
1

,max =






 −+



=  =

 є ɨɰɿɧɤɨɸ ɡɧɢɡɭ 

ɞɥɹ ɞɨɜɠɢɧɢ ɨɩɬɢɦɚɥɶɧɨɝɨ ɭɩɨɪɹɞɤɭɜɚɧɧɹ *l  ɞɥɹ ɝɪɚɮɭ G  ɬɚ ɡɚɞɚɧɨɝɨ h . 

Ⱦɨɜɟɞɟɧɧɹ. Ɋɨɡɝɥɹɧɟɦɨ ɝɪɚɮ G . Ɂ ɨɡɧɚɱɟɧɧɹ ɝɪɚɮɭ Ĝ  ɜɢɩɥɢɜɚє, ɳɨ 
ɜɟɪɲɢɧɚɦ ɛɟɡ ɜɯɿɞɧɢɯ ɞɭɝ ɡ G  ɜɿɞɩɨɜɿɞɚɸɬɶ ɜɟɪɲɢɧɢ ɛɟɡ ɜɢɯɿɞɧɢɯ ɞɪɭɝ ɭ Ĝ  

ɿ ɧɚɜɩɚɤɢ, ɬɨɞɿ S  ɞɥɹ ɝɪɚɮɭ Ĝ  ɫɩɿɜɩɚɞɚє ɡ ɪɨɡɝɨɪɧɭɬɢɦ S  ɞɥɹ ɝɪɚɮɭ G . 

Ɋɨɡɝɥɹɧɟɦɨ ɨɰɿɧɤɭ ɡɧɢɡɭ ɞɥɹ ɞɨɜɠɢɧɢ ɨɩɬɢɦɚɥɶɧɨɝɨ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɞɥɹ 
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ɝɪɚɮɭ Ĝ :   lkkilS
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. Ɍɨɞɿ, ɨɫɤɿɥɶɤɢ S  

ɞɥɹ Ĝ  ɫɩɿɜɩɚɞɚє ɿɡ Ŝ , ɞɟ ɭɩɨɪɹɞɤɭɜɚɧɧɹ S  ɜɿɞɩɨɜɿɞɚє ɝɪɚɮɭ G , ɿ 
   iSilS =+− 1ˆ , ɨɬɪɢɦɚєɦɨ ɞɥɹ ɝɪɚɮɭ Ĝ : 
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. Ⱥɥɟ, ɬɨɞɿ ɡɚ ɧɚɫɥɿɞɤɨɦ 2, ɰɟ 

ɫɩɪɚɜɟɞɥɢɜɨ ɿ ɞɥɹ ɝɪɚɮɭ G . ■ 

Ɍɜɟɪɞɠɟɧɧɹ 3.  
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 – ɨɰɿɧɤɚ ɡɧɢɡɭ ɞɥɹ ɞɨɜɠɢɧɢ 

ɨɩɬɢɦɚɥɶɧɨɝɨ ɭɩɨɪɹɞɤɭɜɚɧɧɹ *l  ɞɥɹ ɝɪɚɮɭ G  ɬɚ ɡɚɞɚɧɨɝɨ h . 
Ⱦɨɜɟɞɟɧɧɹ. ȼɢɩɥɢɜɚє ɡ ɬɨɝɨ, ɳɨ ɤɨɠɟɧ ɡ ɚɪɝɭɦɟɧɬɿɜ ɡɨɜɧɿɲɧɶɨɝɨ 

ɦɚɤɫɢɦɭɦɭ є ɨɰɿɧɤɨɸ ɡɧɢɡɭ, ɬɚ ɜɥɚɫɬɢɜɨɫɬɿ ɦɚɤɫɢɦɭɦɭ: ɹɤɳɨ ac   ɿ bc  , ɬɨ 
),max( bac  . ■ 

ɉɟɪɟɣɞɟɦɨ ɞɨ ɨɰɿɧɤɢ ɡɜɟɪɯɭ. ȼɢɤɨɪɢɫɬɨɜɭɸɱɢ, ɧɚɩɪɢɤɥɚɞ, ɭɩɨɪɹɞɤɭɜɚɧɧɹ 
S  ɩɨɛɭɞɭєɦɨ ɧɨɜɟ ɭɩɨɪɹɞɤɭɜɚɧɧɹ S   ɡɚ ɧɚɫɬɭɩɧɢɦ ɩɪɚɜɢɥɨɦ: ɹɤɳɨ ][iS  

ɦɿɫɬɢɬɶ ɧɟ ɛɿɥɶɲɟ h  ɜɟɪɲɢɧ, ɬɨ ɡɚɥɢɲɚєɦɨ ʀʀ ɛɟɡ ɡɦɿɧ, ɿɧɚɤɲɟ ɪɨɡɞɿɥɢɦɨ ʀʀ ɧɚ 
 hiS ][  ɦɧɨɠɢɧ, ɭ ɤɨɠɧɿɣ ɡ ɹɤɢɯ ɛɭɞɟ ɧɟ ɛɿɥɶɲɟ h  ɜɟɪɲɢɧ. Ɉɬɪɢɦɚɧɟ 
ɭɩɨɪɹɞɤɭɜɚɧɧɹ є ɞɨɩɭɫɬɢɦɢɦ, ɨɫɤɿɥɶɤɢ ɨɬɪɢɦɚɧɟ ɡ S , ɚ ɨɬɠɟ ɜɿɞɧɨɲɟɧɧɹ 
ɩɨɪɹɞɤɭ ɧɟ ɩɨɪɭɲɭєɬɶɫɹ, ɿ ɧɚ ɤɨɠɧɿɣ ɩɨɡɢɰɿʀ ɫɬɨʀɬɶ ɧɟ ɛɿɥɶɲɟ h  ɜɟɪɲɢɧ. Ɍɨɞɿ 
ɣɨɝɨ ɞɨɜɠɢɧɚ ɛɭɞɟ ɧɟ ɦɟɧɲɨɸ ɚɧɿɠ ɞɨɜɠɢɧɚ ɨɩɬɢɦɚɥɶɧɨɝɨ, ɨɫɤɿɥɶɤɢ ɜɨɧɨ є 
ɞɨɩɭɫɬɢɦɢɦ. Ɉɬɠɟ, ɦɨɠɟɦɨ ɜɢɤɨɪɢɫɬɚɬɢ ʀʀ ɹɤ ɨɰɿɧɤɭ ɡɜɟɪɯɭ ɞɥɹ ɞɨɜɠɢɧɢ 
ɨɩɬɢɦɚɥɶɧɨɝɨ ɭɩɨɪɹɞɤɭɜɚɧɧɹ, ɬɨɛɬɨ: 

1
* [ ]

l

i
l S i h

=
    . 

ɇɟɫɤɥɚɞɧɨ ɩɨɛɚɱɢɬɢ, ɳɨ ɚɧɚɥɨɝɿɱɧɿ ɦɿɪɤɭɜɚɧɧɹ ɦɨɠɧɚ ɡɚɫɬɨɫɭɜɚɬɢ ɿ ɞɨ S , ɿ 
ɞɨ ɛɭɞɶ-ɹɤɨɝɨ ɿɧɲɨɝɨ ɭɩɨɪɹɞɤɭɜɚɧɧɹ, ɭ ɹɤɨɦɭ ɧɟ ɩɨɪɭɲɭєɬɶɫɹ ɜɿɞɧɨɲɟɧɧɹ 
ɩɨɪɹɞɤɭ. Ɍɨɞɿ ɦɨɠɧɚ ɞɟɳɨ ɭɬɨɱɧɢɬɢ ɨɰɿɧɤɭ ɡɜɟɪɯɭ, ɜɢɤɨɪɢɫɬɨɜɭɸɱɢ S : 

( )1 1
* min [ ] , [ ]

l l

i i
l S i h S i h

= =
        . 

Ɇɨɠɧɚ ɩɪɢɩɭɫɬɢɬɢ, ɳɨ ɱɢɦ ɦɟɧɲɟ ɜɟɪɲɢɧ ɡɧɚɯɨɞɢɬɶɫɹ ɧɚ ɤɨɠɧɨɦɭ ɦɿɫɰɿ 
ɜ ɭɩɨɪɹɞɤɭɜɚɧɧɿ, ɞɨ ɹɤɨɝɨ ɦɨɠɧɚ ɡɚɫɬɨɫɭɜɚɬɢ ɧɚɜɟɞɟɧɿ ɦɿɪɤɭɜɚɧɧɹ, ɬɢɦ 
ɛɥɢɠɱɟ ɨɬɪɢɦɚɧɚ ɨɰɿɧɤɚ ɛɭɞɟ ɞɨ ɿɫɬɢɧɧɨɝɨ ɡɧɚɱɟɧɧɹ. ɉɨɫɬɚɜɢɦɨ ɦɟɬɭ ɫɟɪɟɞ 
ɭɫɿɯ ɬɚɤɢɯ ɭɩɨɪɹɞɤɭɜɚɧɶ ɿɡ ɡɚɞɚɧɨɸ ɞɨɜɠɢɧɨɸ l  ɡɧɚɣɬɢ ɬɚɤɟ, ɭ ɹɤɨɝɨ ɧɚ 
ɤɨɠɧɨɦɭ ɦɿɫɰɿ ɛɭɞɟ ɦɿɧɿɦɚɥɶɧɚ ɤɿɥɶɤɿɫɬɶ ɜɟɪɲɢɧ. Ɋɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ ),,( hlGS  

ɹɤɪɚɡ ɿ ɛɭɞɟ ɰɢɦ ɲɭɤɚɧɢɦ ɭɩɨɪɹɞɤɭɜɚɧɧɹɦ. ɍ ɹɤɨɫɬɿ l  ɦɨɠɧɚ ɜɢɤɨɪɢɫɬɚɬɢ 
ɛɭɞɶ-ɹɤɭ ɨɰɿɧɤɭ ɡɧɢɡɭ ɞɥɹ ɞɨɜɠɢɧɢ ɨɩɬɢɦɚɥɶɧɨɝɨ ɭɩɨɪɹɞɤɭɜɚɧɧɹ. Ɂɪɨɡɭɦɿɥɨ, 
ɳɨ ɱɢɦ ɬɨɱɧɿɲɨɸ ɛɭɞɟ ɨɰɿɧɤɚ ɡɧɢɡɭ, ɬɢɦ ɦɟɧɲɟ ɛɭɞɟ *h , ɚ ɨɬɠɟ ɨɰɿɧɤɚ 
ɡɜɟɪɯɭ ɛɭɞɟ ɬɨɱɧɿɲɨɸ. Ɉɬɠɟ, ɨɰɿɧɤɚ ɡɜɟɪɯɭ ɧɚɛɭɜɚє ɜɢɝɥɹɞɭ: 
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1
][** , ɞɟ *S  – ɨɩɬɢɦɚɥɶɧɟ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɞɥɹ ɡɚɞɚɱɿ ),,( hlGS , 

ɞɟ *ll  . 
ɉɨɦɿɬɢɦɨ, ɳɨ ɨɫɬɚɧɧє ɫɩɿɜɜɿɞɧɨɲɟɧɧɹ ɧɟ ɥɢɲɟ ɩɨɤɚɡɭє ɡɜ'ɹɡɨɤ ɦɿɠ 

ɨɰɿɧɤɚɦɢ ɡɜɟɪɯɭ ɬɚ ɡɧɢɡɭ ɞɥɹ ɞɨɜɠɢɧɢ ɨɩɬɢɦɚɥɶɧɨɝɨ ɭɩɨɪɹɞɤɭɜɚɧɧɹ, ɚ ɳɟ ɣ 
ɡɜ'ɹɡɨɤ ɦɿɠ ʀɯ ɬɨɱɧɿɫɬɸ. Ɉɤɪɿɦ ɰɶɨɝɨ, ɜɨɧɨ ɩɨɤɚɡɭє ɞɟɹɤɢɣ ɡɜ'ɹɡɨɤ ɦɿɠ 
ɡɚɞɚɱɚɦɢ ),,( hlGS   ɬɚ ),,( lhGS   ɩɪɢ ɞɟɹɤɢɯ l   ɬɚ h , ɚ ɭ ɞɟɹɤɢɯ ɜɢɩɚɞɤɚɯ ɿ 
ɦɿɠ ʀɯ ɚɥɝɨɪɢɬɦɿɱɧɢɦɢ ɫɤɥɚɞɧɨɫɬɹɦɢ. Ɍɚɤ, ɧɚɩɪɢɤɥɚɞ, ɹɤɳɨ ɨɩɬɢɦɚɥɶɧɟ 
ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɞɥɹ ɝɪɚɮɭ G  є ɳɿɥɶɧɢɦ, ɬɨ ɨɰɿɧɤɚ  hnl *  є ɬɨɱɧɨɸ, ɚ ɬɨɞɿ, 
ɹɤɳɨ ɜɡɹɬɢ  hnl =  ɭ ɡɚɞɚɱɿ ),,( hlGS , ɬɨ ɨɬɪɢɦɚєɦɨ ɨɰɿɧɤɭ ɡɜɟɪɯɭ  hnl * , 

ɨɫɤɿɥɶɤɢ ɳɿɥɶɧɟ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɿɫɧɭє. Ⱥ ɬɨɞɿ ɡɚɞɚɱɿ ɩɨɲɭɤɭ ɳɿɥɶɧɢɯ 
ɭɩɨɪɹɞɤɭɜɚɧɶ ɞɥɹ ɡɚɞɚɱ ),,( hlGS   ɬɚ ),,( lhGS   ɦɚɸɬɶ ɨɞɧɚɤɨɜɭ ɚɥɝɨɪɢɬɦɿɱɧɭ 
ɫɤɥɚɞɧɿɫɬɶ. 

ɉɨɪɿɜɧɹɥɶɧɢɣ ɚɧɚɥɿɡ ɨɰɿɧɨɤ. ɉɪɨɚɧɚɥɿɡɭєɦɨ ɩɨɜɟɞɿɧɤɭ ɜɿɞɨɦɢɯ ɨɰɿɧɨɤ 
ɡɧɢɡɭ ɞɨɜɠɢɧɢ ɭɩɨɪɹɞɤɭɜɚɧɧɹ 
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ɬɚ ɡɚɩɪɨɩɨɧɨɜɚɧɨʀ ɨɰɿɧɤɢ 
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ɇɟɡɜɚɠɚɸɱɢ ɧɚ ɪɿɡɧɭ «ɬɨɱɧɿɫɬɶ» ɨɰɿɧɨɤ, ɜ ɨɞɧɢɯ ɜɢɩɚɞɤɚɯ ɜɨɧɢ ɦɨɠɭɬɶ 
ɞɚɜɚɬɢ ɨɞɢɧ ɿ ɬɨɣ ɫɚɦɢɣ ɪɟɡɭɥɶɬɚɬ, ɚ ɭ ɞɟɹɤɢɯ ɭɬɨɱɧɟɧɿ ɨɰɿɧɤɢ ɦɨɠɭɬɶ 
ɡɦɟɧɲɢɬɢ ɤɿɥɶɤɿɫɬɶ ɨɩɟɪɚɰɿɣ, ɧɟɨɛɯɿɞɧɢɯ ɞɥɹ ɡɧɚɯɨɞɠɟɧɧɹ ɨɩɬɢɦɚɥɶɧɨɝɨ 
ɭɩɨɪɹɞɤɭɜɚɧɧɹ. 

Ɇɨɠɧɚ ɩɪɢɩɭɫɬɢɬɢ, ɳɨ ɱɢɦ ɬɨɱɧɿɲɨɸ є ɨɰɿɧɤɚ, ɬɢɦ ɦɟɧɲɟ ɡɧɚɞɨɛɢɬɶɫɹ 
ɪɨɡɝɚɥɭɠɟɧɶ ɚɛɢ ɡɧɚɣɬɢ ɨɩɬɢɦɚɥɶɧɢɣ ɪɨɡɜ’ɹɡɨɤ.  

ɉɟɪɟɜɿɪɢɦɨ ɰɸ ɝɿɩɨɬɟɡɭ, ɩɪɨɜɿɜɲɢ ɧɚɫɬɭɩɧɢɣ ɨɛɱɢɫɥɸɜɚɥɶɧɢɣ 
ɟɤɫɩɟɪɢɦɟɧɬ ɡɚ ɞɨɩɨɦɨɝɨɸ ɪɨɡɪɨɛɥɟɧɨʀ ɩɪɨɝɪɚɦɢ. Ȼɭɞɟɦɨ ɝɟɧɟɪɭɜɚɬɢ 
ɜɢɩɚɞɤɨɜɢɣ ɞɨɜɿɥɶɧɢɣ ɝɪɚɮ ɚɛɨ ɝɪɚɮ, ɞɟ ɭɫɿ ɜɟɪɲɢɧɢ ɡɧɚɯɨɞɹɬɶɫɹ ɧɚ 
ɤɪɢɬɢɱɧɢɯ ɲɥɹɯɚɯ, ɿɡ ɡɚɞɚɧɨɸ ɤɿɥɶɤɿɫɬɸ ɜɟɪɲɢɧ. Ⱦɥɹ ɩɨɲɭɤɭ ɣɨɝɨ 
ɨɩɬɢɦɚɥɶɧɨɝɨ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɡɚɫɬɨɫɭєɦɨ ɚɥɝɨɪɢɬɦ ɝɿɥɨɤ ɬɚ ɦɟɠ ɡ ɪɿɡɧɢɦɢ 
ɨɰɿɧɤɚɦɢ ɡɧɢɡɭ ɞɥɹ ɞɨɜɠɢɧɢ. І ɩɨɪɿɜɧɹєɦɨ ɤɿɥɶɤɿɫɬɶ ɜɟɪɲɢɧ ɭ ɨɬɪɢɦɚɧɨɦɭ 
ɞɟɪɟɜɿ ɜɚɪɿɚɧɬɿɜ. ɉɪɨɜɟɞɟɦɨ ɩɨɩɚɪɧɟ ɩɨɪɿɜɧɹɧɧɹ. Ɋɨɡɝɥɹɞɚєɦɨ ɝɪɚɮɢ ɡ 
ɤɿɥɶɤɿɫɬɸ ɜɟɪɲɢɧ ɜɿɞ 10 ɞɨ 100, ɩɪɢɱɨɦɭ ɪɨɡɞɿɥɢɦɨ ɰɟɣ ɩɪɨɦɿɠɨɤ ɧɚ 4: [10, 
20], [21, 40], [41, 60] ɬɚ [61, 100]. Ⱦɥɹ ɤɨɠɧɨɝɨ ɩɪɨɦɿɠɤɭ ɲɢɪɢɧɚ 
ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɨɛɢɪɚєɬɶɫɹ ɞɨɜɿɥɶɧɨ, ɚɥɟ ɧɟ ɩɟɪɟɜɢɳɭє ɩɨɥɨɜɢɧɢ ɜɟɪɯɧɶɨʀ 
ɝɪɚɧɿ ɤɿɥɶɤɨɫɬɿ ɜɟɪɲɢɧ ɭ ɩɪɨɦɿɠɤɭ. Ⱦɥɹ ɤɨɠɧɨɝɨ ɩɪɨɦɿɠɤɭ ɩɪɨɜɟɞɟɧɨ ɩɨ 
10000 ɟɤɫɩɟɪɢɦɟɧɬɿɜ. ȼɢɤɨɧɚɧɧɹ ɚɥɝɨɪɢɬɦɭ ɡɭɩɢɧɹєɬɶɫɹ, ɹɤɳɨ ɤɿɥɶɤɿɫɬɶ 
ɜɟɪɲɢɧ ɭ ɞɟɪɟɜɿ ɩɟɪɟɜɢɳɭє ɭ 30 ɪɚɡɿɜ ɜɟɪɯɧɸ ɦɟɠɭ ɤɿɥɶɤɨɫɬɿ ɜɟɪɲɢɧ ɭ 
ɩɪɨɦɿɠɤɭ ɜ ɩɟɪɲɢɯ ɬɪɶɨɯ ɜɢɩɚɞɤɚɯ ɬɚ ɭ 10 ɪɚɡɿɜ ɞɥɹ ɨɫɬɚɧɧɶɨɝɨ ɜɢɩɚɞɤɭ 
(ɡɦɟɧɲɟɧɧɹ ɩɨɜ’ɹɡɚɧɨ ɡ ɬɢɦ, ɳɨ ɬɚɤɟ ɨɛɦɟɠɟɧɧɹ ɩɨɦɿɬɧɨ ɧɟ ɜɩɥɢɜɚє ɧɚ 
ɜɿɞɫɨɬɨɤ ɝɪɚɮɿɜ, ɞɥɹ ɹɤɢɯ ɡɚ ɰɢɯ ɭɦɨɜ ɧɟ ɜɫɬɢɝɚєɦɨ ɨɬɪɢɦɚɬɢ ɨɩɬɢɦɚɥɶɧɟ 
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ɭɩɨɪɹɞɤɭɜɚɧɧɹ, ɩɪɨɬɟ ɞɭɠɟ ɜɩɥɢɜɚє ɧɚ ɱɚɫ ɜɢɤɨɧɚɧɧɹ ɩɪɨɝɪɚɦɢ). ɍɫɿ 
ɩɨɩɟɪɟɞɧɿ ɭɦɨɜɢ ɩɿɞɫɭɦɨɜɚɧɿ ɭ ɜɢɝɥɹɞɿ ɬɚɛɥɢɰɿ 1.  

Ɋɟɡɭɥɶɬɚɬɢ ɭɫɿɯ ɩɨɪɿɜɧɹɧɶ ɧɚɜɟɞɟɧɿ ɭ ɬɚɛɥɢɰɿ 2. Ɋɟɡɭɥɶɬɚɬɢ ɦɿɫɬɹɬɶ 
ɤɿɥɶɤɿɫɬɶ ɬɟɫɬɨɜɢɯ ɜɢɩɚɞɤɿɜ, ɜ ɹɤɢɯ ɚɥɝɨɪɢɬɦ ɩɪɢ ɜɢɤɨɪɢɫɬɚɧɧɿ ɩɟɪɲɨʀ ɨɰɿɧɤɢ 
ɡɚɜɟɪɲɢɜɫɹ ɲɜɢɞɲɟ (ɩɨɬɪɟɛɭɜɚɜ ɦɟɧɲɟ ɜɟɪɲɢɧ ɭ ɞɟɪɟɜɿ ɜɚɪɿɚɧɬɿɜ ɚɛɢ 
ɨɬɪɢɦɚɬɢ ɨɩɬɢɦɚɥɶɧɟ ɭɩɨɪɹɞɤɭɜɚɧɧɹ), ɜ ɹɤɢɯ ɡɚɜɟɪɲɢɜɫɹ ɲɜɢɞɲɟ, ɩɪɢ 
ɜɢɤɨɪɢɫɬɚɧɧɿ ɞɪɭɝɨʀ ɨɰɿɧɤɢ, ɬɚ ɜ ɹɤɢɯ ɚɥɝɨɪɢɬɦ ɩɨɬɪɟɛɭɜɚɜ ɨɞɧɚɤɨɜɨʀ 
ɤɿɥɶɤɨɫɬɿ ɪɨɡɝɚɥɭɠɟɧɶ. Ɉɤɪɿɦ ɰɶɨɝɨ, ɪɟɡɭɥɶɬɚɬɢ ɦɿɫɬɹɬɶ ɱɚɫɬɤɭ ɜɢɩɚɞɤɿɜ, ɞɥɹ 
ɹɤɢɯ ɚɥɝɨɪɢɬɦ ɧɟ ɜɫɬɢɝ ɡɚɜɟɪɲɢɬɢɫɶ ɡɚ ɡɚɞɚɧɭ ɦɚɤɫɢɦɚɥɶɧɭ ɤɿɥɶɤɿɫɬɶ 
ɪɨɡɝɚɥɭɠɟɧɶ. 

 
Ɍɚɛɥɢɰɹ 1 

Ɂɧɚɱɟɧɧɹ ɩɚɪɚɦɟɬɪɿɜ, ɳɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɥɢɫɶ ɩɪɢ ɬɟɫɬɭɜɚɧɧɿ 
n  h  Ʉɿɥɶɤɿɫɬɶ ɬɟɫɬɿɜ Ʉɿɥɶɤɿɫɬɶ ɜɟɪɲɢɧ ɭ ɞɟɪɟɜɿ 

[10, 20] [2, 10] 10000 600 
[21, 40] [2, 20] 10000 1200 
[41, 60] [2, 30] 10000 1800 

[61, 100] [2, 50] 10000 1000 
 
 

Ɍɚɛɥɢɰɹ 2 
Ɋɟɡɭɥɶɬɚɬɢ ɬɟɫɬɭɜɚɧɧɹ ɞɥɹ ɭɫɿɯ ɩɚɪ ɨɰɿɧɨɤ 

ɉɟɪɟɦɨɝɥɚ ɨɰɿɧɤɚ 
(1) 

ɇɿɱɢɹ ɉɟɪɟɦɨɝɥɚ ɨɰɿɧɤɚ (2) ɑɚɫɬɤɚ ɧɟɡɚɜɟɪɲɧɢɯ 

Ȼɚɡɨɜɚ(1) ɨɰɿɧɤɚ ɬɚ ɭɬɨɱɧɟɧɚ(2) ɨɰɿɧɤɚ (ɜɢɩɚɞɤɨɜɿ) 
0 9683 317 0,0217 
2 9661 337 0,0703 
1 9718 281 0,0947 
0 9888 112 0,1033 

Ȼɚɡɨɜɚ(1) ɨɰɿɧɤɚ ɬɚ ɭɬɨɱɧɟɧɚ(2) ɨɰɿɧɤɚ (ɤɪɢɬɢɱɧɿ) 
0 9551 449 0,0325 
1 9619 380 0,0918 
0 9731 269 0,1349 
0 9876 124 0,1293 

Ȼɚɡɨɜɚ(1) ɨɰɿɧɤɚ ɬɚ ɡɚɩɪɨɩɨɧɨɜɚɧɚ(2) ɨɰɿɧɤɚ (ɜɢɩɚɞɤɨɜɿ) 
2 9565 433 0,0227 
4 9558 438 0,0701 
2 9639 359 0,0875 
0 9842 158 0,1002 

Ȼɚɡɨɜɚ(1) ɨɰɿɧɤɚ ɬɚ ɡɚɩɪɨɩɨɧɨɜɚɧɚ(2) ɨɰɿɧɤɚ (ɤɪɢɬɢɱɧɿ) 
0 9410 590 0,0256 
2 9426 572 0,0903 
2 9576 422 0,1282 
1 9852 147 0,1167 



 ISSN 2074-5893 ɉɢɬɚɧɧɹ ɩɪɢɤɥɚɞɧɨʀ ɦɚɬɟɦɚɬɢɤɢ ɿ ɦɚɬɟɦɚɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ.  ȼɢɩɭɫɤ 18 
 

 194 

                                                                                            ɉɪɨɞɨɜɠɟɧɧɹ ɬɚɛɥɢɰɿ 
ɍɬɨɱɧɟɧɚ(1) ɨɰɿɧɤɚ ɬɚ ɡɚɩɪɨɩɨɧɨɜɚɧɚ(2) ɨɰɿɧɤɚ (ɜɢɩɚɞɤɨɜɿ) 
0 9922 78 0,0239 
0 9893 107 0,0614 
0 9892 108 0,0904 
0 9949 51 0,1005 
ɍɬɨɱɧɟɧɚ(1) ɨɰɿɧɤɚ ɬɚ ɡɚɩɪɨɩɨɧɨɜɚɧɚ(2) ɨɰɿɧɤɚ (ɤɪɢɬɢɱɧɿ) 
0 9743 257 0,0254 
3 9780 217 0,0907 
3 9867 130 0,1274 
0 9975 25 0,1252 

 
Ɂ ɪɟɡɭɥɶɬɚɬɿɜ ɬɟɫɬɭɜɚɧɧɹ ɦɨɠɧɚ ɩɨɦɿɬɢɬɢ ɧɚɫɬɭɩɧɟ: 
1) ɭ ɩɟɪɟɜɚɠɧɿɣ ɛɿɥɶɲɨɫɬɿ ɜɢɩɚɞɤɿɜ (94%) ɞɥɹ ɜɫɿɯ ɩɚɪ ɨɰɿɧɨɤ ɦɟɬɨɞɭ ɝɿɥɨɤ 

ɬɚ ɦɟɠ ɡɧɚɞɨɛɢɥɚɫɹ ɨɞɧɚɤɨɜɚ ɤɿɥɶɤɿɫɬɶ ɪɨɡɝɚɥɭɠɟɧɶ, ɬɨɛɬɨ ɫɭɬɨ ɫɬɚɬɢɫɬɢɱɧɨ 
ɩɨɤɪɚɳɟɧɧɹ ɭ ɹɤɨɫɬɿ ɨɰɿɧɸɜɚɧɧɹ є ɧɟɡɧɚɱɧɢɦ. 

2) ɡɿ ɡɛɿɥɶɲɟɧɧɹɦ ɤɿɥɶɤɨɫɬɿ ɜɟɪɲɢɧ ɝɪɚɮɭ ɤɿɥɶɤɿɫɬɶ ɜɢɩɚɞɤɿɜ, ɭ ɹɤɢɯ 
ɬɨɱɧɿɲɿ ɨɰɿɧɤɢ ɩɟɪɟɦɚɝɚɸɬɶ, ɡɦɟɧɲɭєɬɶɫɹ. Ⱦɥɹ ɝɪɚɮɿɜ, ɞɟ ɤɿɥɶɤɿɫɬɶ ɜɟɪɲɢɧ 
ɡɦɿɧɸєɬɶɫɹ ɭ ɩɪɨɦɿɠɤɭ [60;100], ɤɿɥɶɤɿɫɬɶ ɬɚɤɢɯ ɜɢɩɚɞɤɿɜ ɧɟ ɩɟɪɟɜɢɳɭє 2%. 

3) ɿɫɧɭɸɬɶ ɝɪɚɮɢ, ɞɥɹ ɹɤɢɯ ɨɩɬɢɦɚɥɶɧɟ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɦɨɠɧɚ ɨɬɪɢɦɚɬɢ ɡɚ 
ɦɟɧɲɭ ɤɿɥɶɤɿɫɬɶ ɤɪɨɤɿɜ, ɹɤɳɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɦɟɧɲ ɬɨɱɧɭ ɨɰɿɧɤɭ. 
ɇɚɩɪɢɤɥɚɞ, ɞɥɹ ɝɪɚɮɭ ɡ ɪɢɫ. 4 ɦɨɠɧɚ ɨɬɪɢɦɚɬɢ ɨɩɬɢɦɚɥɶɧɟ ɭɩɨɪɹɞɤɭɜɚɧɧɹ 
ɩɪɢ 5=h  ɭ 3 ɪɚɡɢ ɲɜɢɞɲɟ, ɹɤɳɨ ɡɚɦɿɫɬɶ ɭɬɨɱɧɟɧɨʀ ɨɰɿɧɤɢ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ 
ɛɚɡɨɜɭ (879 ɩɪɨɬɢ 290). 

Ɇɨɠɟɦɨ ɡɪɨɛɢɬɢ ɧɚɫɬɭɩɧɿ ɜɢɫɧɨɜɤɢ ɳɨɞɨ ɪɟɡɭɥɶɬɚɬɿɜ ɬɟɫɬɭɜɚɧɧɹ: ɛɚɡɨɜɚ 
ɨɰɿɧɤɚ ɦɚɣɠɟ ɡɚɜɠɞɢ ɧɟ ɩɨɫɬɭɩɚєɬɶɫɹ ɛɿɥɶɲ ɬɨɱɧɢɦ, ɚ ɿɧɨɞɿ ɣ ɩɟɪɟɜɟɪɲɭє ʀɯ; 
ɹɤɿɫɬɶ ɨɰɿɧɨɤ ɫɩɚɞɚє ɿɡ ɡɛɿɥɶɲɟɧɧɹɦ ɱɢɫɥɚ ɜɟɪɲɢɧ ɝɪɚɮɭ, ɚ ɨɬɠɟ ɿ ɡ 
ɭɫɤɥɚɞɧɟɧɧɹɦ ʀɯ ɫɬɪɭɤɬɭɪɢ, ɬɨɦɭ ɜɢɤɨɪɢɫɬɚɧɧɹ ɩɪɨɫɬɿɲɢɯ ɨɰɿɧɨɤ є 
ɞɨɰɿɥɶɧɿɲɢɦ, ɨɫɤɿɥɶɤɢ ʀɯ ɡɧɚɯɨɞɠɟɧɧɹ ɩɨɬɪɟɛɭє ɦɟɧɲɨɝɨ ɱɢɫɥɚ ɨɩɟɪɚɰɿɣ; 
ɿɫɧɭɸɬɶ ɬɚɤɿ ɝɪɚɮɢ, ɹɤɿ ɫɭɩɟɪɟɱɚɬɶ ɩɪɢɧɰɢɩɭ «ɬɨɱɧɿɲɟ – ɤɪɚɳɟ», ɳɨ ɝɨɜɨɪɢɬɶ 
ɩɪɨ ɬɟ, ɳɨ, ɦɨɠɥɢɜɨ, ɧɚɜɿɬɶ ɞɥɹ ɚɛɫɨɥɸɬɧɨ ɬɨɱɧɨʀ ɨɰɿɧɤɢ ɡɧɚɣɞɭɬɶɫɹ 
ɩɪɢɤɥɚɞɢ, ɞɥɹ ɹɤɢɯ ɦɟɬɨɞ ɝɿɥɨɤ ɬɚ ɦɟɠ ɡɧɚɯɨɞɢɬɶ ɨɩɬɢɦɚɥɶɧɟ ɭɩɨɪɹɞɤɭɜɚɧɧɹ 
ɩɨɜɿɥɶɧɿɲɟ, ɚɧɿɠ ɩɪɢ ɜɢɤɨɪɢɫɬɚɧɧɿ ɝɿɪɲɢɯ ɨɰɿɧɨɤ.  

Ɍɚɤɢɣ ɟɮɟɤɬ ɩɨɜ'ɹɡɚɧɢɣ ɿɡ ɬɢɦ, ɳɨ ɨɛɢɪɚɸɬɶɫɹ ɜɟɪɲɢɧɢ ɿ ɜɿɞɩɨɜɿɞɧɿ 
ɭɩɨɪɹɞɤɭɜɚɧɧɹ, ɹɤɿ ɫɩɨɱɚɬɤɭ ɦɚɥɢ ɦɟɧɲɿ ɨɰɿɧɤɢ ɱɟɪɟɡ ɧɟɬɨɱɧɿɫɬɶ ɨɰɿɧɤɢ, ɚɥɟ 
ɧɚ ɲɥɹɯɭ ɞɨ ɨɩɬɢɦɚɥɶɧɨɝɨ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɩɨɬɪɟɛɭɜɚɥɢ ɦɟɧɲɟ ɪɨɡɝɚɥɭɠɟɧɶ. 
Ɂ ɨɫɬɚɧɧɶɨɝɨ ɜɢɩɥɢɜɚє, ɳɨ, ɦɨɠɥɢɜɨ, ɤɪɚɳɟ ɪɨɡɝɥɹɞɚɬɢ ɧɟ ɩɪɨɫɬɨ ɨɰɿɧɤɢ 
ɡɧɢɡɭ, ɚ ɞɟɹɤɿ ɦɟɬɪɢɤɢ, ɹɤɿ ɧɟ ɨɛɨɜ’ɹɡɤɨɜɨ є ɨɰɿɧɤɚɦɢ ɞɨɜɠɢɧɢ ɨɩɬɢɦɚɥɶɧɨɝɨ 
ɭɩɨɪɹɞɤɭɜɚɧɧɹ, ɩɪɨɬɟ ɞɥɹ ɹɤɢɯ ɜɢɤɨɧɭєɬɶɫɹ, ɳɨ ɤɪɚɳɿ (ɨɩɢɫɚɧɿ ɜɢɳɟ) 
ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɦɚɸɬɶ ɦɟɧɲɿ ɡɧɚɱɟɧɧɹ ɦɟɬɪɢɤɢ.  
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Ɋɢɫ. 4. ɉɪɢɤɥɚɞ ɝɪɚɮɭ, ɞɥɹ ɹɤɨɝɨ ɛɚɡɨɜɚ ɨɰɿɧɤɚ ɡɧɚɯɨɞɢɬɶ ɨɩɬɢɦɚɥɶɧɟ  

ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɲɜɢɞɲɟ ɚɧɿɠ ɭɬɨɱɧɟɧɚ 

 

ȼɢɫɧɨɜɤɢ. Ɉɬɪɢɦɚɧɿ ɪɟɡɭɥɶɬɚɬɢ ɞɨɡɜɨɥɹɸɬɶ ɡɪɨɛɢɬɢ ɜɢɫɧɨɜɨɤ, ɳɨ ɧɟ 
ɡɚɜɠɞɢ ɛɿɥɶɲ ɬɨɱɧɚ ɨɰɿɧɤɚ ɞɨɜɠɢɧɢ ɭɩɨɪɹɞɤɭɜɚɧɧɹ ɩɪɢɜɨɞɢɬɶ ɞɨ ɡɦɟɧɲɟɧɧɹ 
ɤɿɥɶɤɨɫɬɿ ɜɟɪɲɢɧ ɭ ɞɟɪɟɜɿ ɜɚɪɿɚɧɬɿɜ, ɳɨ ɿɥɸɫɬɪɭє ɪɨɛɨɬɭ ɦɟɬɨɞɭ ɝɿɥɨɤ ɬɚ ɦɟɠ. 
Ɍɨɦɭ ɧɟɜɢɪɿɲɟɧɢɦ ɩɢɬɚɧɧɹɦ ɡɚɥɢɲɚєɬɶɫɹ ɚɩɪɿɨɪɧɟ ɨɬɪɢɦɚɧɧɹ ɬɨɱɧɨɝɨ 
ɡɧɚɱɟɧɧɹ ɨɩɬɢɦɚɥɶɧɨʀ ɞɨɜɠɢɧɢ ɭɩɨɪɹɞɤɭɜɚɧɧɹ.  
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ȼ.Ⱥ. Ɍɭɪɱɢɧɚ, Ⱦ.Ɉ. Ɍɚɧɚɫɿєɧɤɨ 
Ⱦɧɿɩɪɨɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ Ƚɨɧɱɚɪɚ 

 

ɁȺɋɌɈɋɍȼȺɇɇə ȽȿɇȿɌɂɑɇɈȽɈ ȺɅȽɈɊɂɌɆɍ  
ȾɈ ɁȺȾȺɑȱ ɋɄɅȺȾȺɇɇə ɇȺȼɑȺɅɖɇɈȽɈ ɊɈɁɄɅȺȾɍ 

 
Ɋɨɡɝɥɹɧɭɬɨ ɨɞɢɧ ɡ ɜɿɞɨɦɢɯ ɩɿɞɯɨɞɿɜ, ɹɤɢɣ ɦɨɠɧɚ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɩɪɢ ɫɤɥɚɞɚɧɧɿ 

ɧɚɜɱɚɥɶɧɨɝɨ ɪɨɡɤɥɚɞɭ. Ɂɚɩɪɨɩɨɧɨɜɚɧɚ ɫɯɟɦɚ ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ, ɪɟɡɭɥɶɬɚɬɨɦ 
ɪɨɛɨɬɢ ɹɤɨʀ є ɨɬɪɢɦɚɧɧɹ ɧɚɛɥɢɠɟɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ ɫɤɥɚɞɚɧɧɹ ɪɨɡɤɥɚɞɭ ɡ 
ɧɟɨɛɯɿɞɧɿɫɬɸ ɩɨɞɚɥɶɲɨɝɨ ɣɨɝɨ ɩɨɤɪɚɳɟɧɧɹ ɿɧɲɢɦɢ ɟɜɪɢɫɬɢɱɧɢɦɢ ɦɟɬɨɞɚɦɢ. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɝɟɧɟɬɢɱɧɢɣ ɚɥɝɨɪɢɬɦ, ɧɚɜɱɚɥɶɧɢɣ ɪɨɡɤɥɚɞ, ɟɜɪɢɫɬɢɱɧɿ ɦɟɬɨɞɢ. 
 

Ɋɚɫɫɦɨɬɪɟɧ ɨɞɢɧ ɢɡ ɢɡɜɟɫɬɧɵɯ ɩɨɞɯɨɞɨɜ, ɤɨɬɨɪɵɣ ɦɨɠɧɨ ɢɫɩɨɥɶɡɨɜɚɬɶ ɩɪɢ 
ɫɨɫɬɚɜɥɟɧɢɢ ɭɱɟɛɧɨɝɨ ɪɚɫɩɢɫɚɧɢɹ. ɉɪɟɞɥɨɠɟɧɧɚ ɫɯɟɦɚ ɝɟɧɟɬɢɱɟɫɤɨɝɨ ɚɥɝɨɪɢɬɦɚ, 
ɪɟɡɭɥɶɬɚɬɨɦ ɪɚɛɨɬɵ ɤɨɬɨɪɨɣ ɹɜɥɹɟɬɫɹ ɩɨɥɭɱɟɧɢɟ ɩɪɢɛɥɢɠɟɧɧɨɝɨ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ 
ɫɨɫɬɚɜɥɟɧɢɹ ɪɚɫɩɢɫɚɧɢɹ ɫ ɧɟɨɛɯɨɞɢɦɨɫɬɶɸ ɞɚɥɶɧɟɣɲɟɝɨ ɟɝɨ ɭɥɭɱɲɟɧɢɹ ɞɪɭɝɢɦɢ 
ɷɜɪɢɫɬɢɱɟɫɤɢɦɢ ɦɟɬɨɞɚɦɢ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɝɟɧɟɬɢɱɟɫɤɢɣ ɚɥɝɨɪɢɬɦ, ɭɱɟɛɧɨɟ ɪɚɫɩɢɫɚɧɢɟ, ɷɜɪɢɫɬɢɱɟɫɤɢɟ 
ɦɟɬɨɞɵ. 

 

One of the main tasks in organizing the educational process in higher education is the 

drawing up of a schedule of classes. It reflects the weekly student and faculty load. At the 

same time, when compiling, there are a number of necessary conditions and a number of 

desirable. The paper considers seven required and four desirable conditions. In this paper, 

one of the well-known approaches that can be used in drawing up a curriculum is consid-

ered. The proposed scheme of the genetic algorithm, the result of which is to obtain an ap-

proximate solution to the problem of scheduling with the need to further improve it by oth-

er heuristic methods. 

To solve the problem, an island model of the genetic algorithm was selected and its ad-

vantages were considered. In the paper, the author's own structure of the individual, which 

includes chromosomes in the form of educational groups and genes as a lesson at a certain 

time, is presented and justified. The author presents his own implementations of the genetic 

algorithms. During the work, many variants of operators were tested, but they were reject-

ed due to their inefficiency. The biggest problem was to maintain the consistency of infor-

mation encoded in chromosomes. Also, two post-steps were added: to try to reduce the 

number of teacher conflict conflicts and to normalize the schedule - to remove windows 

from the schedule. The fitness function is calculated according to the following principles: 

if some desired or desired property is present in the individual, then a certain number is 

deducted from the individual's assessment, if there is a negative property, then a certain 

number is added to the assessment. Each criterion has its weight, so the size of the fine or 

rewards may be different. In this work, fines were charged for non-fulfillment of mandato-

ry conditions, and rewards for fulfilling the desired. 

Keywords: genetic algorithm, educational schedule, heuristic methods. 
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ȼɫɬɭɩ. Ɇɚɬɟɦɚɬɢɰɿ ɡɚɜɠɞɢ ɛɭɥɨ ɩɪɢɬɚɦɚɧɧɟ ɩɪɚɝɧɟɧɧɹ ɪɨɡɪɨɛɥɹɬɢ 
ɟɮɟɤɬɢɜɧɿ ɦɟɬɨɞɢ ɪɨɡɜ’ɹɡɚɧɧɹ ɹɤɨɦɨɝɚ ɲɢɪɲɢɯ ɤɥɚɫɿɜ ɡɚɞɚɱ. Ȼɚɝɚɬɨɪɿɱɧɢɣ 
ɞɨɫɜɿɞ ɪɨɡɜɢɬɤɭ ɬɟɨɪɿʀ ɞɢɫɤɪɟɬɧɢɯ ɿ ɤɨɦɛɿɧɚɬɨɪɧɢɯ ɡɚɞɚɱ ɬɚ ɩɪɚɤɬɢɤɚ ʀɯ  

 
ɪɨɡɜ’ɹɡɚɧɧɹ ɩɨɤɚɡɚɥɢ, ɳɨ ɰɿ ɞɜɿ ɫɬɨɪɨɧɢ – ɡɚɝɚɥɶɧɿɫɬɶ ɦɟɬɨɞɚ ɿ ɣɨɝɨ 
ɟɮɟɤɬɢɜɧɿɫɬɶ – ɡɧɚɯɨɞɹɬɶɫɹ ɭ ɜɿɞɨɦɨɦɭ ɚɧɬɚɝɨɧɿɡɦɿ. Ɋɚɡɨɦ ɡ ɬɢɦ, ɞɭɠɟ 
ɜɚɠɥɢɜɨ ɡɧɚɬɢ, ɿ ɨɫɨɛɥɢɜɨ ɰɟ ɫɬɨɫɭєɬɶɫɹ ɡɚɞɚɱ ɞɢɫɤɪɟɬɧɨʀ ɨɩɬɢɦɿɡɚɰɿʀ, ɳɨ 
ɜɿɞɧɨɫɹɬɶɫɹ ɞɨ NP-ɫɤɥɚɞɧɢɯ [1], ɱɢ ɦɨɠɧɚ ɜ ɩɪɢɧɰɢɩɿ ɫɩɨɞɿɜɚɬɢɫɹ ɧɚ 
ɫɬɜɨɪɟɧɧɹ ɞɨɫɢɬɶ ɡɚɝɚɥɶɧɢɯ ɿ ɟɮɟɤɬɢɜɧɢɯ ɦɟɬɨɞɿɜ ɚɛɨ ɬɪɟɛɚ ɫɜɿɞɨɦɨ ɣɬɢ 
ɲɥɹɯɨɦ ɪɨɡɛɢɬɬɹ ɡɚɞɚɱ ɧɚ ɜɫɟ ɛɿɥɶɲ ɜɭɡɶɤɿ ɤɥɚɫɢ ɿ, ɤɨɪɢɫɬɭɸɱɢɫɶ ʀɯ 
ɫɩɟɰɢɮɿɤɨɸ, ɪɨɡɪɨɛɥɹɬɢ ɞɥɹ ɧɢɯ ɟɮɟɤɬɢɜɧɿ (ɯɨɪɨɲɿ) ɚɥɝɨɪɢɬɦɢ. 

ɍ ɜɢɩɚɞɤɚɯ, ɤɨɥɢ ɬɨɱɧɿ ɦɟɬɨɞɢ ɦɚɸɬɶ ɟɤɫɩɨɧɟɧɰɿɣɧɭ ɫɤɥɚɞɧɿɫɬɶ, ɞɨɰɿɥɶɧɨ 
ɡɚɫɬɨɫɨɜɭɜɚɬɢ ɧɚɛɥɢɠɟɧɿ ɚɥɝɨɪɢɬɦɢ. Ɉɞɧɢɦ ɿɡ ɩɿɞɯɨɞɿɜ, ɳɨ ɞɨɫɢɬɶ ɟɮɟɤɬɢɜɧɨ 
ɡɚɪɟɤɨɦɟɧɞɭɜɚɜ ɫɟɛɟ ɞɥɹ ɨɬɪɢɦɚɧɧɹ ɧɚɛɥɢɠɟɧɢɯ ɪɨɡɜ’ɹɡɤɿɜ, є ɜɢɤɨɪɢɫɬɚɧɧɹ 
ɝɟɧɟɬɢɱɧɢɯ ɚɥɝɨɪɢɬɦɿɜ. ɋɚɦɟ ɰɟɣ ɩɿɞɯɿɞ ɿ ɪɨɡɝɥɹɞɚєɬɶɫɹ ɜ ɞɚɧɿɣ ɪɨɛɨɬɿ. 

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ. Ɉɞɧɿєɸ ɡ ɨɫɧɨɜɧɢɯ ɡɚɞɚɱ ɩɪɢ ɨɪɝɚɧɿɡɚɰɿʀ ɧɚɜɱɚɥɶɧɨɝɨ 
ɩɪɨɰɟɫɭ ɭ ɁȼɈ є ɫɤɥɚɞɚɧɧɹ ɪɨɡɤɥɚɞɭ ɡɚɧɹɬɶ. ȼɿɧ ɜɿɞɨɛɪɚɠɚє ɬɢɠɧɟɜɟ 
ɚɭɞɢɬɨɪɧɟ ɧɚɜɚɧɬɚɠɟɧɧɹ ɫɬɭɞɟɧɬɿɜ ɬɚ ɜɢɤɥɚɞɚɱɿɜ. ɉɪɢ ɰɶɨɦɭ, ɩɪɢ ɫɤɥɚɞɚɧɧɿ 
ɪɨɡɤɥɚɞɭ ɡɚɧɹɬɶ  є ɪɹɞ ɧɟɨɛɯɿɞɧɢɯ ɭɦɨɜ ɬɚ ɪɹɞ ɛɚɠɚɧɢɯ. Ⱦɨ ɧɟɨɛɯɿɞɧɢɯ ɭɦɨɜ, 
ɡɨɤɪɟɦɚ, ɜɿɞɧɨɫɹɬɶɫɹ ɧɚɫɬɭɩɧɿ: 
• ɨɛɫɹɝ ɚɭɞɢɬɨɪɧɨɝɨ ɧɚɜɚɧɬɚɠɟɧɧɹ ɧɚ ɫɬɭɞɟɧɬɚ ɜɢɡɧɚɱɚєɬɶɫɹ ɧɚɜɱɚɥɶɧɢɦ 

ɩɥɚɧɨɦ ɩɿɞɝɨɬɨɜɤɢ ɫɩɟɰɿɚɥɿɫɬɿɜ ɬɚ ɜɿɞɩɨɜɿɞɧɢɦ ɪɨɛɨɱɢɦ ɧɚɜɱɚɥɶɧɢɦ ɩɥɚɧɨɦ, 
ɹɤɢɣ ɫɬɨɫɭєɬɶɫɹ ɤɨɧɤɪɟɬɧɨɝɨ ɪɨɤɭ. Ɂɚɡɜɢɱɚɣ ɬɢɠɧɟɜɟ ɚɭɞɢɬɨɪɧɟ ɧɚɜɚɧɬɚɠɟɧɧɹ 
ɡɦɿɧɸєɬɶɫɹ ɜ ɞɿɚɩɚɡɨɧɿ 18-22 ɝɨɞ; 
• ɜ ɨɞɢɧ ɞɟɧɶ ɧɟ ɦɨɠɧɚ ɩɥɚɧɭɜɚɬɢ ɛɿɥɶɲɟ 8 ɝɨɞ; 
• ɧɟ ɩɨɜɢɧɧɨ ɛɭɬɢ “ɜɿɤɨɧ”, ɬɨɛɬɨ, ɧɟ ɩɨɜɢɧɧɨ ɛɭɬɢ ɩɟɪɟɪɜ, ɛɿɥɶɲɢɯ ɡɚ 20 

ɯɜɢɥɢɧ; 
• ɞɟɹɤɿ ɡɚɧɹɬɬɹ ɩɨɜɢɧɧɿ ɩɪɨɜɨɞɢɬɢɫɶ ɜ ɫɩɟɰɿɚɥɿɡɨɜɚɧɢɯ ɤɥɚɫɚɯ; 
• ɨɞɢɧ ɜɢɤɥɚɞɚɱ ɧɟ ɦɨɠɟ ɩɪɨɜɨɞɢɬɢ ɨɞɧɨɱɚɫɧɨ ɡɚɧɹɬɬɹ ɜ ɞɜɨɯ ɚɭɞɢɬɨɪɿɹɯ; 
• ɜɢɤɥɚɞɚɧɧɹ ɞɟɹɤɢɯ ɞɢɫɰɢɩɥɿɧ ɩɥɚɧɭєɬɶɫɹ ɨɞɧɨɱɚɫɧɨ ɞɥɹ ɪɿɡɧɢɯ 

ɫɩɟɰɿɚɥɶɧɨɫɬɟɣ; 
• ɡɚɧɹɬɬɹ ɩɨɜɢɧɧɿ ɩɨɱɢɧɚɬɢɫɶ ɿ ɡɚɤɿɧɱɭɜɚɬɢɫɶ ɭ ɜɿɞɜɟɞɟɧɢɣ ɱɚɫɨɜɢɣ 

ɩɪɨɦɿɠɨɤ. 
Ɋɨɡɤɥɚɞ, ɳɨ ɡɚɞɨɜɨɥɶɧɹє ɧɚɜɟɞɟɧɢɦ ɜɢɦɨɝɚɦ, ɛɭɞɟɦɨ ɜɜɚɠɚɬɢ ɞɨɩɭɫɬɢɦɢɦ. 

Ʉɪɿɦ ɨɛɨɜ’ɹɡɤɨɜɢɯ, ɛɚɠɚɧɢɦ є ɜɢɤɨɧɚɧɧɹ ɿ ɧɚɫɬɭɩɧɢɯ ɜɢɦɨɝ: 
• ɧɟ ɩɥɚɧɭɜɚɬɢ ɧɚ ɜɢɤɥɚɞɚɱɚ ɜ ɨɞɢɧ ɞɟɧɶ ɨɛɫɹɝ ɡɚɧɹɬɶ ɛɿɥɶɲɟ ɜɫɬɚɧɨɜɥɟɧɨʀ 

ɧɨɪɦɢ; 
• ɧɟ ɩɥɚɧɭɜɚɬɢ ɧɚ ɫɬɭɞɟɧɬɿɜ ɜ ɨɞɢɧ ɞɟɧɶ ɨɛɫɹɝ ɥɟɤɰɿɣɧɢɯ ɡɚɧɹɬɶ ɛɿɥɶɲɟ 

ɜɫɬɚɧɨɜɥɟɧɨʀ ɧɨɪɦɢ; 
• ɧɟ ɩɥɚɧɭɜɚɬɢ ɧɚ ɨɞɢɧ ɞɟɧɶ ɡɚɧɹɬɬɹ, ɳɨ ɩɪɨɜɨɞɹɬɶɫɹ ɜ ɪɿɡɧɢɯ ɤɨɪɩɭɫɚɯ; 
• ɧɚɹɜɧɿɫɬɶ ɞɧɹ ɫɚɦɨɫɬɿɣɧɨʀ ɪɨɛɨɬɢ. 
Ɋɨɡɤɥɚɞ, ɹɤɢɣ ɡɚɞɨɜɨɥɶɧɹє ɧɟɨɛɯɿɞɧɢɦ ɬɚ ɛɚɠɚɧɢɦ ɭɦɨɜɚɦ, ɛɭɞɟɦ ɜɜɚɠɚɬɢ 

ɞɨɩɭɫɬɢɦɢɦ. 
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ȼ ɞɚɧɿɣ ɪɨɛɨɬɿ ɧɟ ɜɪɚɯɨɜɭɸɬɶɫɹ ɧɚɫɬɭɩɧɿ ɮɚɤɬɨɪɢ: 
• ɞɨɫɬɭɩɧɿɫɬɶ ɚɭɞɢɬɨɪɿɣ ɬɚ ʀɯ ɬɢɩ (ɥɟɤɰɿɣɧɚ, ɩɪɚɤɬɢɱɧɚ, ɥɚɛɨɪɚɬɨɪɿɹ); 
• ɧɟɩɨɜɧɟ ɧɚɜɚɧɬɚɠɟɧɧɹ (ɡɚɧɹɬɬɹ ɡɚ ɩɪɟɞɦɟɬɨɦ ɡɚɤɿɧɱɭɸɬɶɫɹ 

(ɩɨɱɢɧɚɸɬɶɫɹ) ɪɚɧɿɲɟ, ɧɿɠ ɡɚɤɿɧɱɭєɬɶɫɹ (ɩɨɱɢɧɚєɬɶɫɹ) ɫɟɦɟɫɬɪ). 
ȼɢɛɿɪ ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ.Ⱦɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɩɨɫɬɚɜɥɟɧɨʀ ɡɚɞɚɱɿ ɛɭɥɨ 

ɨɛɪɚɧɨ ɨɫɬɪɿɜɧɭ ɦɨɞɟɥɶ ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ. ɐɟɣ ɜɢɛɿɪ ɦɨɬɢɜɨɜɚɧɨ 
ɧɚɫɬɭɩɧɢɦɢ ɣɨɝɨ ɩɟɪɟɜɚɝɚɦɢ: 
• Ⱥɫɢɧɯɪɨɧɧɿɫɬɶ. Ʉɨɠɟɧ ɨɫɬɪɿɜ ɦɨɠɟ ɧɟɡɚɥɟɠɧɨ ɜɿɞ ɿɧɲɢɯ ɜɢɤɨɧɭɜɚɬɢ 

ɪɨɡɪɚɯɭɧɤɢ. ȼɪɚɯɨɜɭɸɱɢ ɛɚɝɚɬɨ ɩɨɬɨɱɧɿɫɬɶ ɫɭɱɚɫɧɢɯ CPU (ɬɚɤɨɠ, ɦɨɠɧɚ 
ɡɚɫɬɨɫɨɜɭɜɚɬɢ GPU), ɰɟɣ ɮɚɤɬ ɞɚє ɜɟɥɢɤɭ ɩɟɪɟɜɚɝɭ, ɛɨ ɡɚ ɨɞɧɭ ɨɞɢɧɢɰɸ ɱɚɫɭ 
ɜɢɤɨɧɭєɬɶɫɹ ɛɿɥɶɲɟ ɪɨɛɨɬɢ, ɱɢɦ ɿɧɲɿ ɧɟɩɚɪɚɥɟɥɶɧɿ ȽȺ. ɐɟ ɞɚє ɛɿɥɶɲɭ 
ɜɿɪɨɝɿɞɧɿɫɬɶ, ɳɨ ɪɟɡɭɥɶɬɚɬ є ɧɚɣɤɪɚɳɢɦ (ɚɛɨ ɛɥɢɡɶɤɢɣ ɞɨ ɧɶɨɝɨ). 
• Ɋɿɡɧɨɦɚɧɿɬɧɿɫɬɶ ɚɥɝɨɪɢɬɦɿɜ ɤɨɠɧɨɝɨ ɨɫɬɪɨɜɭ. Ʉɨɠɧɢɣ ɨɫɬɪɿɜ ɦɨɠɟ 

ɦɚɬɢ ɩɟɜɧɭ «ɫɩɟɰɿɚɥɿɡɚɰɿɸ» – ɫɩɟɰɿɚɥɶɧɨ ɩɿɞɿɛɪɚɧɿ ɨɩɟɪɚɬɨɪɢ ɝɟɧɟɬɢɱɧɨɝɨ 
ɚɥɝɨɪɢɬɦɭ, ɹɤɿ ɜɢɤɨɧɭɸɬɶ ɩɟɜɧɭ ɡɚɞɚɱɭ (ɲɢɪɨɤɢɣ ɩɨɲɭɤ ɩɨ ɜɫɶɨɦɭ ɩɪɨɫɬɨɪɭ 
«ɞɨɛɪɢɯ» ɿɧɞɢɜɿɞɿɜ ɚɛɨ ɩɨɤɪɚɳɟɧɧɹ ɿɫɧɭɸɱɨɝɨ ɝɟɧɨɬɢɩɭ, ɩɪɹɦɭɜɚɧɧɹ ɞɨ 
ɥɨɤɚɥɶɧɨɝɨ (ɚ ɦɨɠɥɢɜɨ ɿ ɝɥɨɛɚɥɶɧɨɝɨ) ɟɤɫɬɪɟɦɭɦɭ). 
• Ɇɿɝɪɚɰɿʀ ɦɿɠ ɨɫɬɪɨɜɚɦɢ. ɐɟɣ ɩɪɨɰɟɫ ɞɨɡɜɨɥɹє ɩɨɩɭɥɹɰɿɹɦ ɡ ɪɿɡɧɢɯ 

ɨɫɬɪɨɜɿɜ ɨɬɪɢɦɭɜɚɬɢ ɝɟɧɨɬɢɩɢ, ɹɤɢɯ ɪɚɧɿɲɟ ɜɨɧɢ ɧɟ ɦɚɥɢ ɚɛɨ ɧɟ ɦɨɝɥɢ 
ɡɝɟɧɟɪɭɜɚɬɢ, ɜɢɤɨɪɢɫɬɨɜɭɸɱɢ ɧɚɹɜɧɿ ɨɩɟɪɚɬɨɪɢ ɜɿɞɛɨɪɭ. 

Ɍɭɬ ɜɢɤɨɪɢɫɬɨɜɭɸɬɶɫɹ ɬɚɤɿ ɜɿɞɨɦɿ ɩɨɧɹɬɬɹ: 
• ɨɫɬɪɿɜ – ɟɥɟɦɟɧɬ ɚɥɝɨɪɢɬɦɭ, ɹɤɢɣ ɜɦɿɳɭє ɜ ɫɟɛɟ ɩɨɩɭɥɹɰɿɸ ɬɚ ɨɩɟɪɚɬɨɪɢ 

ȽȺ ɞɥɹ ɪɨɛɨɬɢ ɧɚɞ ɧɟɸ; 
• ɟɩɨɯɚ – ɱɚɫ (ɚɛɨ ɤɪɨɤ ɚɥɝɨɪɢɬɦɭ), ɡɚ ɹɤɢɣ ɡ ɩɨɩɭɥɹɰɿєɸ ɧɚ ɨɫɬɪɨɜɿ 

ɜɿɞɛɭɜɚɸɬɶɫɹ ɡɦɿɧɢ (ɡ’ɹɜɥɹɸɬɶɫɹ ɧɨɜɿ ɬɚ ɜɦɢɪɚɸɬɶ ɿɧɞɢɜɿɞɢ); 
• GPU (ɚɧɝɥ. Graphics Proccesing Unit, GPU) — ɨɤɪɟɦɢɣ ɩɪɢɫɬɪɿɣ 

ɩɟɪɫɨɧɚɥɶɧɨɝɨ ɤɨɦɩ’ɸɬɟɪɚ ɚɛɨ ɿɝɪɨɜɨʀ ɩɪɢɫɬɚɜɤɢ, ɜɢɤɨɧɭє ɝɪɚɮɿɱɧɢɣ  
ɪɟɧɞɟɪɢɧɝ; 
• CPU(ɚɧɝɥ. Centralprocessingunit, CPU) — ɮɭɧɤɰɿɨɧɚɥɶɧɚ ɱɚɫɬɢɧɚ 

ɤɨɦɩ’ɸɬɟɪɚ, ɳɨ ɩɪɢɡɧɚɱɟɧɚ ɞɥɹɿɧɬɟɪɩɪɟɬɚɰɿʀɤɨɦɚɧɞ. 
 

Ɉɩɢɫ ɨɫɧɨɜɧɢɯ ɟɥɟɦɟɧɬɿɜ ȽȺ. Ɋɨɡɝɥɹɧɟɦɨ ɦɨɞɟɥɶ ɩɨ ɫɩɚɞɧɨɦɭ ɩɪɢɧɰɢɩɭ. 
ɉɨɧɹɬɬɹ ɿɧɞɢɜɿɞ (ɪɢɫ. 1) ɨɬɨɬɨɠɧɢɦɨ ɡ ɪɨɡɤɥɚɞɨɦ ɧɚ ɬɢɠɞɟɧɶ. Ɍɚɤɢɣ ɜɚɪɿɚɧɬ 
ɨɛɪɚɧɨ, ɬɚɤ ɹɤ ɜ ɧɚɜɱɚɥɶɧɢɯ ɡɚɤɥɚɞɚɯ ɪɨɡɤɥɚɞɢ ɜ ɩɟɪɟɜɚɠɧɿɣ 
ɛɿɥɶɲɨɫɬɿɫɤɥɚɞɚɸɬɶɫɹ ɧɚ ɬɢɠɞɟɧɶ.  

ɇɚɫɬɭɩɧɢɦ ɟɥɟɦɟɧɬɨɦ ɞɟɬɚɥɿɡɚɰɿʀ є ɯɪɨɦɨɫɨɦɢ. Ʉɨɠɧɚ ɯɪɨɦɨɫɨɦɚ 
ɜɿɞɩɨɜɿɞɚє ɪɨɡɤɥɚɞɭ ɨɞɧɿєʀ ɝɪɭɩɢ ɧɚ ɬɢɠɞɟɧɶ. Ɍɨɛɬɨ, ɤɨɠɟɧ ɿɧɞɢɜɿɞ 
ɫɤɥɚɞɚєɬɶɫɹ ɡ n ɯɪɨɦɨɫɨɦ (ɝɪɭɩ). ɇɚɫɬɭɩɧɚ ɫɬɪɭɤɬɭɪɚ ɯɪɨɦɨɫɨɦɢ (ɪɢɫ. 1) 
ɜɢɹɜɢɥɚɫɶ ɧɚɣɛɿɥɶɲ ɜɞɚɥɢɦ ɜɚɪɿɚɧɬɨɦ. ɉɟɪɟɞ ɧɟɸ ɜɢɩɪɨɛɭɜɚɧɨ ɞɟɤɿɥɶɤɚ 
ɜɚɪɿɚɧɬɿɜ, ɹɤɿ ɛɭɥɢ ɜɿɞɤɢɧɭɬɿ ɭ ɡɜ’ɹɡɤɭ ɡ ɬɢɦ, ɳɨ ɞɥɹ ɧɢɯ ɧɚɞɬɨ ɜɚɠɤɨ, ɚɛɨ 
ɜɡɚɝɚɥɿ ɧɟɦɨɠɥɢɜɨ, ɩɨɛɭɞɭɜɚɬɢ ɝɟɧɟɬɢɱɧɿ ɨɩɟɪɚɬɨɪɢ, ɹɤɿ ɛ ɧɟ ɜɢɪɨɞɠɭɜɚɥɢ 
ɿɧɮɨɪɦɚɰɿɣɧɭ ɫɬɪɭɤɬɭɪɭ ɿɧɞɢɜɿɞɭɭɦɚ. 

Ʉɨɠɧɚ ɯɪɨɦɨɫɨɦɚ ɫɤɥɚɞɚєɬɶɫɹ ɡ ɝɟɧɿɜ. Ʉɨɠɟɧ ɝɟɧ ɩɪɟɞɫɬɚɜɥɹє ɫɨɛɨɸ 
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ɩɚɪɭ{Task, Timepoint}. ɉɪɢɱɨɦɭ,  ɹɤɳɨTask (ɪɢɫ. 2)– є ɡɚɜɞɚɧɧɹɦ ɧɚ 2 
ɚɤɚɞɟɦɿɱɧɿ ɝɨɞɢɧɢ, ɬɨTimepointɦɨɠɟ ɩɪɢɣɦɚɬɢ ɥɢɲɟ ɩɚɪɧɿ ɡɧɚɱɟɧɧɹ. Ɍɚɤɨɠ ɰɟ 
ɨɡɧɚɱɚє, ɳɨ ɡɚɜɞɚɧɧɹ ɩɪɢɫɭɬɧє ɹɤ ɿ ɡɚ ɱɢɫɟɥɶɧɢɤɨɦ, ɬɚɤ ɿ ɡɚ ɡɧɚɦɟɧɧɢɤɨɦ. 

ȼɯɿɞɧɿ ɞɚɧɿ ɩɪɟɞɫɬɚɜɥɹɸɬɶ ɧɚɪɹɞɢ ɧɚ ɪɨɡɤɥɚɞ, ɹɤɿ ɜɠɟ ɦɚɸɬɶ ɩɟɜɧɭ 
ɫɬɪɭɤɬɭɪɭ. Ⱥ ɫɚɦɟ, ɜ ɧɶɨɦɭ ɜɤɚɡɭєɬɶɫɹ ɹɤɢɣ ɜɢɤɥɚɞɚɱ (ɜɢɤɥɚɞɚɱɿ), ɜ ɹɤɿɣ ɝɪɭɩɿ, 
ɫɤɿɥɶɤɢ ɚɤɚɞɟɦɿɱɧɢɯ ɝɨɞɢɧ ɛɭɞɟ ɜɟɫɬɢ ɤɨɧɤɪɟɬɧɢɣ ɩɪɟɞɦɟɬ (ɩɪɚɤɬɢɱɧɿ ɱɢ 
ɥɟɤɰɿɣɧɿ ɡɚɧɹɬɬɹ). 

Ɉɩɢɫ ɞɟɹɤɢɯ ɜɢɤɨɪɢɫɬɨɜɭɜɚɧɢɯ ɨɩɟɪɚɬɨɪɿɜ ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ. 

Ɉɩɟɪɚɬɨɪ ɜɿɞɛɨɪɭ ɛɚɬɶɤɿɜ. Ɍɭɬ ɜɢɤɨɪɢɫɬɨɜɭɜɚɥɢɫɹ ɡɜɢɱɚɣɧɿ ɨɩɟɪɚɬɨɪɢ [2]: 
• ɩɚɧɦɿɤɫɿɹ; 
• ɟɥɿɬɚɪɧɢɣ; 
• ɪɭɥɟɬɨɱɧɢɣ ɜɿɞɛɿɪ. 
Ɉɩɟɪɚɬɨɪ ɤɪɨɫɫɨɜɟɪɭ. Ɍɭɬ ɡɚɞɚɱɚ ɛɭɥɚ ɫɤɥɚɞɧɿɲɨɸ, ɚɞɠɟ ɜɢɝɥɹɞ ɿɧɞɢɜɿɞɚ є 

ɧɟɬɢɩɨɜɢɦ ɞɥɹ ȽȺ. ȼ ɯɨɞɿ ɪɨɛɨɬɢ ɜɢɩɪɨɛɭɜɚɧɨ ɜɟɥɢɤɭ ɤɿɥɶɤɿɫɬɶ ɜɚɪɿɚɧɬɿɜ 
ɨɩɟɪɚɬɨɪɭ, ɚɥɟ ɜɨɧɢ ɛɭɥɢ ɜɿɞɤɢɧɭɬɿ ɭ ɡɜ’ɹɡɤɭ ɡɿ ɫɜɨєɸ ɧɟɟɮɟɤɬɢɜɧɿɫɬɸ. 

 

 
Ɋɢɫ. 1. ɋɯɟɦɚ ɿɧɞɢɜɿɞɚ ɬɚ ɯɪɨɦɨɫɨɦ 

 

Ɉɩɟɪɚɬɨɪ ɤɪɨɫɫɨɜɟɪɭ. Ɍɭɬ ɡɚɞɚɱɚ ɛɭɥɚ ɫɤɥɚɞɧɿɲɨɸ, ɚɞɠɟ ɜɢɝɥɹɞ ɿɧɞɢɜɿɞɚ є 
ɧɟɬɢɩɨɜɢɦ ɞɥɹ ȽȺ. ȼ ɯɨɞɿ ɪɨɛɨɬɢ ɜɢɩɪɨɛɭɜɚɧɨ ɜɟɥɢɤɭ ɤɿɥɶɤɿɫɬɶ ɜɚɪɿɚɧɬɿɜ 
ɨɩɟɪɚɬɨɪɭ, ɚɥɟ ɜɨɧɢ ɛɭɥɢ ɜɿɞɤɢɧɭɬɿ ɭ ɡɜ’ɹɡɤɭ ɡɿ ɫɜɨєɸ ɧɟɟɮɟɤɬɢɜɧɿɫɬɸ. 
ɇɚɣɛɿɥɶɲɨɸ ɩɪɨɛɥɟɦɨɸ ɛɭɥɨ ɡɛɟɪɟɠɟɧɧɹ ɧɟɫɭɩɟɪɟɱɥɢɜɨɫɬɿ ɿɧɮɨɪɦɚɰɿʀ 
ɡɚɤɨɞɨɜɚɧɨʀ ɜ ɯɪɨɦɨɫɨɦɚɯ. ɇɚɩɪɢɤɥɚɞ, ɹɤɳɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɩɪɨɫɬɢɣ ɨɛɦɿɧ 
ɝɟɧɚɦɢ – ɨɞɧɨɬɨɱɤɨɜɢɣ ɤɪɨɫɫɨɜɟɪ, ɬɨ ɡ ɜɟɥɢɤɨɸ ɣɦɨɜɿɪɧɿɫɬɸ ɧɚ ɨɞɢɧ ɿ ɬɨɣ ɠɟ 
ɱɚɫ ɧɚɡɧɚɱɚɥɨɫɹ ɞɜɚ ɡɚɜɞɚɧɧɹ. 
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Ɋɢɫ. 2. ɋɯɟɦɚ Task 

 

Ɍɨɦɭ ɭ ɪɨɛɨɬɿ ɜɢɤɨɪɢɫɬɨɜɭɜɚɜɫɹ ɧɚɫɬɭɩɧɢɣ ɜɚɪɿɚɧɬ ɤɪɨɫɫɨɜɟɪɭ: ɹɤɳɨ ɧɚ 
ɨɞɢɧ ɿ ɬɨɣ ɠɟ ɱɚɫ ɩɪɢɩɚɞɚɥɨ ɞɜɿ ɡɚɞɚɱɿ, ɬɨ ɱɚɫ ɜɿɞɞɚɜɚɜɫɹ ɝɟɧɭ ɩɟɪɲɨɝɨ ɛɚɬɶɤɚ, 
ɭ ɜɫɿɯ ɿɧɲɢɯ ɜɢɩɚɞɤɚɯ – ɝɟɧɭ ɞɪɭɝɨɝɨ ɛɚɬɶɤɚ. ɇɚ ɫɩɪɨɳɟɧɿɣ ɫɯɟɦɿ ɰɟ ɜɢɝɥɹɞɚє 
ɬɚɤ: 

 
Ɋɢɫ. 3. ɋɯɟɦɚ ɪɨɛɨɬɢ ɤɪɨɫɫɨɜɟɪɭ 

 

ɉɪɢ ɦɭɬɚɰɿʀ ɞɥɹ ɤɨɠɧɨʀ ɯɪɨɦɨɫɨɦɢ ɿɧɞɢɜɿɞɚ ɡɦɿɧɸɸɬɶɫɹ ɞɟɹɤɿ ɡɧɚɱɟɧɧɹ 
ɝɟɧɿɜ. Ɂɦɿɧɚ ɦɨɠɟ ɛɭɬɢ ɧɚɫɬɭɩɧɚ: ɚɛɨ ɨɛɦɿɧ ɱɚɫɨɦ ɡ ɿɧɲɢɦ ɝɟɧɨɦ, ɚɛɨ 
ɩɟɪɟɧɟɫɬɢ ɧɚ ɛɭɞɶ-ɹɤɢɣ ɿɧɲɢɣ ɞɨɫɬɭɩɧɢɣ ɱɚɫ. ɐɟ ɜɿɞɛɭɜɚєɬɶɫɹ ɬɚɤ: 
ɜɢɛɢɪɚєɬɶɫɹ ɜɢɩɚɞɤɨɜɿɣ ɱɚɫ, ɹɤɳɨ ɰɟɣ ɱɚɫ ɡɚɣɧɹɬɢɣ ɿɧɲɢɦ ɝɟɧɨɦ, ɬɨ 
ɨɛɦɿɧɸєɦɨ ɦɿɫɰɹɦɢ ɱɚɫ. əɤɳɨ ɧɿ – ɬɨ ɱɚɫ ɜɫɬɚɧɨɜɥɸєɦɨ ɜɿɞɩɨɜɿɞɧɨ 
ɨɬɪɢɦɚɧɨɦɭ ɜɢɩɚɞɤɨɜɨɦɭ ɡɧɚɱɟɧɧɸ. 

Ɍɚɤɨɠ ɛɭɥɨ ɞɨɛɚɜɥɟɧɨ ɞɜɚ ɩɨɫɬ-ɤɪɨɤɢ: 
1) ɫɩɪɨɛɭɜɚɬɢ ɡɦɟɧɲɢɬɢ ɤɿɥɶɤɿɫɬɶ ɤɨɧɮɥɿɤɬɿɜ ɡɚɣɧɹɬɨɫɬɿ ɜɢɤɥɚɞɚɱɚ; 
2) ɧɨɪɦɚɥɿɡɭɜɚɬɢ ɪɨɡɤɥɚɞ, ɬɨɛɬɨ ɜɢɞɚɥɢɬɢ «ɜɿɤɧɚ» ɡ ɪɨɡɤɥɚɞɭ. 
ɉɨɫɬ-ɤɪɨɤɢ ɛɭɥɢ ɜɜɟɞɟɧɿ ɭ ɡɜ’ɹɡɤɭ ɡ ɬɢɦ, ɳɨ ɞɿɹ ɨɩɟɪɚɬɨɪɭ ɤɪɨɫɫɨɜɟɪɭ ɬɚ 

ɦɭɬɚɰɿʀ ɦɚɣɠɟ ɨɞɪɚɡɭ ɫɬɜɨɪɸɜɚɥɚ ɿɧɞɢɜɿɞɿɜ, ɡ ɜɟɥɢɤɨɸ ɮɭɧɤɰɿєɸ ɮɿɬɧɟɫɭ – 
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ɿɧɞɢɜɿɞɢ ɛɭɥɢ ɞɚɥɟɤɿ ɜɿɞ ɞɨɩɭɫɬɢɦɨʀ ɦɧɨɠɢɧɢ. Ⱥɥɟ ɡɚɝɚɥɶɧɢɣ ɝɟɧɟɬɢɱɧɢɣ 
ɚɥɝɨɪɢɬɦ, ɧɟ ɩɟɪɟɞɛɚɱɚє ɬɚɤɿ ɤɪɨɤɢ. Ɍɨɦɭ ɞɨɜɤɨɥɚ ɨɩɟɪɚɬɨɪɚ ɦɭɬɚɰɿʀ ɛɭɥɨ 
ɫɬɜɨɪɟɧɨ wrapper, ɹɤɢɣ ɦɚɫɤɭєɬɶɫɹ ɩɿɞ ɨɩɟɪɚɬɨɪɚ ɤɪɨɫɫɨɜɟɪɭ ɬɚ ɜɠɟ ɜɫɟɪɟɞɢɧɿ 
ɫɟɛɟ ɜɢɤɥɢɤɚє ɩɨɬɪɿɛɧɨɝɨ ɨɩɟɪɚɬɨɪɚ ɿ ɪɨɛɢɬɶ ɧɟɨɛɯɿɞɧɿ ɞɨɞɚɬɤɨɜɿ ɞɿʀ.  

Ⱦɥɹ ɡɦɟɧɲɟɧɧɹ ɤɿɥɶɤɨɫɬɿ ɤɨɧɮɥɿɤɬɿɜ ɡɚɣɧɹɬɨɫɬɿ ɜɢɤɥɚɞɚɱɚ ɡɧɚɯɨɞɹɬɶɫɹ ɜɫɿ 
ɝɟɧɢ, ɜ ɹɤɢɯ ɨɞɧɿ ɿ ɬɿ ɠ ɜɢɤɥɚɞɚɱɿ, ɩɪɢɡɧɚɱɟɧɿ ɧɚ ɨɞɢɧ ɿ ɬɨɣ ɫɚɦɢɣ ɱɚɫ, ɬɚ 
ɜɢɩɚɞɤɨɜɢɦ ɱɢɧɨɦ ɪɨɡɩɨɞɿɥɹɸɬɶɫɹ ɩɨ ɪɨɡɤɥɚɞɭ. ɏɨɱ ɰɟ ɿ ɧɟ ɝɚɪɚɧɬɭє, ɳɨ 
ɤɨɧɮɥɿɤɬɢ ɡɧɨɜɭ ɧɟ ɛɭɞɭɬɶ ɫɬɜɨɪɟɧɿ, ɚɥɟ ɬɚɤɢɣ ɦɟɬɨɞ ɲɜɢɞɤɢɣ ɿ ɧɟ ɫɭɩɟɪɟɱɢɬɶ 
ɩɪɢɧɰɢɩɚɦ ȽȺ. 

Ⱦɥɹ ɧɨɪɦɚɥɿɡɚɰɿʀ ɪɨɡɤɥɚɞɭ ɧɟɨɛɯɿɞɧɨ ɜ ɦɟɠɚɯ ɤɨɠɧɨɝɨ ɞɧɹ ɡɦɿɧɢɬɢ 
ɡɧɚɱɟɧɧɹ ɱɚɫɭ ɜ ɝɟɧɚɯ ɬɚɤ, ɳɨɛ ɧɟ ɛɭɥɨ «ɜɿɤɨɧ». ɐɟ ɪɨɛɢɬɶɫɹ ɧɚɫɬɭɩɧɢɦ 
ɱɢɧɨɦ: ɡɧɚɯɨɞɹɬɶɫɹ ɜɫɿ ɝɟɧɢ ɞɥɹ ɩɟɜɧɨɝɨ ɞɧɹ, ɫɨɪɬɭɸɬɶɫɹ ɜ ɩɨɪɹɞɤɭ 
ɫɥɿɞɭɜɚɧɧɹ ɬɚ ɱɚɫ ɤɨɠɧɨɝɨ ɝɟɧɚ ɡɞɜɢɝɚєɬɶɫɹ ɜ ɧɚɩɪɹɦɤɭ ɩɟɪɲɨɝɨ. 

Ɏɭɧɤɰɿɹ ɮɿɬɧɟɫɭ [3]ɪɨɡɪɚɯɨɜɭєɬɶɫɹ ɡɚ ɧɚɫɬɭɩɧɢɦɢ ɩɪɢɧɰɢɩɚɦɢ: ɹɤɳɨ ɞɟɹɤɚ 
ɧɟɨɛɯɿɞɧɚ ɚɛɨ ɛɚɠɚɧɚ ɜɥɚɫɬɢɜɿɫɬɶ ɩɪɢɫɭɬɧɹ ɭ ɿɧɞɢɜɿɞɚ, ɬɨ ɜɿɞ ɨɰɿɧɤɢ ɿɧɞɢɜɿɞɚ 
ɜɿɞɧɿɦɚєɬɶɫɹ ɩɟɜɧɟ ɱɢɫɥɨ, ɹɤɳɨ ɠ ɩɪɢɫɭɬɧɹ ɧɟɝɚɬɢɜɧɚ ɜɥɚɫɬɢɜɿɫɬɶ, ɬɨ ɩɟɜɧɟ 
ɱɢɫɥɨ ɞɨɞɚєɬɶɫɹ ɞɨ ɨɰɿɧɤɢ. Ʉɨɠɟɧ ɤɪɢɬɟɪɿɣ ɦɚє ɫɜɨɸ ɜɚɝɭ, ɬɨɦɭ ɪɨɡɦɿɪ 
ɲɬɪɚɮɭ ɚɛɨ ɜɢɧɚɝɨɪɨɞɢ ɦɨɠɭɬɶ ɛɭɬɢ ɪɿɡɧɢɦɢ. ȼ ɞɚɧɿɣ ɪɨɛɨɬɿ ɲɬɪɚɮɢ 
ɧɚɪɚɯɨɜɭɜɚɥɢɫɹ ɡɚ ɧɟɜɢɤɨɧɚɧɧɹ ɨɛɨɜ’ɹɡɤɨɜɢɯ ɭɦɨɜ, ɚ ɜɢɧɚɝɨɪɨɞɢ ɡɚ 
ɜɢɤɨɧɚɧɧɹ ɛɚɠɚɧɢɯ. əɤ ɦɨɠɧɚ ɛɚɱɢɬɢ, ɰɟ ɡɚɞɚɱɚ ɦɿɧɿɦɿɡɚɰɿʀ ɰɿɥɶɨɜɨʀ ɮɭɧɤɰɿʀ. 

Ƚɨɬɨɜɢɣ ɿɧɞɢɜɿɞ ɦɚє ɬɚɤɭ ɫɬɪɭɤɬɭɪɭ: 
• 24 ɯɪɨɦɨɫɨɦɢ, ɬɨɛɬɨ ɧɚ ɮɚɤɭɥɶɬɟɬɿ ɧɚɜɱɚɸɬɶɫɹ 24 ɝɪɭɩɢ;  
• ɜ ɫɟɪɟɞɧɶɨɦɭ, ɤɿɥɶɤɿɫɬɶ ɝɟɧɿɜ ɞɨɪɿɜɧɸɜɚɥɚ 10, ɬɚɤ ɹɤ ɝɟɧɢ ɝɟɧɟɪɭɸɬɶɫɹ 

ɜɢɩɚɞɤɨɜɢɦ ɱɢɧɨɦ, ɚɥɟ ɬɚɤ, ɳɨɛ ɧɚɜɚɧɬɚɠɟɧɧɹ ɧɚ ɝɪɭɩɭ, ɹɤɿɣ ɜɿɞɩɨɜɿɞɚє 
ɯɪɨɦɨɫɨɦɚ, ɛɭɥɚ ɜ ɦɟɠɚɯ ɜɿɞ 18 ɞɨ 22 ɝɨɞɢɧ. 

ɉɪɨɝɪɚɦɧɚ ɪɟɚɥɿɡɚɰɿɹ ɜɿɞɩɨɜɿɞɚє ɩɪɢɧɰɢɩɚɦ ɡɚɤɥɚɞɟɧɢɦ ɜ [4]. 
ȼɢɫɧɨɜɤɢ. Ɂɚɩɪɨɩɨɧɨɜɚɧɢɣ ɚɥɝɨɪɢɬɦ ɞɨɡɜɨɥɹє ɡɧɚɯɨɞɢɬɢ ɜɿɞɧɨɫɧɨ 

ɧɟɩɨɝɚɧɿ ɧɚɛɥɢɠɟɧɿɪɨɡɜ’ɹɡɤɢ. Ⱦɥɹ ɩɨɞɚɥɶɲɨɝɨ ɩɨɤɪɚɳɟɧɧɹ ɪɟɡɭɥɶɬɚɬɿɜ 
ɩɨɬɪɿɛɧɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɤɥɚɫɢɱɧɿ ɚɥɝɨɪɢɬɦɢ ɤɨɦɛɿɧɚɬɨɪɧɨʀ ɨɩɬɢɦɿɡɚɰɿʀ. Ⱦɥɹ 
ɩɨɜɧɨɝɨ ɡɚɜɟɪɲɟɧɧɹ ɩɪɨɝɪɚɦɧɨɝɨ ɤɨɦɩɥɟɤɫɭ ɧɟɨɛɯɿɞɧɨ ɞɨɞɚɬɢ ɦɨɞɭɥɶ 
ɤɥɚɫɢɱɧɨʀ ɨɩɬɢɦɿɡɚɰɿʀ, ɭɬɜɨɪɢɜɲɢ ɤɨɧɜɟєɪ. Ɍɚɤɨɠ ɦɨɠɧɚ ɡɚɭɜɚɠɢɬɢ, ɳɨ 
ɪɨɡɪɨɛɥɟɧɢɣ ȽȺ ɲɜɢɞɤɨ ɡɛɿɝɚєɬɶɫɹ, ɬɨɦɭ ɧɟ ɫɥɿɞ ɡɚɞɚɜɚɬɢ ɜɟɥɢɤɭ ɤɿɥɶɤɿɫɬɶ 
ɟɩɨɯ. 
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2. ɉɚɧɱɟɧɤɨ Ɍ.ȼ. Ƚɟɧɟɬɢɱɟɫɤɢɟ ɚɥɝɨɪɢɬɦɵ: ɍɱɟɛɧɨ-ɦɟɬɨɞɢɱɟɫɤɨɟ ɩɨɫɨɛɢɟ / ɩɨɞ ɪɟɞ. 
ɘ.ɘ. Ɍɚɪɚɫɟɜɢɱɚ [Ɍɟɤɫɬ] / ɉɚɧɱɟɧɤɨ Ɍ.ȼ. –  Ⱥɫɬɪɚɯɚɧɶ: ȺȽɍ, 2007. –87 ɫ. 

3. Ȼɚɬɢɳɟɜ Ⱦ.ɂ. Ƚɟɧɟɬɢɱɟɫɤɢɟ ɚɥɝɨɪɢɬɦɵ ɪɟɲɟɧɢɹ ɷɤɫɬɪɟɦɚɥɶɧɵɯ ɡɚɞɚɱ ɇɢɠɟɝɨɪɨɞɫɤɢɣ 
ɝɨɫɭɧɢɜɟɪɫɢɬɟɬ. [Ɍɟɤɫɬ] /Ȼɚɬɢɳɟɜ Ⱦ.ɂ. – ɇɢɠɧɢɣ ɇɨɜɝɨɪɨɞ: 1995.ɫ. – 62ɫ. 

4. Koza J. R. Genetic Programming [Ɍɟɤɫɬ] / Koza J. R. – Cambridge: The MIT Press, 1998.— 
609 c. — ISBN 0-262-11170-5 

ɇɚɞɿɣɲɥɚ ɞɨ ɪɟɞɤɨɥɟɝɿʀ 19.09.2018. 
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ȾɈ ȼІȾɈɆȺ ȺȼɌɈɊІȼ 

 

ɍ ɫɬɚɬɬɿ ɩɨɞɚɸɬɶ ɩɪɟɞɫɬɚɜɥɟɧɿ ɪɟɡɭɥɶɬɚɬɢ ɧɨɜɢɯ ɞɨɫɥɿɞɠɟɧɶ ɚɜɬɨɪɚ ɡ 
ɩɨɜɧɢɦ ʀɯ ɨɛґɪɭɧɬɭɜɚɧɧɹɦ. ɉɨɫɢɥɚɧɧɹ ɧɚ ɧɟɨɩɭɛɥɿɤɨɜɚɧɿ ɩɪɚɰɿ 
ɧɟɞɨɩɭɫɬɢɦɟ. ɋɬɚɬɬɿ ɦɨɠɭɬɶ ɛɭɬɢ ɧɚɩɢɫɚɧɿ ɭɤɪɚʀɧɫɶɤɨɸ, ɪɨɫɿɣɫɶɤɨɸ ɬɚ 
ɚɧɝɥɿɣɫɶɤɨɸ ɦɨɜɚɦɢ. Ɉɩɬɢɦɚɥɶɧɢɣ ɨɛɫɹɝ ɫɬɚɬɬɿ – ɞɨ 12 ɫɬɨɪɿɧɨɤ. 

ɋɬɪɭɤɬɭɪɚ ɪɭɤɨɩɢɫɭ ɫɬɚɬɬɿ (ɡɝɿɞɧɨ ɡ ɜɢɦɨɝɚɦɢ ɉɨɫɬɚɧɨɜɢ ȼȺɄ ɍɤɪɚʀɧɢ 
№ 7-05/1 ɜɿɞ 15 ɫɿɱɧɹ 2003 ɪ.): 
• ɚɧɨɬɚɰɿɹ ɬɪɶɨɦɚ ɦɨɜɚɦɢ (ɭɤɪɚʀɧɫɶɤɚ, ɪɨɫɿɣɫɶɤɚ, ɚɧɝɥɿɣɫɶɤɚ) – ɧɟ 

ɛɿɥɶɲɟ 5 ɪɹɞɤɿɜ. əɤɳɨ ɫɬɚɬɬɹ ɧɚɩɢɫɚɧɚ ɭɤɪɚʀɧɫɶɤɨɸ ɦɨɜɨɸ, ɨɛɫɹɝ 
ɚɧɝɥɿɣɫɶɤɨʀ ɚɧɨɬɚɰɿʀ ɩɨɜɢɧɟɧ ɫɤɥɚɞɚɬɢ ɧɟ ɦɟɧɲ 1800 ɡɧɚɤɿɜ. əɤɳɨ 
ɦɨɜɚ ɫɬɚɬɬɿ – ɪɨɫɿɣɫɶɤɚ, ɨɛɫɹɝ ɚɧɝɥɿɣɫɶɤɨʀ ɬɚ ɭɤɪɚʀɧɫɶɤɨʀ ɚɧɨɬɚɰɿʀ 
ɩɨɜɢɧɟɧ ɫɤɥɚɞɚɬɢ ɧɟ ɦɟɧɲ 1800 ɡɧɚɤɿɜ.  

• Ʉɥɸɱɨɜɿ ɫɥɨɜɚ – ɬɪɶɨɦɚ ɦɨɜɚɦɢ (ɭɤɪɚʀɧɫɶɤɚ, ɪɨɫɿɣɫɶɤɚ, ɚɧɝɥɿɣɫɶɤɚ); 
• ɩɨɫɬɚɧɨɜɤɚ ɩɪɨɛɥɟɦɢ ɜ ɡɚɝɚɥɶɧɨɦɭ ɜɢɝɥɹɞɿ ɬɚ ʀʀ ɡɜ’ɹɡɨɤ ɿɡ ɜɚɠɥɢɜɢɦɢ 

ɧɚɭɤɨɜɢɦɢ ɚɛɨ ɩɪɚɤɬɢɱɧɢɦɢ ɡɚɞɚɱɚɦɢ, ɚɧɚɥɿɡ ɞɨɫɹɝɧɟɧɶ ɿ ɩɭɛɥɿɤɚɰɿɣ 
ɡɚ ɬɟɦɚɬɢɤɨɸ ɞɨɫɥɿɞɠɟɧɧɹ ɞɚɧɨʀ ɩɪɨɛɥɟɦɢ, ɧɚɝɨɥɨɲɟɧɧɹ ɧɚ 
ɧɟɜɢɪɿɲɟɧɢɯ ɪɚɧɿɲɟ ɩɢɬɚɧɧɹɯ ɡɚɝɚɥɶɧɨʀ ɩɪɨɛɥɟɦɢ, ɪɨɡɝɥɹɞɭɜɚɧɢɯ ɭ 

ɫɬɚɬɬɿ (ȼɫɬɭɩ); 
• ɩɨɫɬɚɧɨɜɤɚ ɪɨɡɝɥɹɞɭɜɚɧɨʀ ɡɚɞɚɱɿ (ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ); 
• ɜɢɤɥɚɞɟɧɧɹ ɨɫɧɨɜɧɨɝɨ ɦɚɬɟɪɿɚɥɭ ɡ ɩɨɜɧɢɦ ɨɛґɪɭɧɬɭɜɚɧɧɹɦ ɨɞɟɪɠɚɧɢɯ 

ɧɚɭɤɨɜɢɯ ɪɟɡɭɥɶɬɚɬɿɜ (Ɇɟɬɨɞ ɪɨɡɜ’ɹɡɚɧɧɹ ɬɚ Ⱥɧɚɥɿɡ ɨɞɟɪɠɚɧɢɯ 
ɪɟɡɭɥьɬɚɬɿɜ); 

• ɜɢɫɧɨɜɤɢ ɡɚ ɩɪɨɜɟɞɟɧɢɦɢ ɞɨɫɥɿɞɠɟɧɧɹɦɢ ɿ ɩɟɪɫɩɟɤɬɢɜɢ ɩɨɞɚɥɶɲɢɯ 
ɞɨɫɥɿɞɠɟɧɶ (ȼɢɫɧɨɜɤɢ). 

• ɇɚ ɨɤɪɟɦɨɦɭ ɚɪɤɭɲɿ ɞɨɞɚɬɢ ɧɚɡɜɭ ɫɬɚɬɬɿ, ɩɪɿɡɜɢɳɚ ɚɜɬɨɪɿɜ  ɬɚ ʀɯ ɦɿɫɰɟ 
ɪɨɛɨɬɢ ɬɪɶɨɦɚ ɦɨɜɚɦɢ (ɭɤɪɚʀɧɫɶɤɚ, ɪɨɫɿɣɫɶɤɚ, ɚɧɝɥɿɣɫɶɤɚ). 

 

ȼɢɦɨɝɢ ɞɨ ɧɚɛɨɪɭ: 

• ɬɟɤɫɬ ɫɥɿɞ ɧɚɛɢɪɚɬɢ ɜ MS Word 97-2003 (*.doc), ɲɪɢɮɬ – Times New 

Roman; 

• ɮɨɪɦɚɬ ɩɚɩɟɪɭ – Ⱥ4 (210x297), ɤɧɢɠɤɨɜɚ ɨɪɿєɧɬɚɰɿɹ; 

• ɩɚɪɚɦɟɬɪɢ ɫɬɨɪɿɧɤɢ (ɩɨɥɹ): 
 - ɜɟɪɯɧє  – 20 ɦɦ; 

   - ɧɢɠɧє – 20 ɦɦ; 

 - ɥɿɜɟ  – 25 ɦɦ; 

 - ɩɪɚɜɟ  – 20 ɦɦ. 
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• ɚɜɬɨɦɚɬɢɱɧɿ ɩɟɪɟɧɨɫɢ; ɫɬɨɪɿɧɤɢ ɧɟ ɧɭɦɟɪɭɸɬɶ, ɜɿɞɫɭɬɧɿɫɬɶ «ɜɢɫɹɱɢɯ» 
ɪɹɞɤɿɜ; ɚɛɡɚɰ (ɜɿɞɫɬɭɩ ɩɟɪɲɨɝɨ ɪɹɞɤɚ) – 5 ɦɦ; 

• ɫɬɢɥɶ ɿ ɮɨɪɦɚɬɭɜɚɧɧɹ ɞɥɹ ɟɥɟɦɟɧɬɿɜ ɫɬɚɬɬɿ (ɬɚɛɥɢɰɹ): 
ɍȾɄ Шɪɢɮɬ: Times, 14 ɪt, ɩɪɹɦɢɣ, ɭɫɿ ɥɿɬɟɪɢ ɜɟɥɢɤɿ; 

ɜɢɪɿɜɧɸɜɚɧɧɹ: ɡɚ ɥɿɜɢɦ ɤɪɚєɦ;  
ɦɿɠɪɹɞɤɨɜɢɣ ɿɧɬɟɪɜɚɥ: ɨɞɢɧɚɪɧɢɣ;  
ɿɧɬɟɪɜɚɥ ɩɿɫɥɹ: 12 ɪt 

Іɧɿɰɿɚɥɢ ɿ ɩɪɿɡɜɢɳɚ 
ɚɜɬɨɪɿɜ (ɩɪɿɡɜɢɳɟ, 
ɿɦ’ɹ, ɩɨ ɛɚɬɶɤɨɜɿ) 

Шɪɢɮɬ: Times, 14 ɪt, ɧɚɩɿɜɠɢɪɧɢɣ, ɩɪɹɦɢɣ; 
ɜɢɪɿɜɧɸɜɚɧɧɹ: ɡɚ ɫɟɪɟɞɢɧɨɸ;  
ɦɿɠɪɹɞɤɨɜɢɣ ɿɧɬɟɪɜɚɥ: ɨɞɢɧɚɪɧɢɣ;  

Ɇɿɫɰɟ ɪɨɛɨɬɢ Шɪɢɮɬ: Times, 12 ɪt, ɤɭɪɫɢɜ; ɜɢɪɿɜɧɸɜɚɧɧɹ: ɡɚ 
ɫɟɪɟɞɢɧɨɸ; ɦɿɠɪɹɞɤɨɜɢɣ ɿɧɬɟɪɜɚɥ: ɨɞɢɧɚɪɧɢɣ;  
ɿɧɬɟɪɜɚɥ ɩɿɫɥɹ: 12 ɪt 

ɇɚɡɜɚ ɫɬɚɬɬɿ Шɪɢɮɬ: Times, 14 ɪt, ɧɚɩɿɜɠɢɪɧɢɣ, ɩɪɹɦɢɣ,  
ɭɫɿ ɥɿɬɟɪɢ ɜɟɥɢɤɿ; ɜɢɪɿɜɧɸɜɚɧɧɹ: ɡɚ ɫɟɪɟɞɢɧɨɸ; 
ɦɿɠɪɹɞɤɨɜɢɣ ɿɧɬɟɪɜɚɥ: ɨɞɢɧɚɪɧɢɣ;  
ɿɧɬɟɪɜɚɥ ɩɿɫɥɹ: 12 ɪt 

Ⱥɧɨɬɚɰɿɹ  Шɪɢɮɬ: Times, 12 ɪt, ɧɚɩɿɜɠɢɪɧɢɣ, ɩɪɹɦɢɣ; 
ɜɢɪɿɜɧɸɜɚɧɧɹ: ɡɚ ɲɢɪɢɧɨɸ; ɦɿɠɪɹɞɤɨɜɢɣ ɿɧɬɟɪɜɚɥ: 

ɨɞɢɧɚɪɧɢɣ; ɿɧɬɟɪɜɚɥ ɩɿɫɥɹ: 12 ɪt  
Ɉɫɧɨɜɧɢɣ ɬɟɤɫɬ 
ɫɬɚɬɬɿ 

Шɪɢɮɬ: Times, 14 ɪt, ɩɪɹɦɢɣ; ɜɢɪɿɜɧɸɜɚɧɧɹ: ɡɚ 
ɲɢɪɢɧɨɸ; ɦɿɠɪɹɞɤɨɜɢɣ ɿɧɬɟɪɜɚɥ: ɨɞɢɧɚɪɧɢɣ  

Ɂɚɝɨɥɨɜɤɢ 
ɫɬɪɭɤɬɭɪɧɢɯ 
ɟɥɟɦɟɧɬɿɜ ɫɬɚɬɬɿ 
(ɜɫɬɭɩ, ɩɨɫɬɚɧɨɜɤɚ 
ɡɚɞɚɱɿ,  ɜɢɫɧɨɜɤɢ) 

Шɪɢɮɬ: Times, 14 ɪt, ɧɚɩɿɜɠɢɪɧɢɣ, ɩɪɹɦɢɣ; 
ɜɢɪɿɜɧɸɜɚɧɧɹ: ɡɚ ɲɢɪɢɧɨɸ;  
ɦɿɠɪɹɞɤɨɜɢɣ ɿɧɬɟɪɜɚɥ: ɨɞɢɧɚɪɧɢɣ 

Ɂɚɝɨɥɨɜɨɤ 

«Ȼɿɛɥɿɨɝɪɚɮɿɱɧɿ 
ɩɨɫɢɥɚɧɧɹ» 

Шɪɢɮɬ: Times, 12 ɪt, ɧɚɩɿɜɠɢɪɧɢɣ, ɩɪɹɦɢɣ; 
ɜɢɪɿɜɧɸɜɚɧɧɹ: ɡɚ ɫɟɪɟɞɢɧɨɸ;  
ɦɿɠɪɹɞɤɨɜɢɣ ɿɧɬɟɪɜɚɥ: ɨɞɢɧɚɪɧɢɣ 

Ȼɿɛɥɿɨɝɪɚɮɿɱɧɿ 
ɩɨɫɢɥɚɧɧɹ ɜ 
ɚɥɮɚɜɿɬɧɨɦɭ 
ɩɨɪɹɞɤɭ (ɡɪɚɡɨɤ 
ɧɚɜɟɞɟɧɨ ɧɢɠɱɟ) 

Шɪɢɮɬ: Times, 12 ɪt, (ɉІȻ – ɧɚɩɿɜɠɢɪɧɢɣ, ɪɟɲɬɚ ɧɿ) 
ɩɪɹɦɢɣ, ɧɭɦɟɪɨɜɚɧɢɣ ɫɩɢɫɨɤ; ɜɢɪɿɜɧɸɜɚɧɧɹ: ɡɚ 
ɲɢɪɢɧɨɸ; ɜɿɞɫɬɭɩ: ɧɨɦɟɪɚ – 0 ɦɦ, ɬɟɤɫɬɭ: 5 ɦɦ;  
ɦɿɠɪɹɞɤɨɜɢɣ ɿɧɬɟɪɜɚɥ: ɨɞɢɧɚɪɧɢɣ 

Ⱦɚɬɚ ɧɚɞɯɨɞɠɟɧɧɹ 
ɞɨ ɪɟɞɤɨɥɟɝɿʀ 

Шɪɢɮɬ: Times, 12 ɪt, ɤɭɪɫɢɜ;  
ɜɢɪɿɜɧɸɜɚɧɧɹ: ɡɚ ɥɿɜɢɦ ɤɪɚєɦ;  
ɦɿɠɪɹɞɤɨɜɢɣ ɿɧɬɟɪɜɚɥ: ɨɞɢɧɚɪɧɢɣ 
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ɉɿɞɪɢɫɭɧɤɨɜɿ  
ɩɿɞɩɢɫɢ 

Шɪɢɮɬ: Times, 12 ɪt, ɧɚɩɿɜɠɢɪɧɢɣ, ɩɪɹɦɢɣ; 
ɜɢɪɿɜɧɸɜɚɧɧɹ: ɡɚ ɫɟɪɟɞɢɧɨɸ 

 

ɇɚɡɜɚ ɬɚɛɥɢɰɿ 
(ɩɟɪɲɢɣ ɪɹɞɨɤ: 
ɫɥɨɜɨ Тɚɛɥɢɰɹ; 

ɞɪɭɝɢɣ: ʀʀ ɧɚɡɜɚ) 

Шɪɢɮɬ: Times, 12 ɪt,  
ɩɟɪɲɢɣ ɪɹɞɨɤ: ɤɭɪɫɢɜ; ɜɢɪɿɜɧɸɜɚɧɧɹ: ɡɚ ɩɪɚɜɢɦ ɤɪɚєɦ; 
ɦɿɠɪɹɞɤɨɜɢɣ ɿɧɬɟɪɜɚɥ: ɨɞɢɧɚɪɧɢɣ;  
ɞɪɭɝɢɣ ɪɹɞɨɤ ɧɚɩɿɜɠɢɪɧɢɣ, ɩɪɹɦɢɣ; ɜɢɪɿɜɧɸɜɚɧɧɹ: ɡɚ 
ɫɟɪɟɞɢɧɨɸ; ɦɿɠɪɹɞɤɨɜɢɣ ɿɧɬɟɪɜɚɥ: ɨɞɢɧɚɪɧɢɣ  

ɍȼȺȽȺ! 
Ʌɚɩɤɢ : «   »  

Ⱦɟɮɿɫ : - . 

Ɍɢɪɟ : – . 

 

• ɍȼȺȽȺ! Ȼɿɛɥɿɨɝɪɚɮɿɱɧɿ ɩɨɫɢɥɚɧɧɹ ɨɮɨɪɦɥɸɸɬь ɡɚ ɡɪɚɡɤɨɦ: 
 

1. ɋɥɟɡɤɢɧ, ɇ.Ⱥ. Ⱦɢɧɚɦɢɤɚ ɜɹɡɤɨɣ ɧɟɫɠɢɦɚɟɦɨɣ ɠɢɞɤɨɫɬɢ [Ɍɟɤɫɬ] / ɇ.Ⱥ. 
ɋɥɟɡɤɢɧ. – Ɇ., 1955. – 493 ɫ. 

2. Ȼɟɥɨɧɨɫɨɜ, ɋ.Ɇ. Ʉɪɚɟɜɵɟ ɡɚɞɚɱɢ ɞɥɹ ɭɪɚɜɧɟɧɢɣ ɇɚɜɶɟ-ɋɬɨɤɫɚ [Ɍɟɤɫɬ] / 

ɋ.Ɇ. Ȼɟɥɨɧɨɫɨɜ, ɂ.Ʌ. ɑɟɪɧɨɭɫ. – M., 1985. – 312 ɫ. 
3. ȿɜɞɨɤɢɦɨɜ, Ⱦ.ȼ. ɉɨɫɬɪɨɟɧɢɟ ɦɚɬɪɢɰ ɮɭɧɞɚɦɟɧɬɚɥɶɧɵɯ ɪɟɲɟɧɢɣ ɞɥɹ 

ɫɢɫɬɟɦɵ ɭɪɚɜɧɟɧɢɣ ɋɬɨɤɫɚ [Ɍɟɤɫɬ] / Ⱦ.ȼ. ȿɜɞɨɤɢɦɨɜ, ɇ.ȼ. ɉɨɥɹɤɨɜ, Ⱥ.ɇ. 
Ɏɟɬɢɳɟɜ // ȼɟɫɬɧ. ɏɟɪɫɨɧ. ɝɨɫ. ɬɟɯɧ. ɭɧ-ɬɚ. – 2003. – № 3 (19). – ɋ. 127–
130. 

4. ɋɩɪɚɜɨɱɧɢɤ ɩɨ ɫɩɟɰɢɚɥɶɧɵɦ ɮɭɧɤɰɢɹɦ ɫ ɮɨɪɦɭɥɚɦɢ, ɝɪɚɮɢɤɚɦɢ ɢ 
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5. Ɉɫɬɚɩɟɧɤɨ, ɇ.Ⱥ. ɇɟɨɛɯɨɞɢɦɵɟ ɢ ɞɨɫɬɚɬɨɱɧɵɟ ɭɫɥɨɜɢɹ ɫɭɳɟɫɬɜɨɜɚɧɢɹ 
ɩɟɪɢɨɞɢɱɟɫɤɢɯ ɪɟɲɟɧɢɢ ɜ ɫɢɫɬɟɦɚɯ ɫ ɩɟɪɟɦɟɧɧɨɣ ɫɬɪɭɤɬɭɪɨɣ [Ɍɟɤɫɬ] / 
ɇ.Ⱥ. Ɉɫɬɚɩɟɧɤɨ // ȼɟɫɬɧ. Ⱦɧɟɩɪɨɩɟɬɪ. ɭɧ-ɬɚ. ɋɟɪ. «Ɇɚɬɟɦɚɬɢɤɚ» – 2002. – 

ȼɵɩ. 7. – ɋ. 56–58. 

6. ɉɟɪɟɯɪɟɫɬ, ȼ.І. ɇɨɜɢɣ ɤɥɚɫ ɪɨɡɜ’ɹɡɤɿɜ ɝɿɞɪɨɞɢɧɚɦɿɱɧɢɯ ɪɿɜɧɹɧɶ ȿɣɥɟɪɚ 
ɞɥɹ ɨɫɟɫɢɦɟɬɪɢɱɧɢɯ ɜɢɯɨɪɨɜɢɯ ɬɟɱɿɣ [Ɍɟɤɫɬ] / ȼ.І. ɉɟɪɟɯɪɟɫɬ // Ⱦɨɩ. 
ɇȺɇɍ. – 2004. – № 3. – ɋ. 35–42. 

7. ɉɟɪɟɯɪɟɫɬ, ȼ.І. Ʉɿɧɟɦɚɬɢɤɚ ɜɡɚєɦɨɞɿʀ ɞɜɨɯ ɩɚɪɚɥɟɥɶɧɢɯ ɜɢɯɪɨɜɢɯ ɲɧɭɪɿɜ 
ɨɞɧɨɝɨ ɧɚɩɪɹɦɤɭ ɨɛɟɪɬɚɧɧɹ ɬɚ ɿɧɬɟɧɫɢɜɧɨɫɬɿ [Ɍɟɤɫɬ] : ɡɛ. ɧɚɭɤ. ɩɪ. / ȼ.І. 
ɉɟɪɟɯɪɟɫɬ, Ɉ.Ⱥ. Ɇɟɥɶɧɢɤ // Ⱦɢɮɟɪɟɧɰɿɚɥɶɧɿ ɪɿɜɧɹɧɧɹ ɬɚ ʀɯ ɡɚɫɬɨɫɭɜɚɧɧɹ. 
– Ⱦ., 2003. – ɋ. 141–148. 

• ɪɢɫɭɧɤɢ ɜɢɤɨɧɭɸɬɶ ɭ ɛɭɞɶ-ɹɤɨɦɭ ɮɨɪɦɚɬɿ, ɿɦɩɨɪɬɨɜɚɧɨɦɭ 

ɝɪɚɮɿɱɧɢɦɢ ɮɿɥɶɬɪɚɦɢ MS Word. Ɋɢɫɭɧɤɢ ɜɫɬɚɜɥɹɸɬɶ ɭ ɬɟɤɫɬ ɫɬɚɬɬɿ 
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ɹɤ ɨɤɪɟɦɢɣ ɧɟɡɚɥɟɠɧɢɣ ɨɛ’єɤɬ (ɩɨɥɨɠɟɧɧɹ — ɭ ɬɟɤɫɬɿ), ɩɪɢ ɰɶɨɦɭ 
ɦɨɠɧɚ ɩɟɪɟɫɭɜɚɬɢ ɬɟɤɫɬ ɫɬɨɫɨɜɧɨ ɧɶɨɝɨ. ɉɿɞ ɪɢɫɭɧɤɨɦ ɨɛɨɜ’ɹɡɤɨɜɨ 
ɩɨɞɚɸɬɶ ɩɨɹɫɧɸɜɚɥɶɧɢɣ ɩɿɞɩɢɫ ɿɡ ɧɨɦɟɪɨɦ ɪɢɫɭɧɤɚ. 

• ɮɨɪɦɭɥɢ ɧɚɛɢɪɚɸɬɶ ɭ ɪɟɞɚɤɬɨɪɿ MathType (ɒɪɢɮɬ: Times, 14 ɪt); 
ɹɤɳɨ ɮɨɪɦɭɥɚ ɡ ɧɨɦɟɪɨɦ, ɬɨ ɜɢɪɿɜɧɸɸɬɶ ɡɚ ɩɪɚɜɢɦ ɤɪɚєɦ, ɹɤɳɨ ɧɿ – 

ɡɚ ɫɟɪɟɞɢɧɨɸ ɡ ɫɬɚɧɞɚɪɬɧɢɦɢ ɭɫɬɚɧɨɜɤɚɦɢ. Ʌɚɬɢɧɫɶɤɿ ɛɭɤɜɢ ɭ 
ɮɨɪɦɭɥɚɯ ɧɚɛɢɪɚɸɬɶ ɤɭɪɫɢɜɨɦ, ɝɪɟɰɶɤɿ - ɩɪɹɦɢɦ, ɦɚɬɟɦɚɬɢɱɧɿ 
ɩɨɡɧɚɱɟɧɧɹ (sin, cos, tg, lim, ln, const, max, min, ɡɧɚɤ ɞɢɮɟɪɟɧɰɿɚɥɚ d) - 

ɩɪɹɦɢɦ. 
Ⱦɨ ɪɟɞɚɤɰɿɣɧɨʀ ɤɨɥɟɝɿʀ ɩɨɬɪɿɛɧɨ ɩɨɞɚɬɢ: 

• ɭ ɪɨɡɞɪɭɤɨɜɚɧɨɦɭ ɜɢɝɥɹɞɿ ɩɪɢɦɿɪɧɢɤ ɫɬɚɬɬɿ, ɧɚɛɪɚɧɢɣ ɡɝɿɞɧɨ ɡ 
ɜɢɦɨɝɚɦɢ ɳɨɞɨ ɫɬɢɥɸ ɣ ɮɨɪɦɚɬɭɜɚɧɧɹ ɞɥɹ ɟɥɟɦɟɧɬɿɜ ɫɬɚɬɬɿ, 
ɧɚɜɟɞɟɧɢɯ ɜɢɳɟ; 
• ɟɥɟɤɬɪɨɧɧɢɣ ɜɚɪɿɚɧɬ ɫɬɚɬɬɿ, ɧɚɛɪɚɧɢɣ ɡɝɿɞɧɨ ɡ ɜɢɦɨɝɚɦɢ ɫɬɨɫɨɜɧɨ 
ɫɬɢɥɸ ɣ ɮɨɪɦɚɬɭɜɚɧɧɹ ɞɥɹ ɟɥɟɦɟɧɬɿɜ ɫɬɚɬɬɿ, ɩɨɞɚɧɢɯ ɜɢɳɟ; 
• ɪɟɰɟɧɡɿɸ ɧɚ ɫɬɚɬɬɸ ɡɚ ɩɿɞɩɢɫɨɦ ɞ-ɪɚ ɮɿɡ.-ɦɚɬ. ɧɚɭɤ;  

• ɟɤɫɩɟɪɬɧɢɣ ɜɢɫɧɨɜɨɤ ɩɪɨ ɦɨɠɥɢɜɿɫɬɶ ɩɭɛɥɿɤɚɰɿʀ ɫɬɚɬɬɿ; 
• ɞɨɜɿɞɤɭ ɩɪɨ ɨɪɢɝɿɧɚɥɶɧɿɫɬɶ ɬɜɨɪɭ. 

 

ɋɬɚɬɬɿ, ɜɢɤɨɧɚɧɿ ɡ ɩɨɪɭɲɟɧɧɹɦ ɩɪɚɜɢɥ, ɞɨ ɡɛɿɪɧɢɤɚ ɧɟ ɛɭɞɭɬь 
ɜɤɥɸɱɟɧɿ. 
 

Ⱥɞɪɟɫɚ ɪɟɞɤɨɥɟɝɿʀ: Ⱦɧɿɩɪɨɜɫɶɤɢɣ ɧɚɰɿɨɧɚɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ ɿɦɟɧɿ Ɉɥɟɫɹ 
Ƚɨɧɱɚɪɚ, ɤɚɮɟɞɪɚ ɨɛɱɢɫɥɸɜɚɥɶɧɨʀ ɦɚɬɟɦɚɬɢɤɢ ɬɚ ɦɚɬɟɦɚɬɢɱɧɨʀ 
ɤɿɛɟɪɧɟɬɢɤɢ, ɩɪɨɫɩ. Ʉɚɪɥɚ Ɇɚɪɤɫɚ, 35, ɤɨɪɩ. №3, ɦ. Ⱦɧɿɩɪɨ. 
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Ʌ.Ɍ. Ȼɨɣɤɨ Ⱥɥɝɨɪɢɬɦ ɜɢɤɨɪɢɫɬɚɧɧɹ ɦɟɬɨɞɭ ɦɟɠɨɜɢɯ ɟɥɟɦɟɧɬɿɜ ɧɚ 
ɩɪɢɤɥɚɞɿ ɦɿɲɚɧɨʀ ɤɪɚɣɨɜɨʀ ɡɚɞɚɱɿ ɞɥɹ ɪɿɜɧɹɧɧɹ ɉɭɚɫɫɨɧɚ 
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ɇ.ȼ. ȼɚɪɟɯ, Ɉ.ə. ȼɨɥьɮɫɨɧ, Ɉ.Ⱥ. ɉɚɞɚɥɤɚ  Ⱦɨɫɥɿɞɠɟɧɧɹ ɩɨɜɟɞɿɧɤɢ 
ɪɨɡɜ’ɹɡɤɿɜ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɫɢɫɬɟɦ ɡ ɜɿɞɯɢɥɟɧɧɹɦ ɚɪɝɭɦɟɧɬɭ 
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ȼ.Ʌ. ȼɨɥɨɲɤɨ Ɉɩɬɢɦɿɡɚɰɿɹ ɝɪɚɧɢɱɧɢɯ ɭɦɨɜ  ɧɟɨɞɧɨɪɿɞɧɨɝɨ 
ɛɿɝɚɪɦɨɧɿɱɧɨɝɨ ɪɿɜɧɹɧɧɹ 

 
 

24 
 

Ʌ.Ʌ. Ƚɚɪɬ  ɉɪɨ ɨɰɿɧɤɢ ɲɜɢɞɤɨɫɬɿ ɡɛɿɠɧɨɫɬɿ ɩɪɨɟɤɰɿɣɧɨ-ɿɬɟɪɚɰɿɣɧɢɯ 
ɩɪɨɰɟɫɿɜ ɭɦɨɜɧɨʀ ɦɿɧɿɦɿɡɚɰɿʀ ɮɭɧɤɰɿɨɧɚɥɚ 

 
 

31 
 

ȼ.Ƚ. Ƚɨɪɨɞɟɰɤɢɣ, ɇ.ɉ. Ɉɫɚɞɱɭɤ  Ɋɟɤɨɧɫɬɪɭɤɰɢɹ ɫɢɫɬɟɦɵ Ʌɨɪɟɧɰɚ ɫ 
ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɦɟɬɨɞɚ ɩɟɪɫɩɟɤɬɢɜɧɵɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ 

 
 

47 
 

ɇ.Ⱥ. Ƚɭɤ, Ɇ.Ʉ. Ƚɭɤ, І.ɉ. Шɚɩɨɜɚɥ  ɇɚɥɚɲɬɭɜɚɧɧɹ ɩɚɪɚɦɟɬɪɿɜ  
ɝɟɧɟɬɢɱɧɨɝɨ ɚɥɝɨɪɢɬɦɭ ɞɥɹ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɨɩɬɢɦɿɡɚɰɿʀ ɬɨɩɨɥɨɝɿʀ 
ɫɟɧɫɨɪɧɨʀ ɦɟɪɟɠɿ 
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Ⱦ.І. Єɝɨɲɤɿɧ, ɇ.Ⱥ. Ƚɭɤ, ɋ.Ɏ. ɋɿɪɢɤ Ⱥɥɝɨɪɢɬɦ ɤɥɚɫɢɮɿɤɚɰɿʀ ɧɚ ɛɚɡɿ 
ɧɟɱɿɬɤɨʀ ɥɨɝɿɤɢ ɡ ɪɨɡɲɢɪɸɜɚɧɨɸ ɤɿɥɶɤɿɫɬɸ ɜɢɜɨɞɿɜ 

 
 

66 
 

Ɋ.ȼ. Ʉɢɪɢɥɟɧɤɨ, ɇ.Ⱥ. Ƚɭɤ, Ɉ.ȼ. ȼɟɪɛɚ ɉɟɪɟɞɛɚɱɟɧɧɹ ɩɫɢɯɨɥɨɝɿɱɧɨʀ 
ɪɟɚɤɰɿʀ ɤɨɪɢɫɬɭɜɚɱɚ ɩɪɢ ɩɟɪɟɝɥɹɞɿ ɰɢɮɪɨɜɢɯ ɡɨɛɪɚɠɟɧɶ ɡɚɫɨɛɚɦɢ  
ɦɚɲɢɧɧɨɝɨ ɧɚɜɱɚɧɧɹ 
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Ɉ.Ɇ. Ʉɿɫɟɥьɨɜɚ, Ɉ.Ɇ. ɉɪɢɬɨɦɚɧɨɜɚ, ɋ.ȼ. ɀɭɪɚɜɟɥь,  
ȼ.ȼ. Шɚɪɚɜɚɪɚ Ⱥɥɝɨɪɢɬɦ ɪɨɡɜ’ɹɡɚɧɧɹ ɨɞɧɿєʀ ɡɚɞɚɱɿ ɨɩɬɢɦɚɥɶɧɨɝɨ  
ɪɨɡɛɢɬɬɹ ɡ ɧɟɱɿɬɤɢɦɢ ɩɚɪɚɦɟɬɪɚɦɢ ɜ ɰɿɥɶɨɜɨɦɭ ɮɭɧɤɰɿɨɧɚɥɿ 

 
 
 

85 
 

Ɉ.Ɇ. Ʉɿɫɟɥьɨɜɚ, Ɉ.Ɇ. ɉɪɢɬɨɦɚɧɨɜɚ, ɋ.ȼ. ɀɭɪɚɜɟɥь,  
ȼ.ȼ. Шɚɪɚɜɚɪɚ Pɨɡɜ’ɹɡɚɧɧɹ ɨɞɧɿєʀ ɧɟɫɤɿɧɱɟɧɧɨɜɢɦɿɪɧɨʀ ɡɚɞɚɱɿ 
location-allocation ɿɡ ɧɟɱɿɬɤɢɦɢ ɩɚɪɚɦɟɬɪɚɦɢ 

 
 
 

99 
 

Ɉ.Ɇ. Ʉɿɫɟɥьɨɜɚ, ȼ.Ɉ. ɋɬɪɨєɜɚ  ɑɢɫɟɥɶɧɟ ɞɨɫɥɿɞɠɟɧɧɹ ɦɨɞɟɥɟɣ 
ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɩɨɞɿɥɭ ɪɟɤɪɟɚɰɿɣɧɢɯ ɪɟɫɭɪɫɿɜ  

 
 
110 

 

ɂ.ȼ. Ʉɨɡɢɧ, ɋ.ȿ. Ȼɚɬɨɜɫɤɢɣ Ƚɟɧɟɪɚɰɢɹ ɫɥɭɱɚɣɧɵɯ ɤɚɪɬ 
ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɪɚɫɤɪɨɹ 

 
 

118 
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Ɉ.ɋ. Ɇɚɝɚɫ,  Ɉ.ɋ. ɋɟɪɝєєɜ Ⱦɨɫɥɿɞɠɟɧɧɹ ɪɨɛɚɫɬɧɨɫɬɿ ɪɨɡɜ’ɹɡɤɿɜ ɡɚɞɚɱɿ 
ɦɚɪɲɪɭɬɢɡɚɰɿʀ ɬɪɚɧɫɩɨɪɬɭ 

 
 

127 
 

ȼ.Ⱥ.ɉɟɪɟɩɟɥɢɰɚ, Э.ȼ.Ɍɟɪɟɳɟɧɤɨ, Ⱥ.ȿ Ɋɹɛɟɧɤɨ Ʉɜɚɡɢɩɨɥɧɨɬɚ ɤɥɚɫɫɚ 
ɡɚɞɚɱ ɧɚ ɝɪɚɮɚɯ  «ɜɟɫ-ɦɢɧɢɦɚɤɫɧɨɟ ɪɟɛɪɨ» 

 

 

139 
 

Ⱥ.ɋ. Ɍɢɬɹɩɤɢɧ., ȼ.Э. ȼɨɥɤɨɜ Ƚɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ ɜ ɡɚɞɚɱɚɯ 
ɢɫɫɥɟɞɨɜɚɧɢɹ ɭɫɬɨɣɱɢɜɨɫɬɢ ɩɥɨɫɤɨɣ ɫɬɚɰɢɨɧɚɪɧɨɣ ɞɟɬɨɧɚɰɢɨɧɧɨɣ 
ɜɨɥɧɵ 

 

 

 
148 

 

І.ɋ. Ɍɨɧɤɨɲɤɭɪ Ɇɚɬɟɦɚɬɢɱɧɟ ɦɨɞɟɥɸɜɚɧɧɹ ɩɥɿɜɤɨɜɢɯ ɬɟɱɿɣ ɪɿɞɢɧɢ 
ɩɨ ɩɨɜɟɪɯɧɿ ɬɿɥɚ ɨɛɟɪɬɚɧɧɹ 

 
 

164 
 

І.ɋ. Ɍɨɧɤɨɲɤɭɪ, Ɍ.Є. Ɂɚɣɰɟɜɚ Ɇɨɞɟɥɸɜɚɧɧɹ ɬɟɱɿʀ ɞɜɨɲɚɪɨɜɨʀ ɪɿɞɤɨʀ 
ɩɥɿɜɤɢ ɩɨ ɰɢɥɿɧɞɪɢɱɧɿɣ ɩɨɜɟɪɯɧɿ 

 
 

170 
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